Tatra Mt. Math. Publ. 19 (2000), 117–125 tm

Mathematical Publications

ON SOME PROPERTIES CONNECTED WITH CONTINUITY AND MEASURABILITY

Zbigniew Grande — Ewa Strońska

ABSTRACT. In this article we introduce and investigate some set-theory generalizations of the continuity and the cliquishness. Our investigations concern also the relations between these generalized continuities and the measurability of such maps with respect to the œ-field containing all sets from considered families (being generalized topologies) and all sets from a œ-ideal.

Let X be a nonempty set and let (Y, ρ) be a metric space with the metric ρ. Denote by W a family of nonempty subsets of X . Throughout the paper we suppose that ∀_{x∈X} ∃_{W ∈}W x ∈ W . If f : X → Y is a function then we will write:

(a) f has the property W (x) at a point x ∈ X if for each positive real ε there is a set U(x) ∈ W with x ∈ U(x) and osc f < ε on U(x);

(b) f has the property U (x) at a point x ∈ X if for each positive real ε and for each set W ∈ W containing x there is a set U ∈ W such that ∅ ≠ U ⊂ W and osc f < ε on U . Let W (f) = {x ∈ X : f has the property W (x) at a point x } and U (f) = {x ∈ X : f has the property U (x) at a point x} .

Observe that if the family W satisfies the condition

(1) if U, V ∈ W and x ∈ U ∩V then there is a set W ∈ W with W ⊂ U ∩V , then for every function f : X → Y the inclusion

W (f) ⊂ U (f)

is true.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A15, 26A21, 54C05. K e y w o r d s: W -continuity, W -cliquishness, the property G , the property H .

Supported by Bydgoszcz Pedagogical University grant (1998).

Remark 1. For any function f : X → Y the set

W (f) =^{∞⋂}_{n=1} A_n ,

where all sets A_n , n = 1, 2, . . . , are the unions of some subfamilies of subsets of the family W .

P r o o f . Denote by K(y, r) the ball with the center y ∈ Y and with the radius r > 0. For n = 1, 2, . . . and y ∈ Y let A(y, n) = f^{−1} ( K ( y,^1_n )) , let W ( A(y, n) ) be the union of all sets from the family W which are contained in A(y, n), and let A_n = ⋃ y∈Y W ( A(y, n) ) . Observe that

W (f) =^{∞⋂}_{n=1} A_n .

This completes the proof.

Remark 2. If the space Y is separable and if all sets W ( A(y, n) ) , y ∈ Y, n = 1, 2, . . . , belong to W then a simple modification of the proof of the last Remark shows that the sets A_n , n = 1, 2, . . . , can be countable unions of sets from W .

Now we assume that I is an σ-ideal of subsets of X such that for every family {W_s}_{s∈S} of subsets of W the following implication X \ ⋃ s∈S W_s ∈ 2^X \I =⇒ ∃_{W ∈}W W ⊂ X \ ⋃ s∈S W_s is true.

Examples. As some examples of pairs

(I , {W_s}_{s∈S}^) in the space X = R^n ,

where R denotes the space of all reals, we can take:

(1) I — the σ-ideal of all sets of Lebesgue measure zero;

{W_s}_{s∈S} — the family of all nonempty sets of the density topologies T_d (with respect to the ordinary differentiation basis or the strong differentiation basis).

(2) I as above, and the family {W^′_s}_{s∈S} of all nonempty measurable (in the

Lebesgue sense) sets in R^n which have positive upper density (ordinary or strong) at every point. Such family {W^′_s}_{s∈S} is not any topology. For the proof that arbitrary union ⋃ s∈S^0⊂S W^′_s is measurable, see [2] for the case

X = R. In the case X = R^n, where n > 1, the proof is analogous.

Theorem 1. For any function f : X → Y with X = U (f) the set X \W (f)

belongs to I .

P r o o f . Fix a positive integer n and denote by A_n the union of all sets

W ∈ W such that osc f <^1_n on W . Since X = U (f), we obtain by the

hypothesis on I that X \A_n ∈ I . Observe that A = ∞⋂ n=1 A_n ⊂ W (f) and X \A = X \^∞⋂ n=1 A_n = ∞⋃ n=1 (X \A_n) ∈ I . Since X \W (f) ⊂ X \A ∈ I , the proof is completed.

Now we suppose that M is the smallest σ-field of subsets of X containing all sets from W ∪ I .

Remind that a function f : X → Y is called M -measurable if f^{−1}(V ) ∈ M for each open set V ⊂ Y .

Theorem 2. Suppose that the space Y is separable, W ∩ I = ∅ and for

each set A ∈ M \I there is a set B ∈ W with B ⊂ A. Then for every

M -measurable function f : X → Y the equality U (f) = X is true.

P r o o f . Since W ∩I = ∅, the space X is not in I . Fix a point x ∈ X , a set

W ∈ W containing x and a positive real ε. Since the space Y is separable, there

is a countable family of open balls K_n , n = 1, 2, . . . , with the diameters smaller than ε such that Y = ⋃ n∈N K_n . From the M -measurability of the function f follows that all sets E_n = f^{−1}(K_n) ∈ M and osc f < ε on E_n for n = 1, 2, . . . . Since W is not in I and W = ∞⋃ n=1 (W ∩ E_n) , there is a positive integer k such that W ∩ E_k is not in I . But W ∩ E_k ∈ M , so there is a set G ⊂ W ∩ E_k belonging to W . Obviously, osc f < ε on the set G and the proof is completed.

Theorem 3. Suppose that at least one of the following conditions is satisfied:

(a) for every subfamily {W_s}_{s∈S} ⊂ W the union ⋃ s∈S W_s ∈ W , (b) if the sets of a family {W_s}_{s∈S} are such that W_{s1} ∩ W_{s2} = ∅ for s_1 ≠ s_2 , s_1, s_2 ∈ S , then the family {W_s}_{s∈S} is countable.

Then every function f : X → Y with X = U (f) is M -measurable.

P r o o f . We will prove that for each real ε > 0 there is a M -measurable function g : X → Y such that ρ ( f(x), g(x) ) ≤ ε for each point x ∈ X . Fix a positive real ε. By transfinite induction we find a transfinite sequence of sets W_α ∈ W , α < α_o , such that for α < β < α_o we have:

– W_α ∩ W_β = ∅;

– osc f < ε on the set W_α ; – the complementary X \ ⋃ α<αo W_α ∈ I .

For α < α_o fix a point x_α ∈ W_α and put g(x) = { f(x_α) , for x ∈ W_α , α < α_o , f(x) , for x ∈ X \ ⋃ α<αo W_α . Then the function g is M -measurable and ρ ( f(x), g(x) ) < ε for each point x ∈ X . So, the proof is completed.

Observe that the both pairs

(I , {W_s}_{s∈S}^) and^(I , {W^′_s}_{s∈S}^) from the Ex-

amples, satisfy the hypotheses (a) and (b) of Theorem 3.

Now we suppose that

– the metric space Y is separable;

– for every subfamily {W_s}_{s∈S} ⊂ W the union ⋃ s∈S W_s ∈ M and we introduce yet a family A ⊂ M \I of nonempty sets such that:

– W ⊂ A ;

– if {A_s}_{s∈S} ⊂ A then ⋃ s∈S A_s ∈ A ;

– if A ∈ A , W ∈ W and A ∩ W ≠ ∅ then there is a set E ∈ A contained in A ∩ W ;

– if a set E ∈ M \I then there is a set D ∈ A contained in E . We will say that a function f : X → Y has the property G (f ∈ G ) if for every point x ∈ X , every set A ∈ A containing x and every positive real ε there is a set W ∈ W such that W ∩ A ≠ ∅ and ρ ( f(t), f(x) ) < ε for each point t ∈ A ∩ W . Observe that if for arbitrary subsets W, V ∈ W with W ∩ V ≠ ∅ there exist a set B ⊂ W ∩ V such that B ∈ W , then for every function f ∈ G we have

U (f) = X .

Remark 3. By a similar proof as that of Theorem 2 we obtain that every function f ∈ G is M -measurable.

Theorem 4. If f ∈ G then X \W (f) ∈ I .

P r o o f . Let {K_n}_n be a basis of open balls in Y . If a point x ∈ X \W (f) then there is a positive integer n(x) such that f(x) ∈ K_{n(x)} and for each set

W ∈ W containing x there is a point t ∈ W with f(t) ∈ Y \K_{n(x)} . For

n = 1, 2, . . . let A_n = {x ∈ X \W (f) : n(x) = n} and let B_n = f^{−1}(K_n) .

Observe that A_n = B_n \ ⋃ {W ∈ W : W ⊂ B_n} for n = 1, 2, . . . Since the function f is M -measurable, each set A_n , n = 1, 2, . . . , belongs to M . If

W (f) =^{∞⋃}_{n=1} A_n ∈ 2^X \I

then there is a positive integer k such that

A_k ∈ 2^X \I .

Let A ∈ A be a set contained in A_k and let x ∈ A be a fixed point. Then f(x) ∈ K_k and for every set W ∈ W for which A_k ∩ W ≠ ∅ there is a point t_W with f(t_W ) ∈ Y \K_k . Let Q ⊂ K_k be a closed ball such that f(x) ∈ int(Q) (int denotes the interior operation in Y ). Since f ∈ G , there is a set W_o ∈ W such that

– W_o ∩ A ≠ ∅ ;

– f(W_o ∩ A) ⊂ int(Q).

Let B ⊂ A ∩ W_o be a set of the family A and let u ∈ B be a fixed point. Let

V be the family of all sets W ∈ W for which W ∩ A ≠ ∅. If W ∈ V then there

is a point t_W ∈ W with f(t_W ) ∈ Y \K_k . Consequently, for each pair (W, t_W ),

W ∈ V , there is a set U_W ∈ W such that W ∩ U_W ≠ ∅ and f(W ∩ U_W ) ⊂ Y \Q . For W ∈ V let D_W ∈ A be a set contained in W ∩ U_W and let E = B ∪ ⋃ W ∈V^{DW .} Then for each W ∈ V we have f(D_W ) ⊂ Y \Q, E ∈ A , f(u) ∈ int(Q) and u ∈ E . From the relation f ∈ G follows the existence of a set W_1 ∈ W such that

– W_1 ∩ E ≠ ∅ ;

– f(E ∩ W_1) ⊂ int(Q) ⊂ K_k .

From the construction of E we obtain W_1 ∩ E ⊂ B ∩ W_1 .

On the other hand,

D_{W1} ⊂ E ∩ W_1 and D_{W1} ⊂ W_1 \B .

This contradiction completes the proof.

In the case Y = R (with the Euclidean metric) we can prove a generalization of Theorem 3 in which the hypothesis f ∈ G is replaced by f ∈ H .

We will say that a function f : X → R has the property H (f ∈ H ) if for every point x ∈ X , every set A ∈ A containing x and every positive real ε there are sets W, V ∈ W such that A ∩ W ≠ ∅, A ∩ V ≠ ∅, f(t) < f(x) + ε for all points t ∈ A ∩ W and f(u) > f(x) − ε for all points u ∈ A ∩ V .

Theorem 5. If a function f : X → R has the property H then f is

M -measurable.

P r o o f . Fix a real a. Let A = ⋃ {W ∈ A : f(W ) ⊂ (−∞, a)} and B = ⋃ {W ∈ A : f(W ) ⊂ [a, ∞)} . If the set f^{−1} ( (−∞, a) ) ∉ M then the set E = X \A \B ∈ M \I and consequently there is a set H ∈ A contained in E . Evidently, H ∩ f^{−1} ( (−∞, a) ) ≠ ∅ and H ∩ f^{−1} ( [a, ∞) ) ≠ ∅ . So, there is a set W ∈ W such that W ∩ H ≠ ∅ and f(W ∩ H) ⊂ (−∞, a) . There is a set K ∈ A contained in W ∩ H . Then K ⊂ A. But K ⊂ H ⊂ E = X \A \B , a contradiction. So the set {x ∈ X : f(x) < a} ∈ M and the proof is completed.

Theorem 6. Suppose that for all sets A ∈ A and U, W ∈ W with U ∩W ∩A

≠ ∅ there is a set V ∈ W such that V ⊂ U ∩ W and V ∩ A ≠ ∅.

If a function f : X → R has the property H then X \W (f) ∈ I . P r o o f . If X \W (f) ∈ M \I then similarly as in the proof of Theorem 4 we can show the existence of a closed interval Q = [a, b] (a < b), an open interval (c, d) ⊃ [a, b] and a set A ∈ M \I such that f(A) ⊂ (a, b) and for every set W ∈ W with A ∩ W ≠ ∅ there is a point t_W ∈ W for which f(t_W ) ∈ R \(c, d).

The following cases are to consider. 1. If there is a set W ∈ W such that A ∩ W ≠ ∅ and f(W ) ⊂ (−∞, b) then we find a set D_W ∈ A such that D_W ⊂ W and f(D_W ) ⊂ (−∞, a) .

Let B ∈ A be a set such that B ⊂ A ∩ W .

If there is a set U ∈ W such that U ∩ B ≠ ∅ and f(U) ⊂ (a, ∞) then, by our assumptions, there is a set Z ∈ W such that Z ⊂ W ∩ U and Z ∩ B ≠ ∅ . Consequently, f(Z) ⊂ (a, b) and Z ∩ A ≠ ∅ , a contradiction.

If for every set U ∈ W with U ∩ B ≠ ∅ there is a point t_U ∈ U such that f(t_U ) ≤ a then we find a set G_U ∈ A such that G_U ⊂ U and f(G_U ) ⊂ (−∞, c) . Thus the set F = B ∪ ⋃ {G_U : U ∈ W and U ∩ B ≠ ∅} ∈ A . Since f ∈ H and f(B) ⊂ (a, b), there is a set U ∈ W such that F ∩ U ≠ ∅ and f(U ∩ F ) ⊂ (c, ∞) , a contradiction with G_U ⊂ U .

2. If there is a set W ∈ W such that A ∩ W ≠ ∅ and f(W ) ⊂ (c, ∞) then we prove similarly as in the case 1.

3. If for every set W ∈ W there are points t_W , s_W ∈ W with f(t_W ) < a and f(s_W ) > b then we find sets S_W , V_W ∈ A such that

S_W , V_W ⊂ W and f(S_W ) ⊂ (−∞, a) and f(V_W ) ⊂ (b, ∞) . Then the set F = B ∪ ⋃( {S_W ∪ V_W : W ∈ W and W ∩ B ≠ ∅} ∈ A and there is a set U ∈ W such that U ∩ F ≠ ∅ and f(U ∩ F ) ⊂ (a, ∞) , a contradiction with S_U ⊂ U ∩ F . This completes the proof.

As some particular examples of families (W, A , I ) considered in the last part of the paper we can take the Euclidean topology in R^n (as W ), the density topology (as A ) and the σ-ideal of sets of Lebesgue measure zero (as I ). In these cases some analogous results were obtained in articles [3, 4, 5].

REFERENCES

[1] ENGELKING, R. : General Topology, Monografie Matematyczne, Vol. 32, PWN Warszawa, 1976.

[2] GRANDE, Z. : Quelques remarques sur un théorème de Kamke et les fonctions sup-mesur-ables, Real Anal. Exchange 4 (1978–79), 167–171.

[3] GRANDE, Z. : Measurability, quasicontinuity and cliquishness of functions of two variables, Real Anal. Exchange 20 (1994–95), 744–752.

[4] GRANDE, Z. : On the measurability of functions defined on the product of two topological spaces, Real Anal. Exchange 23 (1997–98), 203–210.

[5] GRANDE, Z. : On strong quasi-continuity of functions of two variables, Real Anal. Exchange 21 (1995–96), 236–243.

[6] KELLY, J. L. : General Topology, Van Nostrand, 1995.

Received October 13, 1998 Mathematical Institute Pedagogical University ul. Chodkiewicza 30 PL–85–064 Bydgoszcz POLAND E-mail: grande@wsp.bydgoszcz.pl