Tatra Mt. Math. Publ. 20 (2000), 87–89 tm

Mathematical Publications

ON DIOPHANTINE EQUATIONS OF THE FORM

(xn �_{1)(y}m �_{1) = z}2

P. G. Walsh

ABSTRACT. At the 13th Czech and Slovak Conference in Number Theory, L. Szalay showed that the Diophantine equation (2n � 1)(3n � 1) = x2 has no solutions in positive integers n and x. Szalay’s proof used the evaluation of certain Jacobi symbols to arrive at the result. The purpose of this paper is to generalize the result of Szalay by proving that the Diophantine equation

(2n �_{1)(3}m �_{1) = x}2_{has no solutions in positive integers n, m, x. We further}

discuss the solvability of the more general equation (xn � 1)(ym � 1) = z2 .

At the 13th Czech and Slovak Conference in Number Theory, L. S z a l a y [3] showed that the Diophantine equation

(2^n − 1)(3^n − 1) = x^2

has no solutions in positive integers n and x. Szalay’s proof used the evaluation of certain Jacobi symbols to arrive at the result. The purpose of this paper is to generalize the result of Szalay, and moreover provide a very simple solution. We conclude by making some remarks on the solvability of the more general equation given in the title.

Our main result is the following.

Theorem 1. The Diophantine equation

(2^n − 1)(3^m − 1) = x^2

has no solutions in positive integers n, m, and x.

P r o o f . From the equation in the theorem it follows that there is a squarefree integer d ≥ 1, and nonzero integers y and z , for which

2^n − 1 = dy^2 , 3^m − 1 = dz^2.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 11D25. K e y w o r d s: diophantine equation.

P. G. WALSH

If d = 1, then m must be odd, for otherwise 3^m and z^2 would be consecutive integers which are squares, contradicting the fact that z is nonzero. But for m odd, 3^m − 1 ≡ 2 (mod 4), which shows that d > 1.

From the equation 2^n − 1 = dy^2, we have that d is odd. Therefore, the equation 3^m − 1 = dz^2 shows that 3^m − 1 is properly divisible by an even power of 2. It follows from the binomial theorem that m is even. We now deal with the cases n odd and n even separately.

If n is odd, then 2^n − 1 ≡ 1 (mod 3), and it follows that d ≡ 1 (mod 3). But from the equation 3^m − 1 = dz^2 , it follows that d ≡ 2 (mod 3), a contradiction. We thus conclude that n is even.

Let ε_d = T +U √ d denote the minimal solution in positive integers to the Pell equation X^2 − dY^2 = 1, and T_k + U_k √ d = � T + U √ d �_k for k ≥ 1. Properties of solutions to Pell equations can be found in [2]. Since n is even, we have that

2^{n/2} + y √ d = T_r + U_r √ d for some odd positive integer r , since T_k is odd for even values of k . This implies that T_k is even for all odd positive integers k . From the equation 3^m − 1 = dz^2 , and the fact that m is even, we conclude that

3^{m/2} + z √ d = T_s + U_s √ d for some positive even integer s. Let s = 2t, then

3^{m/2} = T_{2t} = 2T^2_t − 1 ,

from which it follows that T^2_t ≡ 2 (mod 3), which is not possible. This completes the proof of Theorem 1.

Remarks on the general equation (x^n − 1)(y^m − 1) = z^2 . In Theorem 1 we were able to solve the particular equation (2^n − 1)(3^m − 1) = x^2 . It would of course be of interest to prove finiteness results for general equations of this form. In particular, it would be interesting to prove a similar result for any equation of the form

(x^n − 1)(y^m − 1) = z^2,

as there is very little known. There are examples of such equations with solutions, such as (2^5 − 1)(5^3 − 1) = 62^2 and (13^4 − 1)(239^4 − 1) = 9653280^2.

We finish the paper by raising questions about equations of this kind. 1. Let a and b be fixed positive integers. Under the assumption of the abc-con-jecture, it can be shown that the equation

(a^n − 1)(b^n − 1) = x^2

ON DIOPHANTINE EQUATIONS OF THE FORM (xn � 1)(ym � 1) = z2

has only finitely many solutions (n, x). Can this result be proved without the hypothesis of the abc-conjecture?

2. Again with a and b fixed positive integers, are there infinitely many pairs of integers (n, m) for which there is an integer x with (a^n − 1)(b^m − 1) = x^2 ? 3. If n > 2 is a fixed positive integer, are there only finitely many integers x and y for which (x^n − 1)(y^n − 1) = z^2 for some integer z ? The only known case is n = 4, which has recently been solved by J. H. E. C o h n in [1]. His result shows that the only solution for n = 4 is (13^4 − 1)(239^4 − 1) = 9653280^2 .

REFERENCES

[1] COHN, J. H. E. : The Diophantine equation x4 � Dy2 = 1 II., Acta Arith. 78 (1997), 401–403.

[2] LEHMER, D. H. : An extended theory of Lucas functions, Ann. Math. 31 (1930), 419–448. [3] SZALAY, L. : On Diophantine equations of the form (an � 1)(bn � 1) = x2 , Abstract of the 13th Czech and Slovak Conference on Number Theory, 1997.

Received October 15, 1999 Department of Mathematics University of Ottawa 585 King Edward Ottawa, Ontario KIN{6N5 CANADA E-mail: gwalsh@mathstat.uottawa.ca