Tatra Mt. Math. Publ. 19 (2000), 213–218 tm

Mathematical Publications

ON THE STRONG QUASI-CONTINUITY OF MULTIVALUED MAPS OF TWO VARIABLES

Jolanta Wesołowska

ABSTRACT. Various properties describing the strong quasi-continuity of real functions of two variables were considered in [5]. The results contained here generalize some of them onto the case of multivalued maps.

Let R denote the set of real numbers and let E denote R or R × R. For

y ∈ E and ε > 0 we denote K(y, ε) = {x ∈ E : |x − y| < ε}. Moreover, for a nonempty set A ⊂ E we have K(A, ε) = ⋃ {K(y, ε) : y ∈ A}. Let L (E) be the family of Lebesgue measurable sets on E and let μ^∗(μ) be the outer Lebesgue measure (the Lebesgue measure) in E . Denote by

d_u(A, p) = lim sup_{h→0} μ^∗ ( A ∩ K(p, h) ) /μ ( K(p, h) ) ( d_l(A, p) = lim inf_{h→0} μ^∗ ( A ∩ K(p, h) ) /μ ( K(p, h) )) the upper (lower) outer density of a set A ⊂ E at p. If there exists a measurable set B ⊂ A such that d_l(B, p) = 1 then p is called a density point of A. The family of sets

T_d(E) = {A ∈ L (E) : every point p ∈ A is a density point of A }

forms a topology which is called the density topology [1, 3, 8, 9].

We consider the multivalued maps F : E → R (i.e., F (x) is a non-empty subset of R). For any set A ⊂ E we denote F^+(A) = {x ∈ E : F (x) ⊂ A} , F^−(A) = {x ∈ E : F (x) ∩ A ≠ ∅} . The following definitions and theorems generalize those of Z. G r a n d e [5].

Some of them were considered in [10] in the case of multivalued maps of one variable.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26B05, 54C08, 54C60. K e y w o r d s: multifunctions, strong quasi-continuity, density topology, cliquishness.

This research was supported by the University of Gdańsk, grant BW Nr 5100–5–0283–7.

A multivalued map F : E → R is said to be strongly lower (upper) quasicontinuous at p ∈ E if for every open set G ⊂ R such that p ∈ F^−(G) (p ∈ F^+(G)) and for any set U ∈ T_d(E) containing p there exists a nonempty open set W ⊂ E such that W ∩ U ≠ ∅ and W ∩ U ⊂ F^−(G) (W ∩ U ⊂ F^+(G)).

F is said to be strongly lower (upper) quasi-continuous if it is strongly lower (upper) quasi-continuous at each point p ∈ E .

A multivalued map F : E → R is said to be strongly cliquish at p ∈ E if for every ε > 0 and U ∈ T_d(E) containing p there is a nonempty open set W ⊂ E such that W ∩ U ≠ ∅ and ⋂ x∈W ∩U K ( F (x) , ε ) ≠ ∅ . F is said to be cliquish if it is cliquish at every p ∈ E .

A multivalued map F : E → R has the property B^−(p) (B^+(p)) at p ∈ E if for any open set G ⊂ R such that p ∈ F^−(G) (p ∈ F^+(G)) we have d_u ( Int F^−(G), p ) > 0 ( d_u(Int F^+(G), p ) > 0 ) . In short we write it F ∈ B^−(p) (F ∈ B^+(p)).

Theorem 1. ([10], Theorem 1) Any multivalued map F : E → R which

has the property B^−(p) (B^+(p)) at p ∈ E is strongly lower (upper) quasicontinuous at this point.

The converse is not true, as the following example shows.

Example. ([10], Example 1) Let C ⊂ [0, 1] be the Cantor’s set such that μ(C) > 0. Denote by P a set of all centres of components of the set [0, 1]\C . Define a multivalued map F : [0, 1] → R as follows:

F (x) = { [0, 1] if x ∈ P , {0} if x ∈ [0, 1] \ P . Then F is strongly upper quasi-continuous at each point p ∈ [0, 1], but F ∉ B^+(p) at a point p ∈ C which is a density point of the set C .

Theorem 2. Let F : E → R be a multivalued map with compact values. If

F is both strongly lower and upper quasi-continuous, then F ∈ B^−(p) ∩ B^+(p) for every p ∈ E .

For the proof we refer the reader to [10].

Now let E = R × R. We consider multivalued maps F : E → R. For a given

x ∈ R we call an F_x section the multifunction F_x(y) = F (x, y). The F^y section

is defined analogously.

ON THE STRONG QUASI-CONTINUITY OF MULTIVALUED MAPS OF TWO VARIABLES

The classical result of K e m p i s t y concerning the quasi-continuity of functions of two variables states that the quasi-continuity of f_x sections and f^y sections implies the quasi-continuity of f . For multivalued maps we have another result given by N e u b r u n n [6, 7]. Roughly speaking, the upper (lower) quasi-continuity of F_x and both upper and lower quasi-continuity of F^y imply the upper (lower) quasi-continuity of F . The situation is different for the strong quasi-continuity. There are functions f : E → R such that all sections f_x and f^y are continuous and f are not strongly quasi-continuous (see [4, 5]). But we can consider the following property.

Definition 1. A multivalued map F : E → R has the property H^−(x, y)

(H^+(x, y)) at (x, y) ∈ E if for every open set G ⊂ R such that (x, y) ∈ F^−(G) ((x, y) ∈ F^+(G)) and for any sets U, V ∈ T_d(R) such that x ∈ U and y ∈ V there exists a nonempty open set W ⊂ E such that W ∩ (U × V ) ≠ ∅ and W ∩ (U × V ) ⊂ F^−(G) (W ∩ (U × V ) ⊂ F^+(G)).

In short we write it F ∈ H^−(x, y) (H^+(x, y)).

Lemma 1. For a multivalued map F : E → R with compact values the follow-

ing conditions are equivalent:

(i) F ∈ H^+(x, y), (ii) for any ε > 0 and any sets U, V ∈ T_d(R) such that x ∈ U, y ∈ V there exists a nonempty open set W ⊂ E such that W ∩ (U × V ) ≠ ∅ and W ∩ (U × V ) ⊂ F^+ ( K(F (x, y), ε) ) . Lemma 2. For any multivalued map F : E → R the following conditions are

equivalent: (i) F ∈ H^−(x, y), (ii) for any ε > 0, z ∈ F (x, y) and U, V ∈ T_d(R) such that x ∈ U, y ∈ V there exists a nonempty open set W ⊂ E such that W ∩ (U × V ) ≠ ∅ and W ∩ (U × V ) ⊂ F^− ( K(z, ε) ) . P r o o f . We give only the proof of Lemma 1; that of 2 is similar. The implication (i) ⇒(ii) is obvious, so we will prove (ii) ⇒(i). Let us take U, V ∈ T_d(R), such that x ∈ U , and y ∈ V . Let G ⊂ R be an arbitrary open set such that (x, y) ∈ F^+(G). Then F (x, y) ⊂ G and for every z ∈ F (x, y) there exists a real ε_z > 0 such that K(z, 2ε_z ) ⊂ G. F (x, y) is compact, and so there are

z_1, z_2, . . . , z_n ∈ F (x, y) such that F (x, y) ⊂^n ⋃ i=1 K(z_i, ε_{zi} ) ⊂ G. By assump-

tion, for ε = min{ε_{zi} : i = 1, 2, . . . , n} there is a nonempty open set W ⊂ E such that ∅ ≠ W ∩ (U × V ) ⊂ F^+ ( K(F (x, y), ε) ) . It is easy to check that K(F (x, y), ε) ⊂ G. Consequently, W ∩ (U × V ) ⊂ F^+(G) and (i) is proved.

Then the following theorem holds.

Theorem 3. Let F : E → R be a multivalued map with compact values

such that F_x are strongly upper (lower) quasi-continuous for every x ∈ R and F^y are both strongly lower and upper quasi-continuous for every y ∈ R. Then F ∈ H^+(x, y) (F ∈ H^−(x, y)) for every (x, y) ∈ E .

P r o o f . We give the proof only for an “upper” case. The “lower” case may be proved in much the same way. Let (x, y) ∈ E be an arbitrary point. Fix ε > 0 and U, V ∈ T_d(R) such that x ∈ U and y ∈ V . Since F^y is both strongly lower and upper quasi-continuous, F^y ∈ B^+(x), by Theorem 2. This means that d_u ( Int(F^y )^+ ( K ( F (x, y), ε/4) ) , x ) > 0. So we can choose an open interval I such that I ∩ U ≠ ∅ and for every t ∈ I F (t, y) ⊂ K ( F (x, y), ε/4 ) . (1) Let P = cl(I ∩ U) and t ∈ P . As F_t is strongly upper quasi-continuous at y , there is an open interval J_t with rational endpoints such that J_t ∩ V ≠ ∅ and for every v ∈ J_t ∩ V F (t, v) ⊂ K ( F (t, y), ε/4 ) . (2) There is an open interval J such that a set K = {t ∈ P : J_t = J} is of the second category in P . Therefore, we can choose an open interval I_1 ⊂ I such that I_1 ∩ P ≠ ∅ and I_1 ∩ K is dense in I_1 ∩ P . Putting W = I_1 ∩ J we have W ∩(U ×V ) = (I_1 ∩U)×(J ∩V ) ≠ ∅. Take (u, v) ∈ W ∩(U ×V ) and an arbitrary point z_0 ∈ F (u, v). As F^v ∈ B^−(u), we have d_u ( Int(F^v)^− ( K(z_0, ε/2) ) , u ) > 0.

Consequently, there is an open interval I_2 ⊂ I_1 such that I_2∩P ≠ ∅ and for every t ∈ I_2 , F (t, v)∩K(z_0, ε/2) ≠ ∅. Take s ∈ I_2 ∩K . Then F (s, v)∩K(z_0, ε/2) ≠ ∅. Let p ∈ F (s, v) ∩ K(z_0 , ε/2) ≠ ∅. From (2) we obtain F (s, v) ⊂ K ( F (s, y), ε/4 ) . Hence |p − z_0| < ε/2 and there is p_1 ∈ F (s, y) such that |p − p_1| < ε/4. Since p_1 ∈ F (s, y) and s ∈ I_2 ⊂ I , we conclude from (1) that there is p_2 ∈ F (x, y) such that |p_1 − p_2| < ε/4 and, in consequence, |z_0 − p_2| ≤ |z_0 − p| + |p − p_2| + |p_2 −p_1| < ε/2+ε/4+ε/4 = ε. Thus F (u, v) ⊂ K ( F (x, y), ε ) and, by Lemma 1, F ∈ H^+(x, y). One of the F u d a l i ’s results (see [2]) concerning the cliquishness of functions on product spaces states that the cliquishness of f_x sections and the quasi-continuity of f^y sections imply the cliquishness of f . One question still unanswered is whether the above is true if we will replace the cliquishness and the quasi-continuity by the strong cliquishness and the strong quasi-continuity respectively. However, we can consider the following property, which is a generalization of a property introduced in [5].

Definition 2. A multivalued map F : E → R has the property K(x, y) at

(x, y) ∈ E if for every ε > 0 and U, V ∈ T_d(R) such that x ∈ U , y ∈ V there is a nonempty open set W ⊂ E such that W ∩ (U × V ) ≠ ∅ and ⋂ (u,v)∈W ∩(U×V ) K ( F (u, v) , ε ) ≠ ∅ .

ON THE STRONG QUASI-CONTINUITY OF MULTIVALUED MAPS OF TWO VARIABLES

Theorem 4. Let F : E → R be a multivalued map with compact values such

that all sections F^y ∈ B^+(x) at each x ∈ R and F_x are strongly cliquish for every x ∈ R. Then F ∈ K(x, y) at each (x, y) ∈ E .

P r o o f . Fix (x, y) ∈ E . Let ε > 0 be an arbitrary real number and U, V ∈

T_d(R) such that x ∈ U, y ∈ V. Let L = cl(U) and t ∈ L. Since F_t is strongly

cliquish at y , there is an open interval J_t with rational endpoints such that J_t ∩ V ≠ ∅ and ⋂ s∈J_t∩V K ( F (t, s), ε/2 ) ≠ ∅ . Then there is a closed interval P_t with rational endpoints such that μ(P_t) < ε and for every s ∈ J_t ∩ V we have F (t, s) ∩ P_t ≠ ∅. Thus there are open intervals I , J and a closed interval P such that I ∩U ≠ ∅ and a set A = {t ∈ L∩I : J_t = J , P_t = P } is dense in I ∩ U . Let W = I × J . Then W ∩ (U × V ) ≠ ∅. Take (u, v) ∈ W ∩ (U × V ). Suppose F (u, v) ∩ P = ∅. Since F (u, v) is compact, we have δ = dist ( P, F (u, v) ) > 0. As F^v ∈ B^+(u), we have d_u ( Int { t ∈ R : F (t, v) ⊂ K ( F (u, v), δ )} , u ) > 0. Therefore, there is an open interval I_1 ⊂ I such that I_1 ∩ U ≠ ∅ and for every t ∈ I_1 F (t, v) ⊂ K ( F (u, v), δ ) . Since A is dense in I ∩ U , there is p ∈ I_1 ∩ A. This means that F (p, v) ⊂ K ( F (u, v), δ ) and, consequently, F (p, v) ∩ P = ∅, contrary to the definition of A. It follows that for every (u, v) ∈ W ∩ (U × V ) F (u, v) ∩ P ≠ ∅. As μ(P ) < ε, the property K(x, y) is proved.

From Theorems 2 and 4 we have

Theorem 5. If F : E → R is a multivalued map with compact values such

that all sections F^y are both strongly lower and upper quasi-continuous and all sections F_x are strongly cliquish, then F ∈ K(x, y) at every (x, y) ∈ E .

REFERENCES

[1] BRUCKNER, A. M. : Differentiation of integrals, Amer. Math. Monthly 78 (1971), 1–51. [2] FUDALI, L. A. : On cliquish functions on product spaces, Math. Slovaca 33 (1983), 53–58. [3] GOFFMAN, C.—NEUGEBAUER, C. J.—NISHIURA, T. : Density topology and aproximate continuity, Duke Math. J. 28 (1961), 497–506.

[4] GRANDE, Z. : Measurability, quasicontinuity and cliquishness of functions of two variables, Real Anal. Exchange 20 (1994–95), 744–752.

[5] GRANDE, Z. : On strong quasi-continuity of functions of two variables, Real Anal. Exchange 21 (1995–96), 236–243.

[6] NEUBRUNN, T. : On quasi-continuity of multifunctions, Math. Slovaca 32 (1982), 147–154.

[7] NEUBRUNN, T. : Quasi-continuity, Real Anal. Exchange 14 (1988–89), 259–306. [8] SAKS, S. : Theory of the Integral, Warsaw, 1937.

[9] TALL, F. D. : The density topology, Pacific J. Math. 62 (1976), 275–284. [10] WESOŁOWSKA, J. : On the strong quasi-continuity of multivalued maps, Tatra Mt.

Math. Publ. 14 (1998), 169–175.

Received October 15, 1998 Instytut Matematyki Uniwersytet Gdański ul. Wita Stwosza 57 PL–80–952 Gdańsk POLAND E-mail: jwes@ksinet.univ.gda.pl