Tatra Mt. Math. Publ. 19 (2000), 239–247 tm

Mathematical Publications

APPLICATIONS OF THE HAUSDORFF APPROACH TO SEMICONTINUOUS FUNCTIONS

Anna Kucia — Andrzej Nowak

ABSTRACT. Let (T, T ) be a measurable space, X a metric space, D a subset of T � X , and f a real-valued function on D. We give sufficient conditions for f to be the limit of an increasing sequence of Carathéodory functions. The proof of the main theorem is based on the parametrization of a Hausdorff formula for l.s.c. functions.

1. Preliminaries

In this section we introduce the notation and formulate the problem. Throughout this paper (T, T ) is a measurable space, X and Y metric spaces, and D a nonempty subset of T × X . The set D is always considered with the trace σ-field D = {D ∩ A : A ∈ T ⊗ B(X)}, where B(X) stands for the Borel σ-field on X . By D_t and D^x we denote t and x-sections of D , respectively, i.e., D_t = {x ∈ X : (t, x) ∈ D} and D^x = {t ∈ T : (t, x) ∈ D}. For x ∈ X and r > 0, B(x, r) stands for the open ball with center x and radius r .

A function f : D → Y is said to be Carathéodory if it is measurable (with respect to the σ-field D ), and f(t, ·) is continuous on D_t for all t ∈ T . Denote by F (D) the family of all real-valued functions on D which are pointwise limits of increasing sequences of Carathéodory functions. If f ∈ F (D) then it is measurable, and f(t, ·) is lower semicontinuous (abbreviated to l.s.c.) on D_t for all t ∈ T . The class F (D) appears in the optimization theory, e.g., in the study of optimal measurable selections (see [12], [13]).

The main result of this paper, Theorem 3.2, gives sufficient conditions for f to be in the class F (D). We have already studied this problem in [7] and [8], but unlike those papers, we do not assume that f is measurable. Hence, our results can serve as criteria of the measurability of a function of two variables. In [9] we gave a characterization of functions belonging to F (D).

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 54C30; Secondary 28A20. K e y w o r d s: Carathèodory function, measurable function, product-measurability.

Supported by the State Committee for Scientific Research Grant No. 2 P03A 033 11.

ANNA KUCIA — ANDRZEJ NOWAK

By a multifunction from T to X we mean a mapping φ : T → 2^X with nonempty values. A multifunction φ is measurable if {t ∈ T : φ(t)∩G ≠ ∅} ∈ T for each open G ⊂ X . Note that H i m m e l b e r g [4] calls such a multifunction weakly measurable. If X is separable, then φ is measurable iff the real-valued function t → dist ( x, φ(t) ) is measurable for each x ∈ X (see, e.g., [4], Theorem 3.3). We conclude this paper with some corollaries on the measurability of a multifunction of two variables.

We shall assume that D has nonempty t-sections. Hence, D may be treated as a graph of the multifunction t → D_t , t ∈ T . A countable family U of measurable functions u : T → X is called a Castaing representation of D if for each t ∈ T the set {u(t) : u ∈ U} is dense in D_t . Different measurable selection theorems give sufficient conditions for the existence of a Castaing representation (see, e.g., [4], [14]).

2. Auxiliary results

It is well known that a l.s.c. function defined on a metric space is the pointwise limit of an increasing sequence of continuous functions. In 1919 H a u s d o r f f gave a formula for these approximating maps.

Theorem 2.1. ([3]). Let (X, d) be a metric space and f : X → R. If f is

l.s.c. and bounded from below, then the functions

f_n(x) = inf { f(y) + n · d(x, y) : y ∈ X } , x ∈ X , n ∈ N , are Lipschitz continuous, and the sequence (f_n) is increasing and converges to f .

Let E be a fixed dense subset of X , and f : X → R. Remind that

lim inf y∈E, y→x f(y) = lim_{δ→0} ( inf f ( E ∩ B(x, δ) )) . For E = X it reduces to the standard lower limit lim inf_{t→x} f(y).

We shall consider the following two conditions: (i) For each x ∈ X lim inf y∈E, y→x f(y) = f(x) . (ii) For each open G ⊂ X the set f(E ∩ G) is dense in f(G). The next theorem relates these two conditions.

Theorem 2.2. The function f satisfies (i) iff it satisfies (ii) and is l.s.c.

P r o o f . Assume f satisfies (i). Fix open G ⊂ X and r ∈ f(G). Let x ∈ G be such that r = f(x). Denote r_n = inf f ( E ∩ B(x, 1/n) ) . Because of (i), f(x) = lim_{n→∞} r_n . For ε > 0 and n sufficiently large we have f(x)−ε ≤ r_n ≤ f(x). By the definition of r_n , there exists some y ∈ E∩G such that r_n ≤ f(y) < r_n+ε. Consequently, f(x) − ε ≤ f(y) ≤ f(x) + ε. Thus f(E ∩ G) is dense in f(G).

Now we prove the lower semicontinuity of f . Fix x ∈ X . By the first part of the proof, f ( E ∩ B(x, 1/n) ) is dense in f ( B(x, 1/n) ) for all n ∈ N. Hence, r_n = inf f ( B(x, 1/n) ) , and f(x) = lim inf_{y→x} f(y).

Assume that f is l.s.c. and satisfies (ii). We have already proved that under condition (ii), lim inf y∈E, y→x f(y) = lim inf_{y→x} f(y) .

Since f is l.s.c., the last equality implies (i). It completes the proof.

We shall use the following lemma with a straightforward proof:

Lemma 2.3. Let E be a dense subset of X , and f, g : X → R. If f satisfies

(i) and g is continuous, then f + g also satisfies (i).

For convex and l.s.c. functions we have the following result:

Theorem 2.4. Let X be a convex subset of a Banach space, such that

Int X ≠ ∅, and f : X → R a convex and l.s.c. function. Then for each dense subset E ⊂ X , f satisfies condition (i).

P r o o f . Let E be a dense subset of X , and A ⊂ X convex with nonempty interior. We are going to prove that inf {f(x) : x ∈ A} = inf {f(x) : x ∈ E ∩ A} . Denote by l and r , respectively, the left and the right hand side of the required equality. Of course, l ≤ r . Since f | Int A is continuous (see, e.g., [11], Prop. 3.3), f(x) ≥ r for all x ∈ Int A. Now fix x ∈ A ∩ Fr A and y ∈ Int A. The segment S = {λx + (1 − λ)y : 0 ≤ λ ≤ 1} is contained in Int A except the point x. Being convex on the segment, f |S is upper semicontinuous. Hence, the set {z ∈ S : f(z) ≥ r} is closed in S and, consequently, contains x. Thus f(x) ≥ r for all x ∈ A which implies l = r .

Now fix x ∈ X . Since for each n ∈ N the set B(x, 1/n) ∩ X is convex and has nonempty interior,

inf f ( E ∩ B(x, 1/n) ∩ X ) = inf f ( B(x, 1/n) ∩ X ) . Hence, lim inf y∈E, y→x f(y) = lim inf_{y→x} f(y) .

Since f is l.s.c., it means that f satisfies condition (i).

ANNA KUCIA — ANDRZEJ NOWAK

Remark 1. The proof of Theorem 2.4 is a slight generalization of the argumentation of D y n k i n ([2], Lemma 3.1), who considered the case X ⊂ R^n. Such X has a nonempty relative interior, and the additional assumption Int X ≠ ∅ is superfluous.

Remark 2. If we strengthen (ii) by the requirement, that it is satisfied for each dense E ⊂ X , then this modified condition characterizes the quasi-continuity of f (see [10]). Thus we can reformulate Theorem 2.4 in the following way: If f is a convex and l.s.c. function defined on a convex subset of a Banach space with a nonempty interior, then f is quasi-continuous.

3. Main results

Remind that (T, T ) is a measurable space, X and Y metric spaces, and D a subset of T × X with nonempty t-sections. It is well known that if X is separable, then each function f : T × X → Y being measurable in t and continuous in x is product-measurable. It is not the case when f is defined on D ⊂ T × X . Consider the following example:

Example. Let T = X = Y = [0, 1], T = L , the Lebesgue σ-field on [0,1], D = {(t, x) ∈ T × X : t = x}, A ⊂ D , and f = χ_A|D the characteristic function of A. Such f , considered as a function from D to Y , is continuous in each variable separately, but if A ∉ L ⊗ B ( [0, 1] ) then f is not measurable.

We shall use the following lemma:

Lemma 3.1. ([6], Lemma 1). Let f : D → Y . Suppose X is separable, and

D has a Castaing representation U such that for each u ∈ U the function t → f ( t, u(t) ) is measurable, and f(t, ·) is continuous on D_t for each t ∈ T .

Then f is measurable. If we additionally assume that D has closed t-sections, then D ∈ T ⊗ B(X).

The following theorem is the main result of this paper:

Theorem 3.2. Let f : D → R. Suppose X is separable and D has a Castaing

representation U such that

a) for each u ∈ U the function t → f ( t, u(t) ) is measurable;

b) for each t ∈ T , x ∈ D_t ,

lim inf y∈U(t), y→x f(t, y) = f(t, x) , where U(t) = {u(t) : u ∈ U}.

Then f ∈ F (D) and, consequently, f is measurable.

P r o o f . Assume that f is bounded from below and define f_n : D → R by the formula f_n(t, x) = inf {f(t, y) + n · d(x, y) : y ∈ D_t} , n ∈ N , (3.1) where d is the metric of X . Because of Theorem 2.1, the sequence (f_n) is increasing and pointwise convergent to f , and for each t ∈ T , f_n(t, ·) is continuous on D_t . We are going to prove that each f_n is measurable. In order to apply Lemma 3.1, for u ∈ U we consider f_n ( t, u(t) ) = inf {f(t, y) + n · d ( u(t), y ) : y ∈ D_t} . (3.2)

Assumption b) means that for fixed t ∈ T , the function f(t, ·) satisfies condition (i) with the countable dense subset U(t). Consequently, g(y) = f(t, y) + n · d ( u(t), y ) also satisfies (i). Now Theorem 2.2 implies that in (3.2) the infimum of g over D_t is equal to the infimum over U(t), i.e., f_n ( t, u(t) ) = inf {f ( t, v(t) ) + n · d ( u(t), v(t) ) : v ∈ U} . Under assumption a), the function t → f ( t, v(t) ) +n·d ( u(t), v(t) ) is measurable.

Hence, t → f_n ( t, u(t) ) is also measurable. Now Lemma 3.1 implies that all f_n are measurable. Thus f ∈ F (D).

If f is not bounded from below, then we consider f̂ = h ∘ f , where h is an increasing homeomorphism of R and (0, ∞). It not difficult to see that f̂ satisfies conditions a) and b). By the first part of the proof, f̂ is the limit of an increasing sequence of Carathéodory functions f̂_n : D → R. It follows from (3.1) and the lower semicontinuity of f̂ that f̂_n(t, x) > 0 for all n ∈ N, (t, x) ∈ D . If we define f_n = h^{−1} ∘ f̂_n , then (f_n) is an increasing sequence of Carathéodory functions, pointwise convergent to f . It completes the proof.

Remark 1. Note that if u : T → X and f : D → Y are measurable, then the superposition t → f ( t, u(t) ) is also measurable. Hence, the superpositional measurability of f , assumed in Lemma 3.1 and Theorem 3.2, is a necessary condition for the measurability of f .

We say that D is separable (with separating set E ) if X contains a countable dense subset E such that E ∩ D_t is dense in D_t for t ∈ T , and D^x ∈ T for x ∈ E (cf. [12], [13]).

Corollary 3.3. (cf. [13], Prop. 11.6). Let f : D → R. Suppose D is separa-

ble with the separating set E , for each x ∈ E the function f(·, x) is measurable on D^x , and lim inf y∈E∩D_t, y→x f(t, y) = f(t, x)

ANNA KUCIA — ANDRZEJ NOWAK

for all t ∈ T , x ∈ D_t . Then f ∈ F (D).

P r o o f . We show that D has a Castaing representation U such that all assumptions of Theorem 3.2 are satisfied, and U(t) = E ∩D_t . Since D^e ∈ T , for each e ∈ E there exists a measurable function p_e : T → E such that p_e(t) ∈ D_t for t ∈ T , and p_e(t) = e iff e ∈ D_t . Hence, {p_e(t) : e ∈ E } = E ∩ D_t (cf. [12]). Each p_e has a countable range and, consequently, the function t → f ( t, p_e(t) ) is measurable. Thus U = {p_e : e ∈ E } satisfies all required conditions.

Corollary 3.4. Let f : T × X → R. Suppose there exists a countable dense

subset E ⊂ X such that for each x ∈ E the function f(·, x) is measurable, and

lim inf y∈E, y→x f(t, y) = f(t, x) for all t ∈ T , x ∈ X . Then f ∈ F (T × X).

In the next corollaries we require some convexity assumptions.

Corollary 3.5. Let X be a separable Banach space and f : D → R. Sup-

pose D_t is convex and has a nonempty interior for t ∈ T , D^x ∈ T for x ∈ X , f(t, ·) is convex and l.s.c. for t ∈ T , and f(·, x) is measurable for x ∈ X . Then f ∈ F (D). P r o o f . Let E be a countable dense subset of X . Since D_t is convex with a nonempty interior, E ∩ D_t is dense in D_t . Thus D is separable with the separating set E . It follows from Theorem 2.4 that

lim inf y∈E∩D_t, y→x f(t, y) = f(t, x) for all t ∈ T , x ∈ D_t . Now an application of Corollary 3.3 completes the proof.

Corollary 3.6. (cf. [2], Lemma 3.2). Let X be a convex subset of a Banach

space with a nonempty interior, and f : T × X → R a function measurable in t, and convex and l.s.c. in x. Then f ∈ F (T × X) and, consequently, f is product-measurable.

If we assume that T is a topological space, then we have the following theorem:

Theorem 3.7. (cf. [1]). Let T be a topological space, T = B(T ), X a

separable metric space, and f : T × X → R. If f is upper semicontinuous in t and l.s.c. in x, then f ∈ F (T × X).

P r o o f . Assume f is bounded from below. Then f_n : T × X → R defined by the parametrization of the Hausdorff formula f_n(t, x) = inf {f(t, y) + n · d(x, y) : y ∈ X} is continuous in x, and the sequence (f_n) is increasing and convergent to f . Since for each fixed x and y the function t → f(t, y) + n · d(x, y) is upper semicontinuous (abbreviated by u. s. c.), f_n is also u. s. c. in t. Hence, each f_n

is B(T ) ⊗ B(X)-measurable. It means that f ∈ F (T × X).

If f is not bounded from below, then we argue in the same way as in the proof of Theorem 3.2.

Remark 2. It would be interesting to generalize Theorem 3.7 for the case, when f is defined on D ⊂ T × X instead of the whole product T × X .

Remark 3. Theorem 3.7 is related to the classical result of K e m p i s t y [5]: If a real-valued function f , defined on the product of two metric spaces T and X , is u.s.c. in one and l.s.c. in the second variable, then it is in the first class of Baire (i.e., it is the limit of a sequence of continuous functions). It is not difficult to see that the Kempisty proof holds in the case, when f is defined on D ⊂ T × X with open t and x-sections.

Now we give some corollaries on the measurability of a multifunction φ : D → 2^Y .

Corollary 3.8. Let X , Y be separable metric spaces, D ⊂ T × X , and φ

a multifunction from D to Y . Suppose for each t ∈ T and y ∈ Y the function x → dist ( y, φ(t, x) ) is continuous on D_t , and D has a Castaing representation U such that the multifunction t → φ ( t, u(t) ) is measurable for all u ∈ U . Then φ is measurable.

P r o o f . For each y ∈ Y the function f : D → R defined by f(t, x) = dist ( y, φ(t, x) ) satisfies all assumptions of Lemma 3.1. Thus f is measurable.

Let φ be a multifunction from a convex set A to a linear space Z . We say that φ is convex, if λφ(a) + (1 − λ)φ(b) ⊂ φ ( λa + (1 − λ)b ) for all a, b ∈ A and λ ∈ [0, 1]. Note that φ is convex iff its graph Gr φ = {(a, z) : z ∈ φ(a)} is a convex subset of A × Z .

Let ψ be a multifunction from a topological space X to a metric space Y . Such ψ is H-upper semicontinuous if for each x_o ∈ X and each ε > 0 there is a neighbourhood V of x_o such that ψ(x) ⊂ B ( ψ(x_0), ε ) for all x ∈ V . A multifunction ψ is lower semicontinuous if for each open G ⊂ Y the preimage {x ∈ X : ψ(x) ∩ G ≠ ∅} is open in X .

Corollary 3.9. Let X be a separable Banach space, Y a separable normed

space, D a subset of T × X , and φ a multifunction from D to Y . We assume that for each t ∈ T , D_t is convex with a nonempty interior and the multifunction φ(t, ·) is convex and H-upper semicontinuous, and for each x ∈ proj_T D , D^x ∈

T and φ(·, x) is measurable. Then φ is measurable.

ANNA KUCIA — ANDRZEJ NOWAK

P r o o f . For each y ∈ Y the function (t, x) → dist ( y, φ(t, x) ) satisfies all assumptions of Corollary 3.5. Thus it is measurable.

Corollary 3.10. Let T be a topological space, T = B(T ), X and Y

separable metric spaces, and φ : T × X → 2^Y a multifunction. If φ is lower semicontinuous in t and H-upper semicontinuous in x, then φ is B(T ) ⊗

B(X)-measurable.

P r o o f . For each y ∈ Y the real-valued function f(t, x) = dist ( y, φ(t, x) ) is u.s.c. in t and l.s.c. in x. It follows from Theorem 3.7 that f is productmeasurable.

Acknowledgement. The research of the second author was supported by the State Committee for Scientific Research Grant No. 2 P03A 033 11.

REFERENCES

[1] CASTAING, C. : À propos de l’existence des sections séparément mesurables et séparément continue d’une multi-application séparément mesurable et séparément semi-continue inférieurement, Séminaire d’Analyse Convexe, Exposé No. 6, Montpellier, 1976.

[2] DYNKIN, E. B. : Stochastic concave dynamic programming, Mat. Sb. 87 (1972), 490–503;

English trans: Math. USSR Sbornik 16 (1972), 501–515.

[3] HAUSDORFF, F. : Über halbstetige Functionen und deren Verallgemeinerung, Math. Z. 5 (1919), 292–309.

[4] HIMMELBERG, C. J. : Measurable relations, Fund. Math. 87 (1975), 53–72. [5] KEMPISTY, S. : Sur les fonctions semicontinue par rapport à chacune de deux variables, Fund. Math. 14 (1929), 237–241.

[6] KUCIA, A.—NOWAK, A. : On Filippov type theorems and measurability of inverses of random operators, Bull. Polish Acad. Sci. Math. 38 (1990), 151–158.

[7] KUCIA, A.—NOWAK, A. : On Baire approximations of normal integrands, Comment.

Math. Univ. Carolin. 30 (1989), 373–376.

[8] KUCIA, A.—NOWAK, A. : Normal integrands and related classes of functions, Comment.

Math. Univ. Carolin. 36 (1995), 775–781.

[9] KUCIA, A.—NOWAK, A. : Some applications of Marczewski function, Tatra Mt. Math.

Publ. 8 (1996), 185–190.

[10] NEUBRUNN, T. : Quasi-continuity, Real Anal. Exchange 14 (1988–1989), 259–306. [11] PHELPS, R. R. : Convex Functions, Monotone Operators and Differentiability, Lecture Notes in Mathematics, Vol. 1364, Springer-Verlag, Berlin, 1989.

[12] SCHÄL, M. : A selection theorem for optimization problems, Arch. Mat. 25 (1974), 219–224.

[13] SCHÄL, M. : Conditions for optimality in dynamic programming and for the limit of n-stage policy to be optimal, Z. Wahrsch. Verv. Gebiete 32 (1975), 179–196.

[14] WAGNER, D. H. : Survey of measurable selection theorems, SIAM J. Control Optim. 15 (1977), 859–903.

Received October 22, 1998 Instytut Matematyki Uniwersytet Śla_,ski PL–40–007 Katowice POLAND E-mail: kucia@ux2.math.us.edu.pl anowak@ux2.math.us.edu.pl