Tatra Mt. Math. Publ. 19 (2000), 97–103 tm

Mathematical Publications

INVARIANCE OF ALMOST PARACOMPACTNESS UNDER SOME OPERATIONS

Janina Ewert

ABSTRACT. We show that the change of a given topology on the Hashimoto ones preserves almost paracompactness. This is used to give some sufficient conditions for invariance of almost paracompactness under multivalued maps.

In 1969, M. K. S i n g a l and S. P. A r y a introduced a weak form of the paracompactness called the almost paracompactness [9]. Namely, a topological space (X, T ) is said to be almost paracompact if for every open cover U of X there is a locally finite family V of open subsets of X which refines U and whose union is dense in (X, T ). Then the following theorems on invariance of the almost paracompactness were given, [9, Th. 6.3.1 and Th. 6.3.2]:

Theorem A. If f is a closed open continuous map of a space X onto a space

Y such that f�^1(y) is compact for each y ∈ Y, then Y is almost paracompact if X is almost paracompact.

Theorem B. If f is a closed continuous and irreducible mapping of a space

X onto a space Y such that f�^1(y) is compact for each y ∈ Y, then X is almost paracompact if Y is such.

Recently J. C a o and I. L. R e i l l y obtained an extension of Theorem A on the case of α-continuous multivalued maps.

Throughout this paper, (X, T ) and (Y, τ ) are always topological spaces. For a subset A in (X, T ) its closure and interior are denoted by Cl(A) and Int(A) respectively. Then A is called α-open [7] if A ⊂ Int ( Cl ( Int(A) )) . The family T_α of all α-open sets in (X, T ) forms a topology on X .

Now, let F : (X, T ) → (Y, τ ) be a multivalued map; we always assume F (x) ≠ ∅ for all x ∈ X . For every A ⊂ X , B ⊂ Y we will denote F^+(B) = {x ∈ X : F (x) ⊂ B}, F �(B) = {x ∈ X : F (x) ∩ B ≠ ∅} and F (A) = ∪{F (x) : x ∈ A}; also we will write F �(y) instead of F � ( {y} ) for every

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54D20, 54C60. K e y w o r d s: paracompact space, almost paracompact space, multivalued map.

y ∈ Y . A map F is called surjection if F (X) = Y, [2]. A multivalued map F : (X, T ) → (Y, τ ) is said to be:

– upper (lower) semicontinuous, if for each open set W ⊂ Y the set F^+(W ), (resp. F �(W )) is open, [2], – upper (lower) α-continuous, if F : (X, T_α) → (Y, τ ) is upper (lower) semicontinuous [4, 6, 8] (in [6] the α-continuity is called the strong quasicontinuity).

A subset A of a space (X, T ) is said to be α-paracompact if for every open cover U of A in (X, T ) there exists a locally finite open cover V of A which refines U [1].

According to [3, Th. 4.10] we have the following result:

Theorem C. Let F : (X, T ) → (Y, τ ) be an upper and lower α-continuous

surjection from an almost paracompact space (X, T ) such that F (x) is α-para-compact for each x ∈ X and F �(y) is compact for each y ∈ Y . If F : (X, T ) → (Y, τ_α) is open and closed, then (Y, τ ) is almost paracompact.

As it was shown in [7], the topology T_α can be presented in the form T_α = {U \ H : U ∈ T , H is nowhere dense}. But in a similar way, topologies T (P ) = {U \ H : U ∈ T , H ∈ P } can be constructed, where P is some ideal in X . The purpose of this paper is to generalize some results of [9] and [3]; we examine the invariance of the almost paracompactness under multivalued maps using T (P ) topologies.

Let P be an ideal of subsets of a topological space (X, T ). For a set A ⊂ X we denote D_P (A) = {x ∈ X : U ∩ A /∈ P for each neighbourhood U of x}. Furthermore, if the following is satisfied: A ∈ P ⇐⇒ A ∩ D_P (A) = ∅ ⇐⇒ D_P (A) = ∅ , (∗) then A → A ∪ D_p(A) is the closure operator inducing the topology T (P ) = {U \ H : U ∈ T , H ∈ P }, [5]. Now, by Cl_P (A) and Int_P (A) we will denote the T (P )-closure and T (P )-interior of A. Also the following properties will be used:

1. Lemma. [5]. Let P be an ideal in (X, T ) that satisfies (∗). Then

(a) Cl(W ) = Cl_P (W ) for each set W ∈ T (P ); (b) each set H ∈ P is T (P )-nowhere dense.

2. Lemma. Let P be an ideal in (X, T ) satisfying (∗) and T ∩ P = {∅}. A

family V = {U_j \ H_j : j ∈ J}, where U_j ∈ T , H_j ∈ P for j ∈ J , is T (P )-locally finite if and only if U = {U_j : j ∈ J } is T -locally finite.

P r o o f . Assume that V is T (P )-locally finite and x ∈ X . Then there are W ∈ T and M ∈ P such that the set J(x) = {j ∈ J : (U_j \ H_j ) ∩ (W \ M) ≠ ∅} is finite. Thus for j ∈ J \ J(x) we have W ∩ U_j \ (M ∪ H_j ) = ∅, so the condition T ∩ P = {∅} implies W ∩ U_j = ∅. Hence {j ∈ J : W ∩ U_j ≠ ∅} ⊂ J(x) and it means that U is T -locally finite. The converse follows from T ⊂ T (P ).

3. Theorem. Let P be an ideal in (X, T ) satisfying (∗) and T ∩ P = {∅}.

The space (X, T ) is almost paracompact if and only if ( X, T (P ) ) is almost paracompact.

P r o o f . Assume that (X, T ) is almost paracompact. Let U be a T (P )-open cover of X . Then it is of the form U = {U_s \ H_s : s ∈ S} with U_s ∈ T , H_s ∈ P for s ∈ S and U_1 = {U_s : s ∈ S} is a T -open cover of X . From the assumption there is a T -open T -locally finite refinement V_1 = {V_j : j ∈ J} of U_1 such that ⋃ {Cl(V_j ) : j ∈ J } = X . For each j ∈ J we fix s_j ∈ S such that V_j ⊂ U_{sj} .

Hence V = {V_j \ H_{sj} : j ∈ J} is a T (P )-open T (P )-locally finite refinement

of U . Furthermore, according to Lemma 1 we have ⋃{ Cl_P (V_j \ H_{sj} ) : j ∈ J } = ⋃{ Cl(V_j \ H_{sj} ) : j ∈ J } = ⋃{ Cl(V_j ) : j ∈ J } = X , so ( X, T (P ) ) is almost paracompact.

Conversely, let U = {U_s : s ∈ S} be a T -open cover of X . Since ( X, T (P ) ) is almost paracompact, there is a T (P )-open, T (P )-locally finite refinement V

of U , V = {V_j \ H_j : j ∈ J }, V_j ∈ T , H_j ∈ P , such that^⋃{Cl_P (V_j \ H_j ) : j ∈

J } = X . Then from Lemma 2, V_1 = {V_j : j ∈ J } is T -locally finite. For each j ∈ J we fix s_j ∈ S such that V_j \ H_j ⊂ U_{sj} . Hence U_1 = {V_j ∩ U_{sj} : j ∈ J } is a T -open, T -locally finite refinement of U and ⋃{ Cl(V_j ∩ U_{sj} ) : j ∈ J } ⊃ ⋃{ Cl(V_j \ H_j ) : j ∈ J } = ⋃{ Cl_P (V_j \ H_j ) : j ∈ J } = X . Thus (X, T ) is almost paracompact and the proof is completed.

Let us remark that Theorem 3 gives examples of almost paracompact spaces which are not paracompact. For instance, if (R, T ) is the space of real numbers with the euclidean topology and P is an ideal satisfying (∗) and T ∩ P = {∅}, then ( R, T (P ) ) is a Hausdorff space which is not regular. Thus ( R, T (P ) ) is not paracompact, but following Theorem 3 it is almost paracompact.

Evidently, if P is the ideal nowhere dense sets in (X, T ), then T (P ) = T_α . So we obtain

4. Corollary. [3]. A topological space (X, T ) is almost paracompact if and

only if (X, T_α) is almost paracompact.

5. Remark. In [3] the following characterization of the almost paracompactness is given: a topological space (X, T ) is almost paracompact if and only if each

T_α-open cover of X has a T -open T -locally finite refinement whose union is dense in (X, T ). This is not true in general case.

6. Example. Let (R, T ) be the space of real numbers with the usual topology,

Q the set of all rational numbers and let P be the ideal of the first category sets

in (R, T ). Following Theorem 3,

(R, T (P )^) is almost paracompact. For each

n = 1, 2, . . . let us put A_n = {n √ 2 + q : q ∈ Q}. Then U = {R \ A_n : n = 1, 2, . . . } is a T (P )-open cover of R but Int(R \ A_n) = ∅ for each n = 1, 2, . . . ; thus a T -open refinement of U does not exist.

Recall that a multivalued map F : (X, T ) → (Y τ ) is called closed (open) if for each closed (open) set U ⊂ X the set F (U) is closed (open). Similarly as for functions there is a characterization of closed multivalued maps; we include it as the lemma without a proof.

7. Lemma. A multivalued map F : (X, T ) → (Y, τ ) is closed if and only if

for each point y ∈ Y and each open set U containing F �(y) there exists a neighbourhood V of y such that F �(V ) ⊂ U .

8. Theorem. Let P_1, P_2 be ideals in (X, T ) and (Y, τ ) satisfying (∗) and

T ∩ P_1 = {∅} = τ ∩ P_2 , and let F : (X, T ) → (Y, τ ) be a surjection with α-paracompact values and F �(y) compact for y ∈ Y . If (X, T ) is almost paracompact, F : ( X, T (P_1) ) → (Y, τ ) is upper and lower semicontinuous and F : (X, T ) → ( Y, τ (P_2) ) is closed and open, then (Y, τ ) is almost paracompact.

P r o o f . Let U be a τ (P_2)-open cover of Y ; then U = {U_s \ H_s : s ∈ S}, where U_s ∈ τ , H_s ∈ P_2 , and U_1 = {U_s : s ∈ S} is a τ -open cover of Y . Since F has α-paracompact values, for each x ∈ X there exists a τ -locally finite τ -open cover V_x of F (x) which refines U_1 . Let V_x be the union of all sets belonging to V_x . The map F : ( X, T (P_1) ) → (Y, τ ) is upper semicontinuous, so {F^+(V_x) : x ∈ X} is a T (P_1)-open cover of X . Then we have F^+(V_x) = G_x \ C_x for some G_x ∈ T and C_x ∈ P_1 . Following Theorem 3 the space ( X, T (P_1) ) is almost paracompact, so there exists a T (P_1)-open, T (P_1)-locally finite refinement {W_j \ M_j : j ∈ J } of {F^+(V_x) : x ∈ X}, such that W_j ∈ T , M_j ∈ P_1 for j ∈ J and ⋃{ Cl_{P1} (W_j \ M_j ) : j ∈ J } = X .

In virtue of Lemma 2 the family {W_j : j ∈ J } is T -locally finite. For each j ∈ J we fix x_j ∈ X such that W_j \ M_j ⊂ F^+(V_{xj} ) = G_{xj} \ C_{xj} . This implies W_j \ M_j = (W_j ∩ G_{xj} ) \ (M_j ∪ C_{xj} ) and then F (W_j ∩ G_{xj} ) ∩ V_{xj} ≠ ∅. Now we have the family { F (W_j ∩ G_{xj} ) ∩ V : j ∈ J , V ∈ V_{xj} } of τ (P_2)-open sets which refines U_1 . For each pair (j, V ), where j ∈ J , V ∈ V_{xj} , we fix s(j, V ) ∈ S such that F (W_j ∩ G_{xj} ) ∩ V ⊂ U_{s(j,V )} . Then

G =^{F (W_j ∩ G_{xj} ) ∩ V \ H_{s(j,V )} : j ∈ J , V ∈ V_{xj}^}

is a τ (P_2)-open refinement of U . We are going to show that G is τ (P_2)-locally finite. Let y ∈ Y . Since the family {W_j ∩ G_{xj} : j ∈ J} is T -locally finite and

F �_{(y) is a T -compact set, we can select A ∈ T such that F} �_{(y) ⊂ A and the}

set J_o = {j ∈ J : A ∩ W_j ∩ G_{xj} ≠ ∅} is at most finite. The map F : (X, T ) → ( Y, τ (P_2) ) is closed, so according to Lemma 7, there is a τ (P_2)-neighbourhood E

of y with F �(E) ⊂ A. Thus { j ∈ J : F (W_j ∩ G_{xj} ) ∩ E ≠ ∅ } ⊂ J_o ; consequently E intersects at most a finite number of sets belonging to G . So we have shown that G is locally finite in ( Y, τ (P_2) ) . The map F : ( X, T (P_1) ) → (Y, τ ) is lower

semicontinuous, therefore F ( Cl_{P1} (W_j \ M_j ) ) ⊂ Cl ( F (W_j \ M_j ) ) for j ∈ J ;

moreover F (W_j \ M_j ) ⊂ F (W_j ∩ G_{xj} ) ∩ V_{xj} . Hence we obtain

Y = F (X) = F (⋃{ Cl_{P 1}(W_j \ M_j ) : j ∈ J }) ⊂ ⋃{ Cl ( F (W_j \ M_j ) ) : j ∈ J }

⊂ ⋃{ Cl ( F (W_j ∩ G_{xj} ) ∩ V_{xj} ) : j ∈ J }

= ⋃{ Cl ( F (W_j ∩ G_{xj} ) ∩ V ) : j ∈ J, V ∈ V_{xj} }

= ⋃{ Cl ( F (W_j ∩ G_{xj} ) ∩ V \ H_{s(j,V )} ) : j ∈ J, V ∈ V_{xj} } . This means that ( Y, τ (P_2) ) is almost paracompact, so — in virtue of Theorem 3 — the proof is completed.

9. Corollary. Let P_1, P_2 be ideals in (X, T ) and (Y, τ ) respectively, satis-

fying (∗) and T ∩P_1 = {∅} = τ ∩P_2 , and let F : X → Y be a surjection such that F (x), F �(y) are compact for all x ∈ X , y ∈ Y. Assume that F : ( X, T (P_1) ) → (Y, τ ) is upper and lower semicontinuous, F : (X, T ) → ( Y, τ (P_2) ) is open and closed. Then (X, T ) is almost paracompact if and only if (Y, τ ) is such.

P r o o f . If (X, T ) is almost paracompact, then the conclusion follows from Theorem 8. So assume (Y, τ ) to be almost paracompact and let us consider the map G : Y → X given by G(y) = F �(y). Then G is a surjection and for each x ∈ X , A ⊂ X and B ⊂ Y we have G�(x) = F (x) and G�(A) = F (A), G(B) = F �(B). Thus it suffices to apply Theorem 8 once more and the proof is completed.

As a particular case of the above corollary we obtain a stronger version of Theorem A, namely:

10. Corollary. Let f : (X, T ) → (Y, τ ) be a closed open continuous sur-

jection such that f�^1(y) is compact for each y ∈ Y. Then (X, T ) is almost paracompact if and only if (Y, τ ) is almost paracompact.

A multivalued surjection F : (X, T ) → (Y, τ ) is said to be irreducible if F (A) ≠ Y for each proper closed subset A ⊂ X .

11. Theorem. Let (X, T ) be a topological space, (Y, τ ) an almost para-

compact one and let P be an ideal in X satisfying (∗) and T ∩ P = {∅}. If F : (X, T ) → (Y, τ ) is an irreducible closed surjection such that:

(a) F (x) is τ -compact and F �(y) is T -compact for each x ∈ X , y ∈ Y ;

(b) F : ( X, T (P ) ) → (Y, τ ) is upper and lower semicontinuous;

then (X, T ) is almost paracompact.

P r o o f . Let U = {U_j \ H_j : j ∈ J} with U_j ∈ T , H_j ∈ P , be a T (P )-open

cover of X . For each y ∈ Y we select a finite set J(y) ⊂ J such that F �(Y ) ⊂ ⋃{ U_j : j ∈ J(y) } . Since F is closed, for each y ∈ Y there is a τ -neighbourhood

W_y for which it holds F �(W_y) ⊂ ⋃{ U_j : j ∈ J(y) } . Thus A = {W_y : y ∈ Y } is a τ -open cover of Y, so there is a τ -locally finite family of τ -open sets G = {G_s : s ∈ S} which refines A and ⋃{ Cl(G_s) : s ∈ S } = Y. Now, for each s ∈ S we fix y_s ∈ Y such that G_s ⊂ W_{ys} ; then F �(G_s) ⊂ ⋃{ U_j : j ∈ J(y_s) } . Let us put V_{s,j} = F �(G_s) ∩ U_j for s ∈ S , j ∈ J(y_s) , V =^{V_{s,j} \ H_j : s ∈ S , j ∈ J(y_s)^} . By the lower semicontinuity of F , V is a family of T (P )-open sets which refines

U . Let x_0 ∈ X ; since F (x_0) is compact and G is locally finite, a τ -open set D

can be choosen such that F (x_0) ⊂ D and the set S(x_0) = {s ∈ S : D ∩ G_s ≠ ∅} is finite. Hence F^+(D) is a T (P )-neighbourhood of x_0 . If F^+(D) ∩ V_{s,j} ≠ ∅, then for some z ∈ X we have F (z) ⊂ D and F (z) ∩ G_s ≠ ∅. This implies s ∈ S(x_0). Thus F^+(D) intersects at most finitely many of the sets G_s ; in the consequence F^+(D) intersects only a finite number of sets belonging to V . So we have shown that V is T (P )-locally finite. Furthermore, we have ⋃{ Cl_P (V_{s,j} \ H_j ) : s ∈ S, j ∈ J(y_s) } = ⋃{ Cl(V_{s,j} ) : s ∈ S, j ∈ J(y_s) } = ⋃{ Cl (⋃{ V_{s,j} : j ∈ J(y_s) }) : s ∈ S } = ⋃{ Cl ( F �_{(Gs)}^)_{: s ∈ S}^}_.

Using the fact that F is closed we obtain F (⋃{ Cl_P (V_{s,j} \ H_j ) : s ∈ S, j ∈ J(y_s) }) = ⋃{ F ( Cl ( F �_{(Gs)}^{))}_{: s ∈ S}^} ⊃ ⋃{ Cl ( F F �_{(Gs)}^)_{: s ∈ S}^}_⊃^{⋃{}_{Cl(Gs) : s ∈ S}^}_{= Y .}

But F is irreducible, so we have ⋃{ Cl_P (V_{s,j} \ H_j ) : s ∈ S, j ∈ J(y_s) } = X . This means ( X, T (P ) ) is almost paracompact, so according to Theorem 3 the proof is completed.

REFERENCES

[1] AULL, C. E. : Paracompact subsets, in: General Topology and its Relations to Modern Analysis and Algebra II, Proc. of the Symposium, Prague, 1966, Academia, Praha 1967, pp. 45–51.

[2] BERGE, C. : Espaces Topologiques. Fonctions multivoques, Dunod, Paris, 1966. [3] CAO, J.—REILLY, I. L. : ff-continuous and ff-irresolute multifunctions, Math. Bohem.

121 (1996), 415–424.

[4] EWERT, J. : ff-continuous multivalued maps, Mat. Vesnik 41 (1989), 227–231. [5] HASHIMOTO, H. : On the �-topology and its application, Fund. Math. 91 (1976), 5–10. [6] NEUBRUNN, T. : Strongly quasi-continuous multivalued mappings, General Topology and its Relations to Modern Analysis and Algebra VI, Proc. of the Symposium, Prague, 1986, Heldermann Verlag, Berlin, 1988, pp. 351–359.

[7] NJÅSTAD, O. : On some classes of nearly open sets, Pacific J. Math 15 (1965), 961–970. [8] POPA, V.—NOIRI, T. : On upper and lower ff-continuous multifunctions, Math. Slovaca 43 (1993), 261–265.

[9] SINGAL, M. K.—ARYA, S. P. : On M -paracompact spaces, Math. Ann. 181 (1969), 119–133.

Received October 6, 1998 Department of Mathematics Pedagogical University Arciszewskiego 22b PL–76-200 Słupsk POLAND