Tatra Mt. Math. Publ. 19 (2000), 63–73 tm

Mathematical Publications

MAPPINGS PRESERVING CAUCHY NETS

Ján Borsík

ABSTRACT. If (X, U ), (Y, V ) are uniform spaces then a mapping f : X ! Y is said to be Cauchy nets preserving if the image under f of each Cauchy net in X is a Cauchy net in Y . Some properties of mappings preserving Cauchy sequences are investigated.

Let (X, U ) and (Y, V ) be uniform spaces. We recall that a net S : (D, ⪰) → X in X is a mapping defined on a directed set (D, ⪰) with values in X . A net S in X is Cauchy if for each U ∈ U there is k ∈ D such that ( S(m), S(n) ) ∈ U whenever m, n ⪰ k ([2]). Denote by F_X the family of all Cauchy nets in X . A mapping f : X → Y is said to be Cauchy nets preserving if f ∘ S is a Cauchy net in Y whenever S is a Cauchy net in X . Denote by F (X, Y ) the family of all Cauchy nets preserving mappings f : X → Y , i.e., F (X, Y ) = {f : X → Y : S ∈ F_X ⇒ f ∘ S ∈ F_Y } . R. F. S n i p e s in [3] has investigated some properties of mappings preserving Cauchy sequences (if X and Y are metric spaces). In this paper we shall generalize his results and we shall give some further properties of such mappings.

If (D, ⪰_D) and (E, ⪰_E) are directed sets, define N(E, D) = {u : E → D : ∀m ∈ D ∃ n ∈ E ∀p ∈ E : p ⪰_E n ⇒ u(p) ⪰_D m}. A net T : (E, ⪰_E) → X is a subnet of a net S : (D, ⪰_D) → X if there is a mapping u ∈ N(E, D) for which T = S ∘ u. Definition 1. Let (X, U ) be a uniform space. Let S : (D, ⪰_D) → X and

T : (E, ⪰_E) → X be nets in X . We shall say that – S and T are parallel (S ‖T ) if (D, ⪰_D) = (E, ⪰_E) and ∀U ∈ U ∃k ∈ D ∀m ⪰_D k : ( S(m), T (m) ) ∈ U ; – S and T are equivalent (S ≈ T ) if (D, ⪰_D) = (E, ⪰_E) and ∀ U ∈ U ∃k ∈ D ∀m, n ⪰_D k : ( S(m), T (n) ) ∈ U ; 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 54C10; Secondary 54E15. K e y w o r d s: Cauchy net, uniform space, Cauchy nets preserving.

Supported by Grant VEGA 2/5124/98

JÁN BORSÍK

– S and T are weakly equivalent (S ∼ T ) if ∀ U ∈ U ∃ p ∈ D ∃ q ∈ E ∀m ∈ D ∀n ∈ E : (m ⪰_D p & n ⪰_E q) ⇒ ( S(m), T (n) ) ∈ U . Lemma 1. Let (X, U ) be a uniform space. Let S, T, P be nets in X and

x ∈ X . Then we have

(1) S ‖S for each net S in X and S ≈ S , S ∼ S for each S ∈ F_X ; (2) S ‖T ⇔ T ‖S , S ≈ T ⇔ T ≈ S , S ∼ T ⇔ T ∼ S ; (3) S ≈ T ⇒ S ‖T ; (4) S ≈ T ⇒ S ∼ T ; (5) S ∼ T ⇒ S ∈ F_X ; (6) ( S ‖T & S ∈ F_X ) ⇒ S ≈ T ; (7) ( S ‖T & T ‖P ) ⇒ S ‖P , (S ≈ T & T ≈ P ) ⇒ S ≈ P , (S ∼ T & T ∼ P ) ⇒ S ∼ P ; (8) if S ∈ F_X and T is a subnet of S then S ∼ T ; (9) S converges to x if and only if S ∼ x (here x : ( {1}, ≥ ) → X , x(1) = x).

We omit easy proofs.

Proposition 1. Let (X, U ), (Y, V ) and (Z, W ) be uniform spaces. Then

we have

(10) id_X ∈ F (X, X);

(11) if f ∈ F (X, Y ) and g ∈ F (Y, Z) then g ∘ f ∈ F (X, Z); (12) if f ∈ F (X, Y ) and A ⊂ X then f ¯ A ∈ F (A, Y ); (13) if f, g ∈ F (X, R) and c ∈ R then cf, f+g, fg ∈ F (X, R). We omit standard proofs.

Denote by U(X, Y ) and C(X, Y ) the family of all uniformly continuous and continuous mappings f : X → Y , respectively. We can investigate the family {f : X → Y : S R_1 T ⇒ f ∘ S R_2 f ∘ T } where R_1 and R_2 mean the parallelness or the equivalency or the weak equivalency.

Proposition 2. Let (X, U ) and (Y, V ) be uniform spaces. Then U(X, Y ) = { f : X → Y : S ‖T ⇒ f ∘ S ‖f ∘ T } . P r o o f . Necessity. Let f ∈ U(X, Y ). Let S : (D, ⪰) → X and T : (D, ⪰) → X be nets such that S ‖T . Let V ∈ V . Then there is U ∈ U such that (x, y) ∈ U implies ( f(x), f(y) ) ∈ V . There is k ∈ D such that for m ⪰ k we have ( S(m), T (m) ) ∈ U and therefore ( f ( S(m) ) , f ( T (m) )) ∈ V, i.e., f ∘ S ‖f ∘ T . Sufficiency. Let f /∈ U(X, Y ). Then there is V ∈ V such that for each

U ∈ U there are x_U , y_U ∈ X with (x_U , y_U ) ∈ U and^(f(x_U ), f(y_U )^) /∈ V .

Let W ⪰ U if W ⊂ U . Then (U , ⪰) is a directed set. Put S(U) = x_U ,

T (U) = y_U for each U ∈ U . If U ∈ U then for each W ∈ U , W ⪰ U we have ( S(W ), T (W ) ) = (x_W , y_W ) ∈ W ⊂ U , therefore S ‖T . However the nets f ∘ S

and f ∘ T are not parallel.

Proposition 3. Let (X, U ) and (Y, V ) be uniform spaces. Then F (X, Y ) = {f : X → Y : S ≈ T ⇒ f ∘ S ≈ f ∘ T } = {f : X → Y : S ∼ T ⇒ f ∘ S ∼ f ∘ T } . P r o o f . Let f ∈ F (X, Y ). Let S : (D, ⪰_D) → X and T : (E, ⪰_E) → X be

equivalent nets in X . Put A = {1, 2}. If we define (i, p) ⪰ (j, q) if p ⪰_D q

for all (i, p), (j, q) ∈ A × D then (A × D, ⪰) is a directed set. Define a net

P : (A × D, ⪰) → X as follows: P ( (1, p) ) = S(p) and P ( (2, p) ) = T (p) for each p ∈ D .

We shall show that P ∈ F_X . Let U ∈ U . Then there is a symmetric W ∈ U

with W ∘ W ⊂ U . Since S ≈ T , there is k ∈ D such that ( S(n), T (m) ) ∈ W for n, m ⪰_D k . Therefore for n, m ⪰_D k we obtain ( P ( (1, n) ) , P (1, m) )) = ( S(n), S(m) ) ∈ W ∘ W ⊂ U , ( P ( (2, n) ) , P ( (2, m) )) = ( T (n), T (m) ) ∈ W ∘ W ⊂ U , ( P ( (1, n) ) , P ( (2, m) )) = ( T (n), S(m) ) ∈ W ⊂ W ∘ W ⊂ U , ( P ( (2, n) ) , P ( (1, m) )) = ( T (n), S(m) ) ∈ U . For (i, n), (j, m) ∈ A × D , (i, n), (j, m) ⪰ (1, k) we get ( P ( (i, n) ) , P ( (j, m) )) ∈ U , i.e., P ∈ F_X .

Since f ∈ F (X, Y ) we obtain f ∘ P ∈ F_Y . Now let V ∈ V . Then there

is (a, r) ∈ A × D such that ( (f ∘ P ) ( (i, n) ) , (f ∘ P ) ( (j, m) )) ∈ V for all

(i, n), (j, m) ⪰ (a, r). Therefore for n, m ⪰_D r we get ( (f ∘ S)(n), (f ∘ T )(m) ) = ( f ( S(n) ) , f(T (m) )) = ( f ( P ( (1, n) )) , f ( P ( (2, m) ))) = ( (f ∘ P ) ( (1, n) ) , ( f ∘ P ) ( (2, m) )) ∈ V, i.e., f ∘S ≈ f ∘T and f ∈ {f : X → Y : S ≈ T ⇒ f ∘S ≈ f ∘T }. Let f ∈ {f : X → Y : S ≈ T ⇒ f ∘ S ≈ f ∘ T } and let S : (D, ⪰_D) → X and T : (E ⪰_E) → X be nets in X such that S ∼ T . Then (D × E, ⪰), where

(a, b) ⪰ (c, d) if and only if a ⪰_D c and b ⪰_E d, is a directed set. Define nets

P : (D × E, ⪰) → X and Q : (D × E, ⪰) → X in X as follows P ( (p, q) ) = S(p) , Q ( (p, q) ) = T (q) . We shall show that P ≈ Q. Let U ∈ U . Since S ∼ T , there are a ∈ D , b ∈ E

such that ( S(m), T (n) ) ∈ U for each n ∈ D , m ∈ E with n ⪰_D a and m ⪰_E b. Now let (p, q), (r, s) ∈ D×E , (p, q), (r, s) ⪰ (a, b). Then ( P ( (p, q) ) , Q ( (r, s) )) = ( S(p), T (s) ) ∈ U , i.e., P ≈ Q. Hence f ∘ P ≈ f ∘ Q. Let V ∈ V . Then there

is (c, d) ∈ D × E such that ( (f ∘ P ) ( (p, q) ) , (f ∘ Q) ( (r, s) )) ∈ V for each (p, q), (r, s) ∈ D × E with (p, q), (r, s) ⪰ (c, d).

JÁN BORSÍK

If m ∈ D , n ∈ E are such that m ⪰_D c and n ⪰_E d, then ( (f ∘ S)(m), (f ∘ T )(n) ) = ( f ( S(m) ) , f ( T (n) )) = ( f ( P ( (m, d) )) , f ( Q ( (c, n) ))) = ( (f ∘P ) ( (m, d) ) , (f ∘Q) ( (c, n) )) ∈ V, i.e., f ∘P ≈ f ∘Q. This yields f ∘S ∼ f ∘T and f ∈ {f : X → Y : S ∼ T ⇒ f ∘ S ∼ f ∘ T }. If f ∈ {f : X → Y : S ∼ T ⇒ f ∘ S ∼ f ∘ T } and S ∈ F_X , then S ∼ S and f ∘ S ∼ f ∘ S by assumptions. Now (5) implies f ∘ S ∈ F_Y and f ∈ F (X, Y ). This completes the proof.

We say that a mapping f : X → Y (where X is a set and (Y, V ) is a uniform space) is pseudoconstant if for an arbitrary V ∈ V and each x, y ∈ X we have ( f(x), f(y) ) ∈ V . Evidently, every constant mapping is pseudoconstant and if

(Y, V ) is a Hausdorff uniform space then pseudoconstant mappings are constant.

Proposition 4. Let (X, U ) and (Y, V ) be uniform spaces. Then f ∈

{f : X → Y : S ‖T ⇒ f ∘ S ≈ f ∘ T } if and only if f is pseudoconstant.

P r o o f . Assume that f is not pseudoconstant. Therefore there is V ∈ V and points a, b ∈ X such that ( f(x), f(y) ) /∈ V . Define sequences S and T as: S(n) = a for n even, S(n) = b for n odd and T = S . Then S and T are parallel but f ∘ S and f ∘ T are not equivalent.

Proposition 5. Let (X, U ) and (Y, V ) be uniform spaces. Then F (X, Y ) = {f : X → Y : S ≈ T ⇒ f ∘ S ‖f ∘ T }. P r o o f . According to Proposition 3 and (3), F (X, Y ) ⊂ {f : X → Y : S ≈ T ⇒ f ∘ S ‖f ∘ T }. Now assume that f /∈ F (X, Y ). Therefore there is a net P = (P, D) ∈ F_X such that f ∘P /∈ F_Y . Thus there is V ∈ V such that for each p ∈ D there are n_p, m_p ∈ D such that n_p, m_p ⪰_D p and ( (f ∘P )(n_p), (f ∘P )(m_p) ) /∈ V . Let u(p) = n_p and v(p) = m_p for p ∈ D . If k ∈ D , then for p ⪰_D n_k we have u(p) = n_p ⪰_D p ⪰_D n_k ⪰_D k and this yields u ∈ N(D, D), similarly v ∈ N(D, D). The nets P ∘ u and P ∘ v are subnets of the Cauchy net P and therefore by (8) and (7) we obtain P ∼ P ∘ u, P ∼ P ∘ v , P ∘ u ∼ P ∘ v and P ∘u ≈ P ∘v . However ( (f ∘P ∘u)(p), (f ∘P ∘v)(p) ) = ( (f ∘P )(n_p), (f ∘P )(m_p) ) /∈ V for each p ∈ D and therefore f /∈ {f : X → Y : S ≈ T ⇒ f ∘ S ‖f ∘ T }. If f ∈ F (X, Y ) then obviously f preserves Cauchy sequences but not conversely. However, if a uniformity on X has a countable base then also converse implication is true.

Example 1. Let X be the set of all ordinals which are less than the first uncountable ordinal Ω and let Y = R with the usual metric. If we denote U_a = {(x, y) : x = y or x ≥ a and y ≥ a}, then the family of all sets of the form U_a is a base for a uniformity U on X ([2; p. 204]). Define f : X → Y as follows: f(a) = 1 if a is a limit ordinal and f(a) = 0 if a is not a limit ordinal.

Then it is easy to see that f preserve Cauchy sequences (only Cauchy sequences in X are constant) however, for the Cauchy net T : (X, ≥) → X , T (a) = a, the image f ∘ T is not a Cauchy net in Y .

Theorem 1. Let (X, U ) and (Y, V ) be uniform spaces. If the uniformity

U has a countable base then f ∈ F (X, Y ) if and only if f preserves Cauchy

sequences.

P r o o f . Necessity is obvious. Sufficiency. Let B = {U_n : n ∈ N} be a symmetric base for U such that U_{n+1} ⊂ U_n for each n ∈ N. Assume that f /∈ F (X, Y ). Then according to Proposition 3 there are nets S : (D, ⪰) → X , T : (D, ⪰) → X such that S and T are equivalent but f ∘ S and f ∘ T are not equivalent. Therefore there is V ∈ V such that for each k ∈ D we can find i_k, m_k ∈ D such that i_k, m_k ⪰ k and ( (f ∘ S)(i_k), (f ∘ T )(m_k) ) /∈ V . Further we can find a sequence (p_n), p_n ∈ D , such that p_{n+1} ⪰ p_n and ( S(i), T (m) ) ∈ U_n for all i, m ∈ D , i, m ⪰ p_n .

Put P (n) = S(i_{pn} ) and Q(n) = T (m_{pn} ) for each n ∈ N. If U ∈ U then there is U_k ∈ B with U_k ⊂ U . For r, s ⪰ k we have i_{pr} ⪰ p_r ⪰ p_k , m_{ps} ⪰ p_s ⪰ p_k and hence ( P (r), Q(s) ) = ( S(i_{pr} ), Q(m_{ps} ) ) ∈ U_k ⊂ U . Put R(2n) = P (n) and R(2n − 1) = Q(n). It is easy to see that the sequence R is Cauchy. Hence f ∘ R is a Cauchy sequence in Y . Therefore there is a ∈ N such that (f ∘ R)(b), (f ∘ R)(c) ∈ V for b, c ≥ a. Especially, ( f ( R(2a) ) , f ( R(2a − 1) )) = ( f ( P (a) ) , f ( Q(a) )) = ( f ( S(i_{pa} ) ) , f ( T (m_{pa} ) )) ∈ V, a contradiction.

Theorem 2. Let (X, U ) and (Y, V ) be uniform spaces. Then U(X, Y ) ⊂ F (X, Y ) ⊂ C(X, Y ) . P r o o f . The inclusion U(X, Y ) ⊂ F (X, Y ) follows from Propositions 2 and 5. Let f ∈ F (X, Y ) and x ∈ X . If S is a net in X converging to x, then according to Lemma 1 we obtain S ∼ x, f ∘ S ∼ f(x) and therefore f ∘ S converges to f(x), i.e., f is continuous.

Remark 1. These inclusions are proper in general. In [1], a characterization of spaces X , for which the equalities U(X, Y ) = F (X, Y ) or F (X, Y ) = C(X, Y ) hold, is given (X is assumed to be a metric space and Y is assumed to be a nontrivial normed linear space).

Theorem 3. Let (X, U ) and (Y, V ) be uniform spaces. Let f : X → Y be

a bijection such that f ∈ F (X, Y ) and f�^1 ∈ F (Y, X). Then (X, U ) is a complete uniform space if and only if (Y, V ) is a complete uniform space.

P r o o f . Suppose that (X, U ) is a complete uniform space and (Y, V ) is not complete. Then there is a Cauchy net T in Y which does not converge. The net

JÁN BORSÍK

S = f�^1 ∘T is Cauchy in X and hence converges to some point x ∈ X . However

f is continuous and thus f ∘ S = T converges to f(x) ∈ Y , a contradiction.

Lemma 2. Let (X, U ) and (Y, V ) be uniform spaces. Let f : X → Y be a

mapping and let S : (D, ⪰_D) → X be a Cauchy net in X . Then the following

conditions are equivalent:

(14) If T is weakly equivalent to S then f ∘S is weakly equivalent with f ∘T ;

(15) For each V ∈ V there is U ∈ U and k ∈ D such that ( f ( S(m) ) , f(y) ) ∈ V for each m ⪰ k and each y ∈ X with ( S(m), y ) ∈ U . P r o o f . (15) ⇒ (14): Let T : (E ⪰_E) → X be a net such that S ∼ T . Let

V ∈ V . Then there are U ∈ U and k ∈ D such that^(f^(S(m)^), f(y)^) ∈ V for

each m ⪰_D k and each y ∈ X with ( S(m), y ) ∈ U . There are n ∈ D and a ∈ E

such that ( S(m), T (b) ) ∈ U for m ⪰_D n and b ⪰_E a. Let m ⪰_D k , m ⪰_D n

and b ⪰_E a. Then ( S(m), T (b) ) ∈ U and hence ( f ( S(m) ) , f ( T (b) )) ∈ V, i.e., f ∘ S ∼ f ∘ T . (14) ⇒ (15): Assume that (15) does not hold. Therefore there is V ∈ V such

that for each U ∈ U and each k ∈ D we can find n_{U,k} ⪰_D k and y_{U,k} ∈ X for

which ( S(n_{U,k}), y_{U,k} ) ∈ U and ( f ( S(n_{U,k}) ) , f(y_{U,k} ) ) /∈ V . For (W, a), (Z, b) ∈ U × D , let (Z, b) ⪰ (W, a) if Z ⊂ W and b ⪰_D a. Then

U × D is a directed set. Put T (U, k) = y_{U,k} . We shall show that S ∼ T . Let U ∈ U . Let Z ∈ U be a symmetric

set such that Z ∘ Z ⊂ U . There is p ∈ D such that ( S(i), S(m) ) ∈ Z for

i, m ⪰_D p. If i ⪰_D p and (W, m) ⪰ (Z, p), then n_{W,m} ⪰_D m ⪰_D p and

hence ( S(i), S(n_{W,m}) ) ∈ Z . Further ( S(n_{W,m}), y_{W,m} ) ∈ W ⊂ Z and there-

fore ( S(i), T ( (W, m) )) = ( S(i), y_{W,m} ) ∈ Z ∘ Z ⊂ U . From (14) we get f ∘S ∼ f ∘T . Therefore there are r ∈ D and (Z, s) ∈ U ×D

such that ( (f ∘ S)(i), (f ∘ T )(m) ) ∈ V for i ⪰_D r and (W, m) ⪰ (Z, s). If k ∈ D is such that k ⪰_D r and k ⪰_D s, then n_{Z,k} ⪰_D k ⪰_D r and (Z, k) ⪰ (Z, s)

and therefore ( f ( S(n_{Z,k}) ) , f(y_{Z,k} ) ) = ( (f ∘ S)(n_{Z,k}), (f ∘ T ) ( (Z, k) )) ∈ V, a contradiction.

Proposition 6. Let (X, U ) and (Y, V ) be uniform spaces.. Let f : X → Y

be a mapping. Then f ∈ F (X, Y ) if and only if for each net S : (D, ⪰_D) →

X , S ∈ F_X and for each V ∈ V there are U ∈ U and k ∈ D such that ( (f ∘ S)(m), (f ∘ S)(n) ) ∈ V for all n, m ⪰_D k with ( S(m), S(n) ) ∈ U . P r o o f . Necessity follows from Proposition 3 and Lemma 2.

Sufficiency. Let S : (D, ⪰_D) → X , S ∈ F_X and let V ∈ V . Then there are

U ∈ U and k ∈ D such that^((f ∘ S)(m), (f ∘ S)(n)^) ∈ U for all n, m ⪰_D k

with ( S(m), S(n) ) ∈ U . There is p ∈ D such that ( S(n), S(m) ) ∈ U for all n, m ⪰_D p. Therefore for m, n ∈ D , n, m ⪰_D k , n, m ⪰_D p we have ( f ( S(n) ) , f ( S(m) )) ∈ V, i.e., f ∘ S ∈ F_Y and f ∈ F (X, Y ). Proposition 7. Let (X, U ) be a uniform space and let (Y, V ) be a complete

Hausdorff space. Let A ⊂ X and f ∈ F (A, Y ). Then there is a unique mapping f̄ ∈ F (Cl A, Y ) for which f̄ ¯ A = f .

P r o o f . Let x ∈ Cl A. Then there is a net S in A converging to x. Then f ∘ S ∈ F_Y and hence f ∘ S converges to some y ∈ Y . Since Y is Hausdorff, y is uniquely determined. Put f̄ (x) = y . If T is another net in A converging to x, then by Lemma 1 S ∼ x, T ∼ x and S ∼ T . Hence f ∘ S ∼ f ∘ T . Since f ∘ S ∼ y , also f ∘ T ∼ y . Therefore f ∘ T converges to y .

Now we shall show that f̄ ∈ F (Cl A, Y ). Let S : (D ⪰_D) → Cl A be a Cauchy net in Cl A. Then for each p ∈ D there is a net T_p : (D, ⪰_{Dp} ) → A in A

which converges to S(p). Therefore for each U ∈ U there is n_{p,U} ∈ D_p such

that ( T_p(n), S(p) ) ∈ U for each n ⪰_{Dp} n_{p,U} . For (p, U), (q, V ) ∈ D × U , let

(q, V ) ⪰ (p, U) if q ⪰_D p and V ⊂ U . Then (D × U , ⪰) is a directed set. Put P ( (p, U) ) = T_p(n_p, U), Q ( (p, U) ) = S(p). It is easy to see that S ∼ Q.

Hence Q ∈ F_X . Let U ∈ U and p ∈ D . Then ( P ( (m, W ) ) , Q ( (m, W ) )) = ( T_m(n_{m,W} ), S(m) ) ∈ W ⊂ U for (m, W ) ⪰ (p, U), therefore P ‖Q. By Lemma 1 we get P ∈ F_X . Since P is a net in A we get f ∘P ∈ F_Y . Since f ∘T_p converges

to f̄ ( S(p) ) , we can similarly show that f ∘ P ‖f̄ ∘ S . Hence f̄ ∘ S ∈ F_Y and f̄ ∈ F (Cl A, Y ). Since dense sets are determining sets for continuous functions (if Y is Hausdorff), by Theorem 2, such function f̄ is unique.

Proposition 8. Let (X, U ) and (Y, V ) be uniform spaces. Let f ∈ F (X, Y ).

Then f ¯ A ∈ U(A, Y ) for each totally bounded set A in X .

P r o o f . Assume that there is a totally bounded set A ⊂ X and f ∈ F (X, Y ) such that f ¯ A is not uniformly continuous. Therefore there is V ∈ V such that for each U ∈ U we can find points x_U , y_U ∈ A with (x_U , y_U ) ∈ U and ( f(x_U ), f(y_U ) ) /∈ V . For U, W ∈ U , let W ⪰ U if W ⊂ U . Then (U , ⪰) is a directed set. Put S(U) = x_U , T (U) = y_U for each U ∈ U . Then S and T are nets in A and S ‖T . Since A is totally bounded, the net S has a Cauchy subnet S ∘ u (where u ∈ N(E, D) for some directed set E ). Then S ∘ u‖T ∘ u and S ∘ u ≈ T ∘ u. Hence f ∘ S ∘ u ≈ f ∘ T ∘ u, a contradiction.

Corollary 1. If f ∈ F (X, Y ) and A is a totally bounded subset of X then

f(A) is a totally bounded subset of Y .

JÁN BORSÍK

Remark 2. The statement in Proposition 8 cannot be converted. If f and X are as in Example 1, then f /∈ F (X, Y ). However, each totally bounded set in X is finite and therefore f is uniformly continuous on every totally bounded set in X . Further, if X is a metric space, then also converse statement is true (cf. Theorem 4).

For subsets A and B of a uniform space (X, U ) define A δ B if for each

U ∈ U there are a ∈ A, b ∈ B such that (a, b) ∈ U . (In particular, if (X, d) is

a metric space, then A δ B if d(A, B) = inf{d(a, b) : a ∈ A, b ∈ B} = 0).

Proposition 9. Let (X, U ) and (Y, V ) be uniform spaces. Let f ∈ F (X, Y ).

If A and B are totally bounded subsets of X and A δ B , then f(A) δ f(B).

P r o o f . Let A, B be totally bounded subsets of X and A δ B . Then for each U ∈ U there are points a_U ∈ A, b_U ∈ B such that (a_U , b_U ) ∈ U . For U, V ∈ U , let V ⪰ U if V ⊂ U . Then (U , ⪰) is a directed set. If S(u) = a_U , T (u) = b_U then S and T are parallel nets in A. Since A is totally bounded, the net S has a Cauchy subnet S ∘ u (where u ∈ N(E, D) for some directed set E ). By Lemma 1 we have S ∘ u ≈ T ∘ u. By Proposition 5 we obtain f ∘ (S ∘ u)‖f ∘ (T ∘ u). Therefore for each V ∈ V there is p ∈ D such that ( f ( S ( u(p) )) , ( T ( u(p) ))) ∈ V, i.e., f(A) δ f(B). Remark 3. The statement in Proposition 9 cannot be converted. Let f and X be as in Example 1. If A and B are totally bounded in X and A δ B , then A ∩ B ≠ ∅ and hence f(A) δ f(B), but f /∈ F (X, Y ). However if X and Y are metric spaces, then also converse statement is true (cf. Theorem 4).

The well-known Blumberg’s Theorem says that for each Baire metric space X and each real function f : X → R there is a dense set D in X such that f ¯ D is continuous. However we cannot require f ¯ D to be Cauchy sequences preserving (cf. Theorem 4). We recall that a mapping f : X → Y (where X and Y are topological spaces) is quasicontinuous at x ∈ X if for each neighbourhood V of f(x) and for each neighbourhood U of x there is a nonempty open subset G of U such that f(G) ⊂ V ; f is quasicontinuous if it is quasicontinuous at each point.

Theorem 4. Let (X, d_X ) and (Y, d_Y ) be pseudometric spaces and let f : X →

Y be a mapping. Then the following conditions are equivalent:

(16) f ∈ F (X, Y );

(17) f ¯ A ∈ F (A, Y ) for each totally bounded set A in X ; (18) f ¯ A is uniformly continuous for each totally bounded set A in X ; (19) if A and B are totally bounded sets in X and d_X (A, B) = 0 then d_Y ( f(A), f(B) ) = 0;

(20) f is quasicontinuous and there is a dense set H in X such that f ¯ H ∈ F (H, Y ). P r o o f .

(16)⇒(18): From Proposition 8.

(18)⇒(17): From Theorem 2.

(17)⇒(16): Let S be a Cauchy sequence in X Then the set A = {S(n) : n ∈

N} is totally bounded and hence f ¯ A ∈ F (A, Y ). Now S ∈ F_A implies

f ∘ S ∈ F_Y . According to Theorem 1, f ∈ F (X, Y ).

(16)⇒(19): From Proposition 9.

(19)⇒(16): Assume that f /∈ F (X, Y ). Then there is a Cauchy sequence

S in X such that f ∘ S /∈ F_Y . Therefore there is ε > 0 such that for each

n ∈ N we can find m_n, i_n ≥ n with d_Y^(f^(S(m_n)^), f^(S(i_n)^{))} ≥ 3ε. Denote

C = {S(n) : n ∈ N}. Then C is a totally bounded set. For each b ∈ C we put

V (b) = { a ∈ C : d_Y ( f(a), f(b) ) < ε } , W (b) = { a ∈ C : d_Y ( f(a), f(b) ) ≥ 3ε } . For each b ∈ C , the sets V (b) and W (b) are totally bounded and V (b) is

nonempty. If W (b) is nonempty then d_Y ( f ( V (b) ) , f ( W (b) )) ≥ ε and d_X ( V (b), W (b) ) > 0 by assumptions.

Now we shall construct by induction sequences (δ_k), (y_k) and (z_k) such that

(δ_k) is a decreasing sequence of positive reals converging to zero and y_k, z_k ∈ C

are points such that d_X (y_k, z_k) < δ_k and d_Y ( f(y_k ), f(z_k ) ) ≥ 3ε. Put δ_1 = 1/2. If j_1 ∈ N, m_j1, i_j1 ≥ j_1 are such that d_X ( S(m_j1), S(i_j1 ) ) < δ_1 and d_Y ( f ( S(m_j1) ) , f(i_j1 ) ) ≥ 3ε we put y_1 = S(m_j1), z_1 = S(i_j1 ).

Assume that we have constructed δ_i, y_i, z_i for i ≤ k . Since d_X (y_k, z_k) < δ_k

and d_Y ( f(y_k ), f(z_k ) ) ≥ 3ε, we have y_k ∈ W (z_k) and therefore d_X ( V (z_k), W (z_k) ) > 0. Similarly d_X ( V (y_k), W (y_k ) ) > 0. Put

δ_{k+1} = min { δ_k/2, d_X ( V (y_k), W (y_k ) ) , d_X ( V (z_k), W (z_k ) )} .

Then 0 < δ_{k+1} < δ_k ≤ 2�^k . Since S is Cauchy, there is j_{k+1} ∈ N such that

JÁN BORSÍK d_X ( S(i), S(m) ) < δ_{k+1} for all i, m ≥ j_{k+1} . Then d_Y ( f ( S(m_{jk}+1) ) , f ( S(i_{jk}+1) )) ≥ 3ε. Put

y_{k+1} = S(m_{jk}+1) , z_{k+1} = S(i_{jk}+1) .

Then d_X(y_{k+1}, z_{k+1}) < δ_{k+1} , d_Y ( f(y_{k+1}), f(z_{k+1}) ) ≥ 3ε and y_{k+1}, z_{k+1} ∈ C .

Put A = {y_k : k ∈ N} and B = {z_k : k ∈ N}. Then A and B are totally

bounded sets and d_X (A, B) = 0.

We shall show that d_Y ( f(A), f(B) ) ≥ ε. Suppose that d_Y ( f(A), f(B) ) < ε. Then there are i, j ∈ N such that d_Y ( f(y_i), f(z_j ) ) < ε. Since d_Y ( f(y_i), f(z_i ) ) ≥ 3ε, we have i ≠ j . For example, let j < i. Then y_i ∈ V (z_j ). We obtain

d_X (y_i, z_i) < δ_i ≤ δ_{j+1} ≤ d_X ( V (z_j ), W (z_j ) ) . If z_i ∈ W (z_j ), then d_X ( V (z_j ), W (z_j ) ) ≤ d_X (y_i, z_i). Therefore z_i /∈ W (z_j )

and this implies d_Y ( f(z_i), f(z_j ) ) < 2ε and thus d_Y ( f(y_i), f(z_i ) ) ≤ d_Y ( f(y_i), f(z_j ) ) + d_Y ( f(z_j ), f(z_i ) ) < ε + 2ε = 3ε, a contradiction. Similarly for j > i.

Therefore d_Y ( f(A), f(B) ) ≥ ε > 0. (16)⇒(20): Proposition 1, Theorem 2 and the fact that the continuity implies

the quasicontinuity.

(20)⇒(16): Let S be a Cauchy sequence in X and let ε > 0. Fix k ∈ N.

Since f is quasicontinuous at S(k), there is nonempty open set G_k ⊂ { y ∈ X : d_X ( S(k), y ) < 1/k } such that d_Y ( f ( S(k) ) , f(y) ) < ε/3 for each y ∈ G_k .

Since H is dense in X , there is y_k ∈ G_k ∩ H . Then d_X ( S(k), y_k ) < 1/k and d_Y ( f ( S(k) ) , f(y_k ) ) < ε/3. Put T (k) = y_k . Then T is a sequence in H and S ‖T . According to Lemma 1,

we obtain T ∈ F_H . Hence f ∘ T ∈ F_Y . Therefore there is m ∈ N such that d_Y ( (f ∘ T )(i), (f ∘ T )(j) ) < ε/3 for each i, j ≥ m. Now for i, j ≥ m we obtain d_Y ( (f ∘ S)(i), (f ∘ S)(j) ) ≤ d_Y ( f ( S(i) ) , f ( T (i) )) + d_Y ( f ( T (i) ) , f ( T (j) )) + d_Y ( f ( T (j) ) , f ( S(j) )) < ε/3 + ε/3 + ε/3 = ε , i.e, f ∈ F (X, Y ).

REFERENCES

[1] BORSÍK, J. : Mappings that preserve Cauchy sequences, Čas. Pěstování Mat. 113 (1988),

280–285.

[2] KELLY, J. L. : General Topology, D. van Nostrand, New York, 1955.

[3] SNIPES, R. F. : Functions that preserve Cauchy sequences, Nieuw Arch. Wisk. 25 (1977), 409–422.

Received September 29, 1998 Mathematical Institute Slovak Academy of Sciences Grešákova 6 SK–040 01 Košice SLOVAKIA E-mail: borsik@mail.saske.sk