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ABSTRACT. This paper presents a Bayesian approach to finding the Bayes
estimator of parameters for ARMA model forecasting under normal-gamma prior
assumption with a quadratic loss function in mathematical expression. Obtaining
the conditional posterior predictive density is based on the normal-gamma prior
and the conditional predictive density, whereas its marginal conditional posterior
predictive density is obtained using the conditional posterior predictive density.
Furthermore, the Bayes estimator of parameters is derived from the marginal
conditional posterior predictive density.

1. Introduction

Bayesian inference is a method of analysis that combines information collected
from experimental data with the knowledge that one has prior to performing the
experiment. The Bayesian approach in general requires an explicit formulation of
a model and conditioning on known quantities, in order to draw inferences about
the unknown. The forecasting model is the most often recognized as Bayesian
forecasting when a probability distribution is used to describe uncertainty re-
garding the unknown parameters and when Bayes theorem is applied. For fore-
casting problems, Bayesian approach combining all the information and sources
of uncertainty into a predictive distribution of the future values to estimate
the parameters in model. The main idea of Bayesian forecasting is the predic-
tive distribution of the future given past data following directly from the joint
probabilistic model. The predictive distribution is derived from the sampling
predictive density, weighted by the posterior distribution.
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This paper is done refering to Liu discussion on Bayesian analysis for one-
-step ahead forecast in ARMA model. The other papers related to this research
are Fan and Yao, Kleibergen and Hoek, and Uturbey also discussed
the Bayesian analysis for ARMA model. This paper focuses on finding the math-
ematical expression of the Bayes estimator of parameters for the ARMA model
forecasting under normal-gamma prior assumption with a quadratic loss func-
tion.

2. Materials and methods

The materials in this paper are some theories in mathematics and statistics
such as the ARMA model, Bayes theorem, repeated integration, gamma distri-
bution and the multivariate t-distribution. The method is a study of literature
by applying the Bayesian analysis under normal-gamma prior assumption.

DEFINITION 2.1. The ARMA (p, q) model is defined by
p q
Yi = Zd%’%—i +Z9j€t—j + e (1)
i=1 j=1

where {e;} is a sequence of iid normal random variables with
e ~ N, 77, 7>0
and unknowns ¢; and 0; are parameters.
DEFINITION 2.2. The Bayes theorem can be expressed as
(posterior) o (prior) x (likelihood). (2)

DEFINITION 2.3. A positive random quantity ¢ is said to have a gamma dis-
tribution with parameter n > 0 and d > 0 if it has the probability density
function

dn
the mean is £(¢) = % and the variance is Var(¢) = 7.

DEFINITION 2.4. A random p-vector X is said to have a joint student-t distri-
bution on n degrees of freedom with mode p and scale matrix € if it has the
probability density function

D(2g2) 0= .

SOETTH ‘

(n+ (x— " (- ) (4)
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3. Construction of the estimator
The k-step-ahead point forecast of y, 1 is defined by
3k) = Elyn1413), (5)
where

S:; - (yl7 Y2, ..+, yn+k—1)~
Using the equation ({l) one obtains residuals as

P q
et = Yt — Z@‘%—i - Z Ojer—; (6)
i=1 j=1

and by conditioning the first p observations and letting e, = e,—1 = - = ¢, =0,
where r = min(0, p+1—gq), one may approximate by Box and Jenkins in [5],
the likelihood function for parameters U = (41, @2, ..., ¢p,01,62,...,6,) and 7
based on S} is

* (ntk—1)—p T nih ol P 4 ’
L(\II77-|Sn)O(T 2 exp 5 Z Ye— Z¢iyt—i_z Ojei—;
i=1 j=1

t=p+1

The equation ([7) can be expressed as

(nth1) r n+k—1 n+k—1
* nThk—1)"DP 2 T
L(,7|S}) o< 77 2 exp <—§< Z yy —2W Z yt Be_1+
t=p+1 t=p+1
n+k—1 )
> (¥ B )) . ®)
t=p+1
where By = (Yt, Yt—1, -+, Yt4+1—ps €15 €4—1, - - -, €141—¢)- By letting
Yp Yp+1 - Yn+k—2
Yp—1 Yp T Yn+k-3
: : Yp+1
U _ /yl y2 . yn—i-k:—l—p ’ XO _ yp.-i-Z 7
€p Ep+1 Entk—2 :
€p—1 €p o €n+k—3 Yn+k—1
€1 €2 Tt Cngk—1-p
where e; =y, — S0, Givi—i —>91 f;iéi_j, t=p+1, p+2,...,n,¢; and ; are
maximum likelihood estimator of QEZ and éj. €t,€4—1,--.,Ct_q is obtained via
er =1y — ¥ By, 9)

where @ = (él,ég, e ,(];p,él,éQ,. . .,Qq).
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From the likelihood function in equation () one can obtain:

n+k—1
Z YeBi-1 = Yp+1 Bp +ypr2Bpr1+ -+ Ynik—1 Buyr—2
t=p+1

= yp+ﬂ,(ypvyp—l7"'7yl7ep76p—17~-'76p+1—q)
+ Upt2(Upt+1, Yps 1 Y25 €pt1s €ps ey Epra—g) + oo
+_yn+k—1(yn+k—2>yn+k—3w~'ayn—k—l—pa
€ntk—25 Cntk—3s-- s Cnik—1—q)

= UTXy

frdiag 2 2 2 2
Z (\IlT Bt—l) = (\I/T Bp) + (\IIT Bp+1) teee Tt (\I/T BnJr’f—?)
t=p+1 T
= ((¢17¢27"'7¢p7917927"'79q)
2
(ypayp—la~"7y1>€p>€p—13"'>€p+1—q))
T
+_((¢17¢27'"7¢p7917923"'79q>
2
(yp+27yp+17'"7y276p+276p+17"~7€p+2—q)) + -
T

+_((¢17¢27'"7¢p7917923"'79q>
(yn+k—27 Yn+k—35-- - Yn—k—1—p> En+k—2, Cnt+k—3,-- -,

Cnihoi1-q))’

= vwuh v

such that the likelihood function in equation (8) can be expressed as

n+k—1
L(W,7|S5) o 77 exp (-% ( S oy -20TV \IITW\I/>> ., (10)

t=p+1
where V =UTXy and W = UU™.

3.1. Posterior distribution

According to suggestion by Broemeling and Shaarawy in [2], the
normal-gamma prior of parameters ¥ and 7 is

p+2a—2

EW, 1) =& (V) - &) o 2
P (_g (V'QU — ¥ Qu — p" QU + p" Qu+ 25)) , (11

where & ~ N(,u, (1 Q)_l), & ~ GAM(a, ), Q is a positive definite matrix
of the order (p + ¢q), and o and 3 are parameters.
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THEOREM 3.1. The posterior of ¥ and T parameters is

n+k4+2a—3

(U, 7]87) oc 7 exp (f% (T PU — BTV + Qu)
~(V+ QT+ K)), (12)
where P =W + Q and K = E?ipk_: yZ2 + utQu+ 28.
Proof. By applying the Bayes theorem, the posterior of ¥ and 7 is

n+k—1
7T(\I/,7'|S:L) ~ T(n+k;1)fp exp (_% ( Z yt2 . 2\I/TV + \IJTW\I/>>

t=p+1

p+2a—2

XT 2 exp (fg(\IITQ\II —UTQu — p" QU + pTQu + 2ﬂ))

n+k—1
~ Tn+k+22a73 exp (% ( Z yt2 - 2\IJTV + \IITW\P
t=p+1

+UTQU — VT Qu — p" QU + " Qu + 25))

x 7= e ( - % (\I/T(W +Q)U —vTV

n+k—1
—UTQu - VTV — pTQU+ >y + " Qu+ 2[5))
t=p+1

n+k+2a—3

< T  z exp( % <\IIT(W + QU — VTV +Qu)

n+k—1
VIO —(Qu) U+ yi+u"Qu+ 26))

t=p+1

n+k+2a—3

x T 2z _ exp (% <\IIT(W + QU — VTV +Qu)

n+k—1
~V+wT+ >y +u"Qu+ 2ﬁ>>

t=p+1

n+k+2a—3

x T 2z _ exp (—% <\IITP\I/ ~ UV 4+ Qu)

~(V+Qu)"v+ K))
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3.2. Marginal posterior distribution

The marginal posterior distribution is obtained by integrating the posterior
distribution in ([I2]).

THEOREM 3.2. The marginal posterior distribution of ¥ is a multivariate
t-distribution on (n+k+2a —1—p) degrees of freedom with mode P~*(V + Qu)

n+k4+2a—1—p P)_l
K—(V4+Qu)" P~ (V+Qnu)

and scale matriz ( and can be expressed as

m(V|S;) o ((n—l—k—i—Qa —1-p)+ (¥ - P_l(V+QU))T
n+k+2a—-1—p
K —(V+Qu" P=H(V +Qu)

_ ntk+t2a—1

P(\IJfP‘l(V+QM))) Lo (13)

Proof. The marginal posterior distribution of W is obtained by integrating the
posterior distribution in equation ([I2) to 7

m(V|S) = /w(\y,ﬂs;;)dT = /T** exp(—%(\I/TP\IJ ~ 9TV +Qu)
0 0
—(V+Qu'y +K)>dT

n+k+2a—3

S (,g (T PY — BT (V + Qu) — (V+QM)T\IJ+K)) dr

80

n+k+2a—3

: exp(—%(\I/TP\I/ — 0T (V + Qpu)

|
\]

o

— (V4+QuTU+VT PV +Qu) — (V+QM)TP_1(V+QM)+K)>dT

4

n+k+2a—3

pres=s exp(—% (TP — ¥ PPV + Qu)

o

—(V4+Qu) PP+ (V+Qu) PV +Qu) — (V+Qu) P~
% (V + Qu) + K))dT

- /Tk exp(—g (TP —UTPPH(V + Qu)
0
— (V+Qu " (P~Y PU+(V+Qu) (P (V+Qu) — (V+Qu)”

% P~YV +Qu) + K))dT
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4

n+k+2a—3

PRt fg(\IJTP\I!f\I!TPP‘l(VJrQM)

\O\

V+Qu) +K))dr

)
:/Tn+k+22a Sexp<—— (U — PV +Qu)"
0

e} _ T
- /7n+k§2a3 exp (T((\Ij — PV Q)
0

(P7HV+Qu) PU+(PH(V + Qu)(V+Qu) — (V+Qu) P~
x

PYV+Qu) + K — (V+Qu PH(V + Qu))) dr

P(W =P (V+Qu)+ K- (V+Qu P LV + Qu))) dr

2
7 n a—1 — P! r
:/7‘ et -l exp<—r((qj vV + Q)
0

dr.

P(W—P{(V+Qu) + K —(V+Qu) P (V+ Qu)>>

2

By applying the formula of gamma distribution to the last equation one obtains

2
—~(V+Qu)" P~1(V +Qu) ) -

(015") <<w ~ PNV +Qu) P~ PV +Qu)) + K-

nt+k+2a—1
2

m<@P*W+meHWPWV+@m+K
2

_ (n+k+2a—1—p)+p
2

—(V+Qu)" PH(V + Qu))

_(ntk+2a—-1-—p)+p
2

. (K ~(V+Qu' P~
>

} (K ~ (V+Qu)"P-

1(V+Qu)>

(n4+k4+2a—1—p)+p
2

g 1(V+Qu)>

(n+k+2a—1—p)+p

x (n+k+2a—1—p)~ 2 X(n+k+2a—1—p)

(n+k+2a—1—p)+p
Pl
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N <(\1/ — PV +Qu) P(T - PV + Qu)) + K-
>

_ (ntk4+2a—1—p)+p
2

—~(V+Qu) P 1 (V + Qu))

(ntk+2a—1—p)+p
2

y (K - (V+ QM)2TP_1(V s Qu))

_ (ntk+2a—-1—p)+p
2

X (n+k+2a—1-p)
. <(\1/ — PNV +Qu) P(V - PNV 4+ Qu)) + K-

2

_ (ntk4+2a—1—p)+p
2

—~(V+Qu) P 1 (V + Qu))

_ (ntk+2a—1—p)+p

X ((K = (V+Qu)2TP‘1(V+QM)>_1> ’

_ (ntk+2a—1—p)+p
2

X (n+k+2a—1-p)

. <(\1/ — PH(V + Q) P(¥ — P~V + Qu)) + 1>_
K —(V+Qu)" P~1(V + Qu)

_(ntk—1—pt2a)+p
2

(n+k+2a—1—p)+p
2

X (n+k—1-p+2a)
N <(\I/P_1(V+QM))T(n+k+2a1p)P(\PP‘1(V+QM))
K —(V+Qu P~V +Qp)

_ (nt+k—1—p+2a)+p
2

+(n+k+2a1p)>

x (n+k+2a71fp)+l(\PfP_1(V+QM))T

_ ntk+t2a—1
2

o n+k+2a—-1—p
K —(V+Qu" PV +Qu)

e <(n+k¢—1—p+2a)—|—(\I!—P_l(V—i-QM))T

P(W— PNV + Qu)))

_ ntk+t2a—1
2

n+k—1—p+2a
K —(V+Qu' P (V+Qu)

P(U—P YV + Qu)))



BAYESIAN ESTIMATE OF PARAMETERS FOR ARMA MODEL FORECASTING

THEOREM 3.3. The marginal posterior distribution of T is a gamma distribution
with parameters ("HEt2e=1 K—(V+QN)TP_1(V+QM))
2 2

, and is expressed as

(14)

T 5
m(T|Sy) o R o (—T(K -+ Q,u)2 PV + QM))).

Proof. The marginal posterior distribution of 7 is obtained by integrating the
posterior distribution to ¥

oo

m(7]S})) = /W(‘IJ,TS:L)d\If

— 00

oo

X / T% eXp<% (\IJTP\IJ B 2\IJT(V Ten K)) w

— 00

oo

. / JESTSERS exp(%((‘l’ 7P_1(V+QM))T

— o0

PO PN (V+Qu)+K—(V+Qu P 1V + Qu))) dw

n+k+2a—3

T 7 exp (%(K ~(V+Qu' PV + QM)))

]o exp(((\lf PNV +Qu) P(¥ - PV + Qu)))) dw

— 00

~ Tn+k+22a73 exp (T(K — (V + Q,U)TP—l(V + QU’) >>

2

— 00

(v - P YV + Qu)))> dw

T H—
~ Tn+k+22a_1_1exp<—7'(K — (V+Q,LL)2P 1(V+Q,LL))> %1

T H—
O(T"*’“*f‘“—lexp(_T(K(V+Q“) p 1(V+Qu))>'

2
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The Bayes estimator of ¥ is mean posterior of the marginal posterior distri-
bution 7 (¥|S}:) that is U = P~'(V +Qu) and the Bayes estimator of 7 is mean
posterior of the marginal posterior distribution 7T(T|S:l), that is

F= (K= (VA4QuTP V+Qu) (n+k+2a—1).

4. Conclusions

This paper mainly studies the Bayesian approach to finding the mathematical
expression of the Bayes estimator of ¥ and 7 parameters for ARMA Model Fore-
casting under normal-gamma prior. Mathematical analysis used to obtain the
Bayes estimator is simple such as the repeated integral in calculus and manipu-
lation with matrices in algebra. The Bayes estimator of W is derived using the
marginal posterior distribution 7r(\11|S;§) which has a multivariate t-distribution,
where the Bayes estimator of 7 is derived using the marginal posterior distribu-
tion 7(7|S;;) which has a gamma distribution.
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