Tatra Mt. Math. Publ. 19 (2000), 105–115 tm

Mathematical Publications

ON MODULAR SEQUENCE SPACES OF NON-ABSOLUTE TYPE

Janina Ewert

ABSTRACT. We define the modular sequence space Xff_ng determined by the

modular ϱ(x) = 1 ∑ n=1^{fn} (| | 1_n^∑n_j=1_{ξj}^|^)_{, where x = fξj g}1_j=1_{and ffng}1_n=1_{is a}

sequence of Orlicz functions. This generalizes the Cesàro sequence spaces of nonabsolute type and modular spaces considered by J. Y. T. Woo in [On modular sequence spaces, Studia Math. 48 (1973), 271–289]. Xff_ng is a Banach space; furthermore it is a dense F_σ of the first category subset of the Frèchet space s.

The Cesàro sequence spaces ces_p , 1 ≤ p < ∞, consisting of all real sequences

x = {ξ_j }^∞_{j=1} such that^∞ ∑ n=1 1 n n∑ j=1 |ξ_j |^p < ∞, were generalized to non-absolute

type spaces X_p , where x ∈ X_p iff^∞ ∑ n=1 | | |^1_n n∑ j=1 ξ_j | | |^p < ∞ [2]. In this note we replace

the function f(t) = t^p by a sequence {f_n}^∞_{n=1} of Orlicz functions; so we define modular sequence spaces X{f_n} determined by the convex modular ϱ(x) = ∞∑ n=1 f_n (| | |^1_n n∑ j=1 ξ_j | | | ) . Thus X{f_n} generalizes both X_p and l{f_n} considered

in [3].

A function f : [0, ∞) → [0, ∞) is said to be an Orlicz function if it is continuous, non-decreasing, convex and lim_{t→∞} f(t) = ∞. If f(t) = 0 for some t > 0, then f is said to be a degenerate Orlicz function [1, p. 137].

Let f be a non-degenerate Orlicz function whose right-derivative P satisfies P (0) = 0 and lim_{t→∞} P (t) = ∞. The right-inverse Q of P given by Q(u) = sup { t : P (t) ≤ u } for u ≥ 0, is a right-continuous non-decreasing function such

that Q(0) = 0 and Q(u) > 0 for u > 0. Put f^∗(t) = t∫ 0 Q(u) du for t > 0. Then f^∗ is also a non-degenerate Orlicz function and it is called the function

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 46A80, 46A45, 46B45. K e y w o r d s: modular space, Banach space, Orlicz function.

JANINA EWERT

complementary to f . Then (f^∗)^∗ = f and for any u ≥ 0, v ≥ 0 the Young’s inequality uv ≤ f(u) + f^∗(v) holds, [1, p. 147].

A sequence {f_n}^∞_{n=1} of Orlicz functions is said to satisfy the uniform Δ_2-condition if there exists K > 0 and n_0 such that we have f_n(2t) ≤ Kf_n(t) for each t ∈ [ 0,^1_2 ] and n ≥ n_0 [1, p. 167]. We will use the following:

Lemma 1. [3, Prop. 3. 2] If {f_n}^∞_{n=1} satisfies the uniform Δ_2-condition, then

there exists p ≥ 1 and n_0 such that f_n(t) ≥ t^p for each t ∈ [0, 1] and n ≥ n_0 .

In the sequel s denotes the linear space of all real sequences with the usual metric d given by d(x, y) = ∞∑ n=1 1 2^n |ξ_n − η_n| 1 + |ξ_n − η_n| for x = {ξ_j }^∞_{j=1} ∈ s , y = {η_j }^∞_{j=1} ∈ s .

Following [2] we will denote

X_p = { x = {ξ_j }^∞_{j=1} ∈ s : ∞∑ n=1 | | | | 1 n n∑ j=1 ξ_j | | | | p < ∞ } . Then ‖x‖_p = (_∞ ∑ n=1 | | | | 1 n n∑ j=1 ξ_j | | | | p) 1_p

is a norm on X_p and (X_p, ‖ · ‖_p) is a Banach space [2].

Now, let {f_n}^∞_{n=1} be a sequence of non-degenerate Orlicz functions. We put for each x = {ξ_j }^∞_{j=1} ∈ s: ϱ(x) = ∞∑ n=1 f_n (| | | 1 n n∑ j=1 ξ_j | | | ) , and X{f_n} = { x ∈ s : ϱ(tx) < ∞ for some t > 0 } , X^0{f_n} = { x ∈ s : ϱ(tx) < ∞ for each t > 0 } , X_α{f_n} = { x ∈ s : ϱ(αx) < ∞ } for α > 0 .

Then ϱ is a convex modular on s and X{f_n} is a modular space determined by ϱ; it is normed as usually by the modular norm defined as ‖x‖ = inf { t > 0 : ϱ (_x t ) ≤ 1 } . Assume that f_n(a_n) = 1 for n = 1, 2, . . . Putting g_n(t) = f_n(a_nt) we obtain the sequence {g_n}^∞_{n=1} of non-degenerate Orlicz functions with g_n(1) = 1 for n = 1, 2, . . . Now, let A : X{g_n} → X{f_n} be the map given by A(x) = {a_j ξ_j }^∞_{j=1} for x = {ξ_j }^∞_{j=1} ∈ X{g_n}. It is easy to see that A is a one-to-one linear transformation of X{g_n} onto X{f_n} and ϱ^′(x) = ϱ ( A(x) ) for x ∈ X{g_n}, where ϱ^′ is the modular defined by the sequence {g_n}^∞_{n=1} .

ON MODULAR SEQUENCE SPACES OF NON-ABSOLUTE TYPE

This means that X{f_n} and X{g_n} are isometric. So throughout this paper we shall assume that f_n(1) = 1 for n = 1, 2, . . .

Theorem 1. Let {f_n}^∞_{n=1} be a sequence of non-degenerate Orlicz functions.

Then:

(a) X{f_n} is a Banach space. (b) X_{2α}{f_n} ⊂ ⋂ β≤α X_β{f_n} for each α > 0.

(c) X^0{f_n} is a closed subspace of X{f_n}.

(d) If {f_n}^∞_{n=1} satisfies the uniform Δ_2-condition, then X{f_n} = X^0{f_n} and lim_{n→∞}^1_n ξ_n = 0 for each x = {ξ_j}^∞_{j=1} ∈ X{f_n}.

P r o o f . (a) Let {x_n}^∞_{n=1} be a Cauchy sequence in X{f_n}, x_n = {ξ_{jn}}^∞_{j=1} and ε > 0.

We choose n_0 such that ϱ (_{xk−xm} ε ) ≤ 1 for m, k ≥ n_0 . Hence for each natural number p we have p∑ n=1 f_n (| | | | 1 nε n∑ j=1 ( ξ_{jk} − ξ_{jm} ) | | | | ) ≤ 1 for m, k ≥ n_0 , (1) so f_n (| | | | 1 nε n∑ j=1 ( ξ_{jk} − ξ_{jm} ) | | | ) ≤ 1 for m, k ≥ n_0 , n = 1, 2, . . . Thus, it follows from assumptions on f_n’s that | | | | 1 n n∑ j=1 ξ_{jk} − 1 n n∑ j=1 ξ_{jm} | | | | ≤ ε for m, k ≥ n_0 , n = 1, 2, . . .

So we have shown that

{_1 n n∑ j=1 ξ_{jk} }_∞ k=1 is a Cauchy sequence for each n =

1, 2, . . . Since these sequences are convergent we obtain that also each {ξ_{jk}}^∞_{k=1} converges; let us denote

ξ_j = lim_{k→∞} ξ_{jk} for j = 1, 2, . . . and x = {ξ_j }^∞_{j=1} .

Letting k → ∞ in (1) we obtain p∑ n=1 f_n (| | | | 1 nε n∑ j=1 ( ξ_j − ξ_{jm} ) | | | | ) ≤ 1 for m ≥ n_0 , p = 1, 2, . . .

which implies ϱ (_{x−xm} ε ) ≤ 1 for m ≥ n_0 . In the consequence x ∈ X{f_n} and ‖x − x_m‖ ≤ ε for m ≥ n_0 which completes the proof of (a).

JANINA EWERT

(b) Let {x_n}^∞_{n=1} be a sequence of elements of X_{2α}{f_n} and lim_{n→∞} ‖x − x_n‖ = 0,

where x_n = {ξ_{jn}}^∞_{j=1} , x = {ξ_j }^∞_{j=1} ∈ X{f_n}. We choose m_0 such that ‖x −

x_m‖ <^1_{2α} for m ≥ m_0 ; hence ϱ ( 2α(x − x_m ) ) ≤ 1 for m ≥ m_0 . We fix m ≥ m_0 ,

then r = ϱ(2αx_m) < ∞. Thus for each k = 1, 2, . . . and β ≤ α we have k∑ n=1 f_n (| | | | β n n∑ j=1 ξ_j | | | | ) ≤ k∑ n=1 f_n (| | | | α n n∑ j=1 (ξ_j − ξ_{jm}) | | | | + | | | | α n n∑ j=1 ξ_{jm} | | | | )

≤ 1 2 ϱ ( 2α(x − x_m) ) + 1 2 ϱ(2αx_m) ≤ 1 2 (1 + r) .

Letting k → ∞ we obtain ϱ(βx) ≤^1_2 (1 + r) which gives x ∈ ⋂ β≤α X_β{f_n}. (c) Applying (b) we have:

X^0{f_n} = ⋂ α>0 X_{2α}{f_n} ⊂ ⋂ α>0 ⋂ β∈(0,α) X_β{f_n} = ⋂ α>0 X_α{f_n} = X^0{f_n} .

(d) Let x = {ξ_j}^∞_{j=1} ∈ X{f_n}; then ϱ(αx) < ∞ for some α > 0. Thus ϱ(tx) <

∞ for each t ∈ [0, α]. The Δ_2-condition implies, according to Lemma 1, that lim_{n→∞} | | |^1_n n∑ j=1 ξ_j | | | = 0. Hence we can choose n_0 and K > 0 such that | | | | | 1 n n∑ j=1 ξ_j | | | | | ≤ 1 2 for n ≥ n_0 , and f_n(2t) ≤ Kf_n(t) for n ≥ n_0 , t ∈ [ 0,^1_2 ] . We fix λ > α and we denote β = min { α,^1_2 } . Now we take a natural number m

with λ ≤ 2^mβ . Then we have for each n ≥ n_0 : f_n (| | | | λ n n∑ j=1 ξ_j | | | | ) ≤ f_n (| | | |2^m β n n∑ j=1 ξ_j | | | | ) ≤ K^mf_n (| | | | α n n∑ j=1 ξ_j | | | | ) , so ϱ(λx) < ∞ and x ∈ X^0{f_n}. Finally, for a fixed x = {ξ_j}^∞_{j=1} ∈ X{f_n} we have lim_{n→∞}

(_1 n n∑ j=1 ξ_j ) = 0. Since | | | 1 n ξ_n | | | = | | | | 1 n n∑ j=1 ξ_j − 1 n n−1∑ j=1 ξ_j | | | | ≤ | | | | 1 n n∑ j=1 ξ_j | | | | + | | | | 1 n − 1 n−1∑ j=1 ξ_j | | | | we obtain lim_{n→∞}^1_n ξ_n = 0 and the proof is completed.

ON MODULAR SEQUENCE SPACES OF NON-ABSOLUTE TYPE

In what follows we shall use the following notations: u_1 = {1, −1, 0, 0, . . . } , . . . , u_n = {0, . . . , 0 n−1 , n, −n, 0, 0, . . . } , for n = 1, 2, . . . It is easy to see that ϱ(u_n) = 1 and ‖u_n‖ = 1 for n = 1, 2, . . .

Theorem 2. Let {f_n}^∞_{n=1} be a sequence of non-degenerate Orlicz functions

which satisfies the uniform Δ_2-condition. Then:

(a) the set M = { t_1u_1 + t_2u_2 + · · · + t_mu_m : m = 1, 2, . . . ; t_1, t_2 . . . , t_m ∈ Q } is dense in X{f_n}, so X{f_n} is a separable space;

(b) for each x = {ξ_j }^∞_{j=1} ∈ X{f_n} we have x =^∞ ∑ n=1 (_1 n n∑ j=1 ξ_j ) u_n .

P r o o f . (a) Let x = {ξ_j }^∞_{j=1} ∈ X{f_n}, ε > 0. Since ϱ (_x ε ) < ∞ we can choose m such that_∞ ∑ n=m+1 f_n (| | | 1 nε n∑ j=1 ξ_j | | | ) < 1 2 . By the continuity of f_1, f_2, . . . , f_m there exists δ > 0 such that for all ξ^′_1, ξ^′_2, . . . , ξ^′_m satisfying | | | | 1 nε n∑ j=1 (ξ_j − ξ^′_j ) | | | | < δ for n = 1, 2, . . . , m we have_m ∑ n=1 f_n (| | | | 1 nε n∑ j=1 (ξ_j − ξ^′_j ) | | | | ) < 1 2 . We take t_1, t_2, . . . , t_m ∈ Q such that |ξ_j − t_j | < εδ for n = 1, 2, . . . , m and we

put y = t_1u_1 +^1_2 (t_1 + t_2)u_2 + · · · +

(_1 m m∑ j=1 t_j ) u_m . Then y ∈ M ,

x − y = { ξ_1 − t_1, . . . , ξ_m − t_m , ξ_{m+1} + m∑ j=1 t_j, ξ_{m+2}, ξ_{m+3}, . . . } and

ϱ (x − y ε ) = m∑ n=1 f_n (| | | 1 nε n∑ j=1 (ξ_j − t_j ) | | | ) + ∞∑ n=m+1 f_n (| | | 1 nε n∑ j=1 ξ_j | | | ) < 1 , so ‖x − y ‖ ≤ ε and (a) is proved.

(b) For the fixed x = {ξ_j }^∞_{j=1} ∈ X{f_n} and ε > 0 we choose m > 1 with ∞∑ n=m+1 f_n (| | | | 1 nε n∑ j=1 ξ_j | | | | ) < 1 .

JANINA EWERT

Now putting y = ξ_1u_1 +^1_2 (ξ_1 + ξ_2)u_2 + · · · +

(_1 m m∑ j=1 ξ_j ) u_m we have

x − y = { 0, . . . , 0 m , m+1∑ j=1 ξ_j , ξ_{m+2}, ξ_{m+3}, . . . }

and ϱ ( x − y ε ) = ∞∑ n=m+1 f_n (| | | 1 nε n∑ j=1 ξ_j | | | ) < 1 . Thus ‖x − y ‖ ≤ ε and the proof is completed.

It is an immediate consequence of definitions that X_1 ⊂ X{f_n}. Moreover we have:

Proposition 1. Let {f_n}^∞_{n=1} be a sequence of non-degenerate Orlicz func-

tions.

(a) 1_∞ ⊂ X{f_n} if and only if there exists t > 0 such that^∞ ∑ n=1 f_n(t) < ∞. (b) If {f_n}^∞_{n=1} satisfies the uniform Δ_2-condition, then there exists p ≥ 1 such that X{f_n} ⊂ X_p .

P r o o f . (a) If 1_∞ ⊂ X{f_n} then x = {1, 1, 1, . . . } ∈ X{f_n}. Thus for some t > 0 we have ∞ > ϱ(tx) =^∞ ∑ n=1 f_n(t). Conversely, let t > 0 be such that ∞∑ n=1 f_n(t) < ∞ and let x = {ξ_j }^∞_{j=1} ∈ 1_∞ . We can choose α > 0 such that α sup { |ξ_j | : j = 1, 2, . . . } < t, so ϱ(αx) < ∞ and x ∈ X{f_n}. (b) It is a consequence of Lemma 1.

Corollary 1. If {f_n}^∞_{n=1} satisfies the uniform Δ_2-condition, then 1_∞ * X{f_n}. Theorem 3. If {f_n}^∞_{n=1} is a sequence of non-degenerate Orlicz functions,

then for each α > 0, X_α{f_n} is a dense F_σ-set of the first category in s.

P r o o f . Let us put C_{mk} = { x = {ξ_j}^∞_{j=1} ∈ s : m∑ n=1 f_n (| | | α n n∑ j=1 ξ_j | | | ) > k } for m, k = 1, 2, . . . and C = ∞⋂ k=1 ∞⋃ m=1 C_{mk} .

ON MODULAR SEQUENCE SPACES OF NON-ABSOLUTE TYPE

For w =

{_1 α ,^1_α , . . . } ∈ s we have ϱ(αw) =^∞ ∑ n=1 f_n(1) = ∞, so w ∈ C . Hence C ≠ ∅ , C ∩ X_α{f_n} = ∅ and C ∪ X_α{f_n} = s . (1) Let x_0 = {ξ^0_j }^∞_{j=1} ∈ C_{mk} ; we take ε > 0 such that m∑ n=1 f_n (| | | α n n∑ j=1 ξ^0_j | | | ) − ε > k . Since f_1, f_2, . . . , f_m are continuous functions we can choose δ > 0 such that for each ξ_1, ξ_2, . . . , ξ_m satisfying |ξ_j − ξ^0_j | < δ for j = 1, 2, . . . , m it holds m∑ n=1 | | | | f_n (| | | α n n∑ j=1 ξ_j | | | ) − f_n (| | | α n n∑ j=1 ξ^0_j | | | )| | | | < ε . Let us take x = {ξ_j}^∞_{j=1} with d(x, x_0) <^δ_{1+δ} ·2^{−m} . Then for each j = 1, 2, . . . , m we obtain |ξ_j − ξ^0_j | 1 + |ξ_j − ξ^0_j | < δ 1 + δ 2^{−m+j} ≤ δ 1 + δ

and hence |ξ_j − ξ^0_j | < δ for j = 1, 2, . . . , m. So m∑ n=1 | | | | f_n (| | | | α n n∑ j=1 ξ_j | | | ) − f_n (| | | | α n n∑ j=1 ξ^0_j | | | )| | | | < ε and then m∑ n=1 f_n (| | | | α n n∑ j=1 ξ_j | | | | ) ≥ m∑ n=1 f_n (| | | | α n n∑ j=1 ξ^0_j | | | | )

− m∑ n=1 | | |fn (| | | α n n∑ j=1 ξ^0_j | | | ) − f_n (| | | α n n∑ j=1 ξ_j | | | )| | | | ≥ m∑ n=1 f_n (| | | α n n∑ j=1 ξ^0_j | | | ) − ε > k . Thus we have shown that { x ∈ s : d(x, x_0) <^δ_{1+δ} 2^{−m} } ⊂ C_{mk} ; so C_{mk} is an open set. This fact and (1) imply X_α{f_n} is an F_σ-set in s . (2) Now, let x = {ξ_j}^∞_{j=1} ∈ X_α{f_n}, y = {η_j }^∞_{j=1} ∈ C and ε > 0. We fix n_0 such

that^∞ ∑ n=n0+1 2^{−n} < ε and we assume

τ_j = ξ_j for j = 1, 2, . . . , n_0 ,

τ_{n0+1} = n0+1∑

j=1 η_j − n0∑ j=1 ξ_j , τ_{n0+i} = η_{n0+i} for i = 2, 3, . . . ,

JANINA EWERT

and z = {τ_j }^∞_{j=1} . Since

lim m→∞ m∑ n=1 f_n (| | | | α n n∑ j=1 η_j | | | ) = ∞ and m∑ n=1 f_n (| | | | α n n∑ j=1 τ_j | | | | ) = n0∑ n=1 f_n (| | | | α n n∑ j=1 ξ_j | | | | ) + m∑ n=n0+1 f_n (| | | | α n n∑ j=1 η_j | | | | ) for m > n_0 ,

we obtain lim_{m→∞}^m ∑ n=1 f_n (| |_{αn}^n∑ j=1 τ_j | | ) = ∞, which means z ∈ C . Furthermore d(x, z) ≤^∞ ∑ n=n0+1 2^{−n} < ε; so we have shown that

the set C is dense in s . (3)

Because C is a G_δ -set in s, it follows from (3) and (1) that

X_α{f_n} is of the first category in s . (4)

Finally we shall show that X_α{f_n} is dense in s. Let x = {ξ_j}^∞_{j=1} ∈ s and

ε > 0. We fix y = {η_j}^∞_{j=1} ∈ X_α{f_n}, n_0 such that^∞ ∑ n=n0+1 2^{−n} < ε. Now we

assume

τ_j = ξ_j for j = 1, 2, . . . , n_0 ,

τ_{n0+1} = n0+1∑

j=1 η_j − n0∑ j=1 ξ_j , τ_{n0+i} = η_{n0+i} for i = 2, 3, . . . ,

and z = {τ_j }^∞_{j=1} . Then z ∈ X_α{f_n} and d(x, z) < ε; thus X_α{f_n} is dense in s and the proof is completed.

Corollary 2. X{f_n} is a dense F_σ-set of the first category in s.

P r o o f . Since X{f_n} =^∞ ⋃ m=1 X 1_m {f_n}, the conclusion follows from Theorem 3.

If f_n(t) = t^p for each n = 1, 2, . . . and some p ≥ 1, then Theorem 2 and Corollary 2 imply

ON MODULAR SEQUENCE SPACES OF NON-ABSOLUTE TYPE

Corollary 3. (a) X_p is separable;

(b) X_p is a dense F_σ-set of the first category in s.

Let {f_n}^∞_{n=1} be a sequence of non-degenerate Orlicz functions satisfying the uniform Δ_2-condition and f^′_n(o) = 0 for n = 1, 2, . . . , and let {f^∗_n}^∞_{n=1} be the sequence of complementary functions. For y = {η_j }^∞_{j=1} ∈ s we denote |||y |||^∗ = sup ∞∑ n=1 | | | | 1 n n∑ j=1 ξ_j | | | | |ηn| , where the supremum is taken over all x = {ξ_j }^∞_{j=1} ∈ X{f_n} with ϱ(x) ≤ 1, and ~X{f^∗_n} = {y = {η_j}^∞_{j=1} ∈ s : |||y |||^∗ < ∞} . Theorem 4. The |||·|||^∗ is a norm on^~X{f^∗_n} and^{( ~}X{f^∗_n}, |||·|||^{∗ )} is a Banach

space.

P r o o f . It is easy to verity that ~X{f^∗_n} is a linear space and ‖| · ‖|^∗ is a norm on ~X{f^∗_n}. Furthermore, X{f^∗_n} ⊂ X̃{f^∗_n}, so ~X{f^∗_n} ≠ ∅. Let {y_n}^∞_{n=1} be a Cauchy sequence in X̃{f^∗_n}, y_n = {η_{jn}}^∞_{j=1} . For ε > 0 we take k_0 such that ‖|y_m − y_k ‖|^∗ < ε for k, m ≥ k_0 . Then ∞∑ n=1 | | | | 1 n n∑ j=1 ξ_j | | | | |ηnk − ηnm | < ε (1) for each k, m ≥ k_0 and x = {ξ_j}^∞_{j=1} ∈ X{f_n} with ϱ(x) ≤ 1. Putting in (1) x = u_n for n = 1, 2, . . . we obtain |η_{jk} − η_{jm}| < ε for k, m ≥ k_0 , j = 1, 2, . . . Hence {η_{jn}}^∞_{n=1} is a Cauchy sequence for j = 1, 2, . . . . We denote η_j = lim_{n→∞} η_{jn} and y = {η_j }^∞_{j=1} . Since p∑ n=1 | | | | 1 n n∑ j=1 ξ_j | | | | |ηnk − ηnm| < ε for k, m ≥ k0 , p = 1, 2, . . . and x = {ξ_j}^∞_{j=1} ∈ X{f_n} with ϱ(x) ≤ 1; by letting m → ∞ and p → ∞ we obtain ∞∑ n=1 | | | | 1 n n∑ j=1 ξ_j | | | | |ηnk − ηn | ≤ ε for x ∈ X{fn} , ϱ(x) ≤ 1 . This implies |||y_k − y |||^∗ ≤ ε for k ≥ k_0 and y ∈ ~X{f^∗_n}, which finishes the proof.

JANINA EWERT

Proposition 2. For each x = {ξ_j }^∞_{j=1} ∈ X{f_n} and y{η_j }^∞_{j=1} ∈^~X{f^∗_n} it

holds_∞ ∑ n=1 | | | 1 n n∑ j=1 ξ_j | | | |ηn | ≤ ‖x‖ ‖|y ‖|^∗. Theorem 5. For each y = {η_j }^∞_{j=1} ∈^~X{f^∗_n} the formula

φ_y(x) = ∞∑ n=1 ( 1 n n∑ j=1 ξ_j ) η_n for x = {ξ_j}^∞_{j=1} ∈ X{f_n} (1)

defines a continuous functional on X{f_n}.

Conversely, for each continuous functional φ on X{f_n} there exists exactly one element y = {η_j}^∞_{j=1} ∈ X̃{f^∗_n} such that φ(x) = ∞∑ n=1 ( 1 n n∑ j=1 ξ_j ) η_n for x = {ξ_j}^∞_{j=1} ∈ X{f_n} and ‖φ‖ = ‖|y ‖|^∗ . P r o o f . Let y = {η_j }^∞_{j=1} ∈ ~X{f^∗_n}; then according to Proposition 2, for each x = {ξ_j}^∞_{j=1} ∈ X{f_n} we have ∞∑ n=1 ( 1 n n∑ j=1 ξ_j ) η_n < ∞ . Thus φ_y given by (1) is a well defined linear functional on X{f_n}. Moreover, by Proposition 2 it holds | |φ_y(x) | | ≤ ‖|y ‖|^∗ ‖x‖ for each x ∈ X{f_n}. Hence φ_y is continuous and ‖φ_y ‖ ≤ ‖|y ‖|^∗ (2) Conversely, let φ be a continuous functional on X{f_n} and let η_j = φ(u_j)

for j = 1, 2, . . . , y = {η_j }^∞_{j=1} . We put α_n = sign (_n ∑ j=1 ξ_j ) η_n ; then for each m = 1, 2, . . . we have m∑ n=1 | | | 1 n n∑ j=1 ξ_j | | | |η_n | = m∑ n=1 α_n ( 1 n n∑ j=1 ξ_j ) η_n = φ (_m ∑ n=1 α_n ( 1 n n∑ j=1 ξ_j ) u_n )

≤ ‖φ‖ ‖ ‖ ‖ ‖ m∑ n=1 α_n ( 1 n n∑ j=1 ξ_j ) u_n ‖ ‖ ‖ ‖ = ‖φ‖ ‖ ‖ ‖ ‖ m∑ n=1 ( 1 n n∑ j=1 ξ_j ) u_n ‖ ‖ ‖ ‖ .

ON MODULAR SEQUENCE SPACES OF NON-ABSOLUTE TYPE

Hence letting m → ∞ and applying Theorem 2(b) we obtain ∞∑ n=1 | | | | 1 n n∑ j=1 ξ_j | | | | |ηn | ≤ ‖φ‖ ‖x‖ .

This implies ‖|y ‖|^∗ ≤ ‖φ‖ and y ∈ ~X{f^∗_n}. Since x = lim_{m→∞}^m ∑ n=1 (_1 n n∑ j=1 ξ_j ) u_n and φ is continuous, we have φ(x) = lim_{m→∞} m∑ n=1 ( 1 n n∑ j=1 ξ_j ) φ(u_n) = ∞∑ n=1 ( 1 n n∑ j=1 ξ_j ) η_n which finishes the proof.

REFERENCES

[1] LINDENSTRAUSS, J.—TZAFRIRI, L. : Classical Banach Spaces. Sequence spaces, Springer-Verlag, Berlin-Heidelberg-New York, 1977.

[2] NG PENG-NUNG—LEE PENG-YEE : Cesàro sequence spaces of non-absolute type, Ann.

Soc. Math. Polon. Ser. I: Comment Math. Prace Mat. 20 (1978), 429–433. [3] WOO, J. Y. T. : On modular sequence spaces, Studia Math. 48 (1973), 271–289.

Received October 6, 1998 Department of Mathematics Pedagogical University Arciszewskiego 22B PL–76-200 Słupsk POLAND