Tatra Mt. Math. Publ. 17 (1999), 1–9 tm

Mathematical Publications

EQUIVARIANT ESTIMATORS AND THEIR ASYMPTOTIC REPRESENTATIONS

Jana Jurečková

ABSTRACT. We apply the results of Jurečková and Milhaud (1999) on the characterization of (generally nonnormal) distributions in invariant models to location and regression equivariant estimators and arrive at a special form of the convolution theorem. In the location model, we derive an interesting characterization of the distribution of a general sample statistic.

1. Introduction

Let X_1, . . . , X_n be i.i.d. observations with joint density f(x − θ), θ ∈ R^1 . Consider the problem of estimation of θ under the condition that the loss incurred when estimating θ by t is equal to L(θ, t) = (t−θ)^2 . The loss is invariant under the transformations X^′_i = X_i + c, θ^′ = θ + c, i = 1, . . . , n, c ∈ R^1; this invariance leads to the class of translation-equivariant estimators: The estimator T_n is called translation equivariant if

T_n(X_1 + c, . . . , X_n + c) = T_n(X_1, . . . , X_n) + c , ∀c ∈ R^1 .

Let Y be a maximal invariant with respect to the group of translations, e.g., Y = (X_2 − X_1, . . . , X_n − X_1) or Y = (X_1 − X̄, . . . , X_n − X̄). Every equivariant estimator T_n with finite risk satisfies the inequalities

E_θ^(T_n − θ − E_0 (T_n|Y)^{)2} ≤ E_θ (T_n − θ)^2

and hence an equivariant estimator T_n has minimal risk if and only if

E_0 (T_n|Y) = 0 . (1.1)

The minimum risk equivariant estimator (MRE, Pitman estimator) θ^∗_n of θ can be expressed as θ^∗_n = T_n − E_0 (T_n|Y) with T_n being any equivariant estimator

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 60E05; Secondary 62C15. K e y w o r d s: equivariant estimator, asymptotic representation, score function, convolution theorem.

The research was supported by the Charles University Grant GAUK 198/1996.

with a finite risk. In the terminology of K a g a n , L i n n i k and R a o (1973) terminology, (1.1) means that T_n has constant [zero] regression with respect to Y . In the special case T_n = X̄_n , K a g a n , L i n n i k , R a o (1967) proved that, provided E(X_1 ) = 0, the equation

E^{(¯}X|X_1 −^¯X, . . . , X_n −^¯X^) = 0

can be satisfied if and only if F is normal.

Assume that T_n is a translation equivariant estimator which is asymptotically linear in the sense that it admits an asymptotic representation

T_n = θ + 1 n n∑ i=1 ψ(X_i − θ) + R_n, R_n = o_p(n^{−1/2}) (1.2)

with an appropriate function ψ , for θ ∈ R^1 . In the special case T_n = X̄_n is R_n ≡ 0, the approximation holds as an identity. The relation (1.1) then characterizes the normal distribution. In all other cases, the function ψ is nonlinear and R_n ≠ 0. J u r e č k o v á and M i l h a u d (1999) proved that the constant regression of the leading term on the right-hand-side of (1.2) with respect to Y provides a characterization of the underlying distribution even in the non-normal case; this characterization is continuous with respect to a certain distance in the space of ψ-functions.

Theorem 1.1. (J u r e č k o v á and M i l h a u d (1999)) Let f be an abso-

lutely continuous density with positive and finite Fisher information and with characteristic function φ(t) ≠ 0, t ∈ R^1. Let ψ : R^1 → R^1 be a function satisfying 0 < ∫ R1 ψ^2(x)f(x)dx < ∞ and ∫ R1 ψ(x)f(x)dx = 0 . (1.3)

Then, provided n ≥ 4,

E_0 (_n ∑ i=1 ψ(X_i)|Y ) = C a.s. [F ] (1.4)

holds for some constant C if and only if ψ(x) = Aψ_f (x) for almost all x ∈ R^1 for some constant A ≠ 0, where

ψ_f (x) = − f^′(x) f(x) , x ∈ R^1 . (1.5)

This result illustrates that the score function ψ_f plays a central role in sta-

tistical inference; in fact,^n ∑ i=1 ψ_f (X_i) is the component of the asymptotic repre-

sentation (1.2), orthogonal to Y . In Section 2 we shall illustrate one of many possible applications of these results, leading to a special form of the convolution theorem.

More generally, consider the linear regression model

Y = Xβ + E (1.6)

with the vector of observations Y = (Y_1, . . . , Y_n)^′ , matrix X = X_n of order n × p of the full rank p, parameter β = (β_1, . . . , β_p)^′ and with the vector E = (E_1, . . . , E_n)^′ of i.i.d. errors, E(E_i ) = 0, i = 1, . . . , n, distributed according to the density f . Assume that f is absolutely continuous and has a non-vanishing characteristic function φ. We may assume, without loss of generality, that X takes the form X = [ I_p X_1 ] (1.7)

with X_1 of order (n − p) × p (if this is not the case, we may reorder the observa-

tions to get X = [ X_2 X_3 ] with a regular p × p matrix X_2 , replace β by X_2β and

put X_1 = X_3X^{−1}_2 ). Consider the problem of estimating β under the condition that the loss function incurred when estimating β by b is

L(b, β) = ‖b − β‖^2 . (1.8)

The problem is invariant under the group of transformations G = {Y + Xb,

b ∈ R^p}, and the vector

Z = Y − (Y^′_1, Y^′_1X^′_1)^′ , Y_1 = (Y_1, . . . , Y_p)^′ , (1.9)

is one of the maximal invariants for G . By Section 7.7 of K a g a n , L i n n i k and R a o (1973), the admissibility of the least squares estimator with respect to the loss (1.8) implies that f is normal.

An estimator T_n(Y) of β is called regression equivariant if T_n(Y + Xb) = T_n(Y)+b ∀b ∈ R^p. A broad class of estimators T_n of β admits the asymptotic representation

(X^′_nX_n)^{1/2}(T_n(Y) − β) = (X^′_nX_n)^{−1/2}X^′_n n∑ i=1 e_iψ(Y_i − e^′_iX_nβ) + R_n

= M_n(Y, β) + R_n (say) , ‖R_n‖ = o_p(1)

(1.10)

as n → ∞, where e_i = (e_{i1}, . . . , e_{in})^′ with e_{ij} = δ_{ij} , 1 ≤ i, j ≤ n. Sufficient conditions for (1.10) can be found in J u r e č k o v á and S e n (1996). The representation holds as an identity if T_n is the least squares estimator β̂_n and ψ is linear.

The leading term M_n(Y, β) on the right-hand side of (1.10) is not regression equivariant unless ψ is linear. However, it is locally uniformly asymptotically equivariant under general conditions in the sense that

M_n(Y + X_n(X^′_nX_n)^{−1/2}t, β) = M_n(Y, β) + t + o_p(1) (1.11)

uniformly for t ∈ R^p, ‖t‖ ≤ C for any fixed C , 0 < C < ∞. The following theorem shows that, similarly to the case of the location model, the fact that the conditional expectation of the leading term on the right hand side of (1.10) vanishes characterizes the distribution of the errors in the model (1.6).

Theorem 1.2. (J u r e č k o v á and M i l h a u d (1999)) Consider the modle

(1.6) satisfying the condition (1.7) and with density f possessing positive and finite Fisher information and nowhere zero characteristic function φ. Then

(i) X^′E0(^n ∑ i=1 e_iψ_f (Y_i)|Z) = 0.

(ii) Let ψ : R^1 → R^1 satisfy (1.3) and

X^′E0( n∑ i=1 e_iψ(Y_i)|Z) = 0 . (1.12)

Provided n ≥ 3 + p, then

ψ(x) = Aψ_f (x) a.e. x ∈ R^1 , A = const , A ≠ 0 (1.13)

where Z is the maximal invariant defined in (1.9).

H a l l i n , J u r e č k o v á and M i l h a u d (1998) further extended these results to the simple linear regression model with autoregressive errors.

2. Convolution theorem

Theorems 1.1 and 1.2 lead to a special form of the H á j e k (1971) convolution theorem, valid for equivariant estimators in the location and linear regression models.

Theorem 2.1.

(i) Let X_1, . . . , X_n be independent observations, identically distributed according to the probability density f(x−θ), θ ∈ R_1 , where f has positive and finite Fisher information I(f) and nowhere zero characteristic function φ. Let T_n = T_n(X_1, . . . , X_n) be an equivariant estimator of θ with finite quadratic risk and such that

n^{1/2}(T_n − θ) = O_p(1) (2.14) as n → ∞. Let θ^∗_n be the minimum risk estimator of θ , which admits the asymptotic representation (1.2) with ψ ≡ ψ_f /I(f). Then

n^{1/2}(T_n − θ) = δ^∗_n(θ) + Δ_n + R̃_n (2.15)

where δ^∗_n(θ) and Δ_n(θ) are uncorrelated random variables, Δ_n is location invariant ∀n ≥ 3 and, as n → ∞, δ^∗_n(θ)^D−→ N ( 0, ( I(f) )_{−1}) , Δ_n = { O_p(1) and o_p(1) if T_n is asymptotically efficient , and R̃_n = o_p(1) .

(2.16)

(ii) Let the observations Y_1, . . . , Y_n follow the model (1.6) satisfying the condition (1.7) and lim_{n→∞} max_{1≤i≤n} ( x^′_i(X^′_nX_n)^{−1}x_i ) = 0 (2.17)

with x^′_i being the i-th row of X_n , i = 1, . . . , n. Assume that the density f of the errors satisfies the conditions stated in (i). Let T_n = T_n(Y) be a regression equivariant estimator of β with finite quadratic risk and such that

(X_nX^′_n)^{1/2}(T_n − β) = O_p(1) as n → ∞ . (2.18)

Let T^∗_n be the minimum risk estimator of β , which admits the asymptotic representation (1.10) with ψ ≡ ψ_f /I(f). Then

(X^′_nX_n)^{1/2}(T_n − β) = δ^∗_n(β) + Δ_n + R̃_n (1.19)

where δ^∗_n(β) and Δ_n are random vectors, uncorrelated for n ≥ p + 3, Δ_n is regression invariant and, as n → ∞, δ^∗_n(β)^D−→ N_p ( 0 ( I(f) )_{−1} I_p ) , ‖Δ_n‖ = { O_p(1) and o_p(1) if T_n is asymptotically efficient , ‖ ‖R̃_n(β) ‖ ‖ = o_p(1) .

(2.20)

P r o o f . We shall prove only part (ii), which then implies (i) as a special case. Denote Q_n = X^′_nX_n , for simplicity. Put

δ^∗_n(β) = Q^{1/2}_n { T_n − β − E0 [ T_n|Z_n ]} (2.21) and Δ_n = Q^{1/2}_n E0 [ T_n|Z_n ] . (2.22)

Then δ^∗_n(β) = Q^{1/2}_n (T^∗_n − β) and, by (1.10),

Q^{1/2}_n (T^∗_n −β) = ( I(f) )_{−1} Q^{−1/2}_n X^′_n n∑ i=1 e_iψ_f (Y_i −e^′_iX_nβ)+R^∗_n , ‖R^∗_n‖ = o_p(1) ;

(2.23) hence, the asymptotic normality of δ^∗_n follows under (2.17). Moreover, by (2.21), (2.22) and (2.23), Δ_n = Q^{1/2}_n (T_n − T^∗_n) = O_p(1) (2.24) and it is o_p(1) if T_n is asymptotically efficient. Further, by (2.23) and by Theorem 2.1,

E_fi^(δ^∗_n(β) · Δ^′_n^) = ( I(f) )_{−1} Q^{−1/2}_n Efi [ X^′_n n∑ i=1 e_iψ_f (Y_i − e^′_iX_nβ)

(E_0(T_n|Z)^{)′]}Q^{1/2}_n = ( I(f) )_{−1} Q^{−1/2}_n E0 { E_0^[X^′_n^{n∑}_{j=1} e_j ψ_f (Y_j )^|Z^{](}E_0 [T_n|Z]^{)′}}Q^{1/2}_n

= 0 = Efi ( δ^∗_n(β) ) · E_fi (Δ^′_n) , (2.15)

which implies that δ^∗_n(β^∗_n) and Δ_n are uncorrelated. On the other hand, because (1.12) characterizes ψ_f , any other choice ψ ≠ ψ_f leads to correlated vectors unless T_n is the minimum risk equivariant estimator.

3. Score function

The score function φ_f plays a basic role in statistical inference; for example in the maximum likelihood estimation, score tests, locally or asymptotically optimal rank tests, among others. Theorem 2.1 shows, roughly speaking, that the role of ψ_f (X)/I(f) under the density f is similar to that of X under normal f . Another illustration of the role of ψ_f is provided by the result of J u r e č k o v á and M i l h a u d (1994), concerning the multivariate location model, showing that the quadratic risk of the random vector θ + Ψ_{f,n}(X − θ), where

Ψ_{f,n}(X − θ) = ( nI(f) )_{−1} (_n∑ j=1 ψ_f ( X_{1j} − θ_1 ) , . . . , n∑ j=1 ψ_f ( X_{pj} − θ_p ) )_′

can be shrunken similarly, analogously as the risk of the multivariate mean X̄ under the normal density. On the other hand, θ + Ψ_{f,n}(X − θ) is generally not a statistic; it is independent of θ only if ψ_f is linear and hence only if the underlying distribution is normal.

Because ψ_f uniquely characterizes the distribution f and ψ_f corresponding to normal f is linear, the knowledge of the logarithmic derivative of the density of an estimator or of another statistic would be of great interest; its curvature would show the distance of the distribution from the normal. This problem was successfully solved by K l a a s s e n (1980) for location equivariant estimators. The following theorem is an extension of his result to a more general setup and it gives an interesting characterization of the finite-sample distribution of general sample statistics. These results again demonstrate the central role of the score function in the statistical inference.

Theorem 3. Let X_1, . . . , X_n be i.i.d. observations from a distribution with

the distribution function F (x−θ) where F has an absolutely continuous density f with positive and finite Fisher information. Let S_n = S_n(X_1, . . . , X_n) be a statistic; let G_θ and g_θ denote its distribution function and density, respectively, under θ . Then

∂ log g_θ(y) ∂θ = E_θ [ − n∑ i=1 f^′(X_i − θ) f(X_i − θ) | | |S(X_1, . . . , X_n) = y ] . (3.1)

P r o o f . For δ > 0, 1 δ [ P_{θ+δ}(S ≤ y) − P_θ(S ≤ y) ]

= 1 δ ∫ S≤y . . . ∫ [_n∏ i=1 f(x_i − θ − δ) − n∏ i=1 f(x_i − θ) ] dx_1 . . . dx_n , (3.2)

hence ∂G_θ(y) ∂θ = ∫ S(x1,...,x_n)≤y . . . ∫_n∑ i=1 ( − f^′(x_i − θ) f(x_i − θ) )_n∏ i=1 f(x_i − θ) dx_1 . . . dx_n = E_θ [_n ∑ i=1 ( − f^′(x_i − θ) f(x_i − θ) ) · I[S(X_1, . . . , X_n) ≤ y] ] , (3.3)

thus

∂^2G_θ(y) ∂θ∂y = ∂g_θ(y) ∂θ = E_θ [ − n∑ i=1 f^′(X_i − θ) f(X_i − θ) | | |S(X_1, . . . , X_n) = y ] g_θ(y) , (3.4)

which implies 3.1.

Corollary 3.1. Let S(X_1, . . . , X_n) = −^{n∑}_{i=1}^{f 0 (Xi)}_{f(Xi)} . Then

∂ log g_θ(y) ∂θ = E_θ^[S(X_1 − θ, . . . , X_n − θ)|S(X_1, . . . , X_n) = y^] . (3.5)

Specifically, ∂ log g_θ(y) ∂θ | | |_{θ=0} = y , y ∈ R^1 . (3.6)

Remark. Unlike in the case of normal f , where^{∂ log gθ (y)}_{∂θ} ≡ y , for general f the function^{∂ log gθ (y)}_{∂θ} is linear in y only locally in a neighbourhood of θ = 0.

Corollary 3.2. (K l a a s s e n 1980.) Let S(X) be equivariant under to the

shift in location, i.e.,

S(X_1 + c, . . . , X_n + c) = S(X_1, . . . , X_n) + c ∀c ∈ R^1 .

Then − g^′(y) g(y) = E_0 [_n ∑ i=1 f^′(X_i) f(X_i) | | |S(X) = y ] (3.7)

where g is the density of (S(X) − θ) under θ .

REFERENCES

[1] BERAN, R. : Introduction to Hájek (1970) A characterization of limiting distributions of regular estimates, Breakthroughs in Statistics, Vol. III, (1996), 217–224.

[2] HÁJEK, J. : A characterization of limiting distributions of regular estimates, Z. Wahrscheinlichkeitsth. verw. Geb. 14 (1970), 323–330.

[3] HALLIN, M.,—JUREČKOVÁ, J.—MILHAUD, X. : Characterization of error distributions in time series regression models, Statist. Probab. Lett. 38 (1998), 335–345.

[4] JUREČKOVÁ, J. : Characterization and admissibility in invariant models, Proc. Conf.

Prague Stochastics’98 (1998) (to appear).

[5] JUREČKOVÁ, J.—MILHAUD, X. : Shrinkage of maximum likelihood estimator of multivariate location, in: Asymptotic Statistics (P. Mandl and M. Hušková, eds.), Physica-Verlag, Heidelberg, 1994, pp. 303–318.

[6] JUREČKOVÁ, J.—MILHAUD, X. : Characterization of distributions in invariant models, J. Statist. Plann. Inference 75 (1999), 353–361.

[7] JUREČKOVÁ, J.—SEN, P. K. : Robust Statistical Inference: Asymptotics and Interrelations, J. Wiley, New York, 1996.

[8] KAGAN, A. M.—LINNIK, YU. V.—RAO, C. R. : On a characterization of the normal law based on a property of the sample average, Sankhyā, Ser. A 27 (1967), 405–405.

[9] KAGAN, A. M.—LINNIK, YU. V.—RAO, C. R. : Characterization Problems in Mathematical Statistics, J. Wiley, New York, 1973.

[10] KLAASSEN, C. A. J. : Statistical Performance of Location Estimators, PhD Dissertation, Mathematisch Centrum, Amsterdam, 1980.

Received June 17, 1998 Charles University Department of Statistics Sokolovská 83 CZ–186 75 Prague 8 CZECH REPUBLIC E-mail: jurecko@karlin.mff.cuni.cz