Tatra Mt. Math. Publ. 19 (2000), 183–186 tm

Mathematical Publications

THE MAXIMAL ADDITIVE FAMILY FOR THE CLASS OF GRAPH CONTINUOUS REAL FUNCTIONS

Katarína Sakálová

ABSTRACT. In 1977 Z. Grande introduced the notion of graph continuity for functions from [0; 1] to R. The aim of this note is to deal with the maximal additive family for the class of graph continuous functions from topological space

X to real numbers.

1. Basic notations and some results

In what follows, X , Y denote topological spaces. For a subset A of a topological space X symbols A and Int A denote the closure and the interior of A in a topological space X , respectively. If G(f) denotes the graph of a function f : X → Y, then G(f) denotes the closure of the graph of f in a topological space X × Y .

The letter R stands for the set of real numbers.

Now let us recall several definitions and basic facts which will be used throughout this note.

Definition 1. ([Gr]). Let X , Y be topological spaces. A function f is graph

continuous if there exists a continuous function g : X → Y such that G(g) ⊂ G(f) (the closure of the graph of f contains the graph of g ).

Remark 1. We shall often use this characterization of graph continuity: Let f : X → Y be a function, such that X is a topological space and Y is a metric space with a metric d. Then f is graph continuous if and only if there exists a continuous function g : X → Y such that for any ε > 0 the set A_ε = { x : d ( f(x), g(x) ) < ε } is dense in X .

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 54C10; Secondary 54C30. K e y w o r d s: graph continuity, cliquishness, maximal additive class.

Suppoprted by Grant VEGA 1/5266/98 65020.

KATARÍNA SAKÁLOVÁ

Definition 2. ([BD]). Let X be a topological space and Y be a metric space

with a metric d. A function f : X → Y is cliquish at a point x ∈ X if for each ε > 0 and each neighbourhood U of x there is a nonempty open set G ⊂ U such that d ( f(y), f(z) ) < ε for each y, z ∈ G. If f is cliquish at every point x of X , then it is called cliquish.

We shall use the following proposition.

Proposition 1. ([S2]). Let X be a topological space and (Y, d) be a metric

space. Let f : X → Y be a graph continuous and cliquish function. Then there exists the unique continuous function g : X → Y such that G(g) ⊂ G(f) .

An useful characterization of graph continuity and cliquishness is Proposition 2:

Proposition 2. ([S2]). Let X be a topological space and (Y, d) be a metric

space. Then f : X → Y is graph continuous and cliquish if and only if there exists a continuous function g : X → Y such that for any ε > 0 the set B_ε = {x : d ( f(x), g(x) ) > ε} is nowhere dense in X .

And still we can introduce some more notation.

Definition 3. If X is a topological space then G_R is the system of all graph

continuous functions from X to R and G_{RC} is the system of all graph continuous and cliquish functions from X to R.

2. The maximal additive family for the class of graph continuous real functions

Theorem 1. Let f_1, f_2 ∈ G_R be such that one from the functions f_1, f_2 is

cliquish. Then: f_1 + f_2 ∈ G_R .

P r o o f . To show that f_1 + f_2 is graph continuous we can assume that f_1 is cliquish. So from Proposition 1 we have the existence of continuous function g_1 such that for every ε > 0 the set B_1 = {x : |f_1(x)−g_1(x)| >^ε_2 } is nowhere dense in X . Graph continuity of f_2 implies the existence of a continuous function g_2 such that for every ε > 0 the set A_2 = {x : |f_2(x) − g_2(x)| <^ε_2 } is dense in X . Then the set B_1 ∪ (X \ A_2) is co-dense in X . Let H = { x : | |(f_1 + f_2)(x) − (g_1 + g_2)(x) | | < ε} . To prove that the set H is dense in X it suffices to show that X \ H ⊂ B_1 ∪ (X\A_2). So let x /∈ X\H ⊂ B_1∪(X\A_2), i.e., x /∈ B_1 and x ∈ A_2 . From the definitions of A_2 and B_1 the following inequalities hold for x : | |f_1(x) − g_1(x) | | ≤^ε_2

THE MAXIMAL ADDITIVE FAMILY OF GRAPH CONTINUOUS REAL FUNCTIONS and | |f_2(x) − g_2(x) | | <^ε_2 . So | |(f_1 + f_2)(x) − (g_1 + g_2)(x) | | < ε 2 + ε 2 = ε and this implies that x ∈ H . Thus g_1 + g_2 is a continuous function such that for every ε > 0 the set H is dense in X and therefore by virtue of Remark 1 the function f_1 + f_2 is graph continuous.

Theorem 1 motivates the introduction of this well known definition.

Definition 4. ([Bru]). The set A(G_R) is the set of all function h ∈ G_R such

that for any f ∈ G_R : f + h ∈ G_R . System

A(G_R) = { h : X → R : h + f ∈ G_R for every f ∈ G_R } is called the maximal additive class for G_R .

Then an immediate consequence of Theorem 1 is the following corollary.

Corollary 1. We have G_{RC} ⊂ A(G_R) .

We can reverse the inclusion relation from Corollary 1 in the following way.

Theorem 2. Let X be a connected T_2 topological space. Then: A(G_R) = G_{RC} .

P r o o f . Because of Corollary 1, we have to show only the inclusion A(G_R) ⊂

G_{RC} . So we have to show that if the sum of two arbitrary graph continuous func-

tions f_1, f_2 is graph continuous, then one (e.g., f_1 ) from these two functions is cliquish. Equivalently we can prove this: for arbitrary graph continuous function (f_1 ) which is not cliquish we can find a graph continuous function f_2 such that the function f_1 + f_2 is not graph continuous.

So let f_1 be graph continuous, i.e., there exists a continuous function g_1 such that for every ε > 0 the set A = {x : |f_1(x)−g_1(x)| < ε} is dense in X . While f_1 is not cliquish, there is ε_1 > 0 for which the set B_1 = {x : |f_1(x) − g_1(x)| > ε_1} is not nowhere dense in X . So we have found the continuous function g_1 and ε_1 > 0 such that A is dense and B_1 is not nowhere dense. The fact that B_1 is not nowhere dense implies the existence of a set U open in X such that for every open G ⊂ U : G ∩ B_1 ≠ ∅ (B_1 ∩ U is dense in U ).

Because X is connected and T_2 , there exists an open set W ⊂ U for which X \ W is not open and Int(X \ W ) ≠ ∅. Evidently B_1 ∩ W is dense in W .

Then we define the function f_2 as follows:

f_2(x) = −f_1(x) , x /∈ W , −g_1(x) , x ∈ W ∩ B_1 , −f_1(x) + ε_1 , x ∈ W \ B_1 .

KATARÍNA SAKÁLOVÁ

Obviously for the continuous function g_2 = −g_1 holds G(g_2) ⊂ G(f_2) , in other words f_2 is graph continuous.

Hence f_1 + f_2 is defined as follows:

(f_1 + f_2)(x) = 0 , x /∈ W , f_1(x) − g_1(x) , x ∈ W ∩ B_1 , ε_1 , x ∈ W \ B_1 .

One can easy prove that the distance between (f_1 + f_2)(x) and 0 is greater or equal to ε_1 , i.e., the function f_1 + f_2 is not graph continuous. This completes the proof.

The following example shows that the assumption that X is T_2 cannot be replaced by the assumption that X is T_1 .

Example 1. Let X be an infinite set and let τ be the smallest topology such that (X, τ ) is a T_1 space (i.e., A ∈ τ iff A = ∅ or A has the finite complement). Then (X, τ ) is a T_1 connected space. Let A be an infinite subset of X with the infinite complement. Then the characteristic function of the set A is graph continuous but not cliquish and its sum with every graph continuous function on X is graph continuous.

REFERENCES

[Gr] GRANDE, Z. : Sur les fonctions A-continues, Demonstratio Math. 11 (1978), 519–526. [Bru] BRUCKNER, A. M. : Differentiation of Real Functions, Springer-Verlag, Berlin, 1978. [BD] BORSÍK, J.—DOBOŠ, J. : A note on real cliquish functions, Real Anal. Exchange 18 (1992–93), 139–145.

[S1] SAKÁLOVÁ, K. : On graph continuity of functions, Demonstratio Math. 27 (1994), 123–128.

[S2] SAKÁLOVÁ, K. : On structural properties of graph continuous functions, Tatra Mt.

Math. Publ. 6 (1996), 123–126.

Received September 30, 1998 Department of Mathematics University of Economics in Bratislava Dolnozemská cesta 1 SK–852 35 Bratislava SLOVAKIA E-mail: sakalova@euba.sk