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ALGEBRAIC PROPERTIES

OF WEAK PERRON NUMBERS

Horst Brunotte

ABSTRACT. We study algebraic properties of real positive algebraic numbers
which are not less than the moduli of their conjugates. In particular, we are
interested in the relation of these numbers to Perron numbers.

1. Introduction

Some important classes of algebraic integers can be specified by the sizes
of their conjugates, e.g., Pisot, Salem or Perron numbers. Sometimes certain
refinements of these classes of numbers are necessary. For instance, strong Pisot
numbers play a prominent role in the study of limit points of sequences of frac-
tional parts of algebraic integers [2].

A Perron number is a real positive algebraic integer which is strictly larger
in modulus than its other conjugates (see, e.g., [13, Definition 11.1.2]). Perron
numbers play a role in various theories, for instance primitive integral matrices
(e.g., [13]), Mahler measures (e.g., [3]), self-similar tilings (e.g., [8]) or numeration
systems (e.g., [15]). Here we are concerned with a slight modification of Perron
numbers, namely weak Perron numbers. A weak Perron number is a real positive
algebraic integer α such that αn is a Perron number for some positive integer n.
D. L i n d [12, p. 590] introduced weak Perron numbers in his studies of spectral
radii of matrices with nonnegative integer entries.

On the other hand, another notion was coined by D. L i n d and B. M a r c u s
[13, Exercise 11.1.12]: The real positive algebraic integer α is called an almost
Perron number if it satisfies

α ≥ |β| (1)

for each conjugate β of α. Clearly, every Perron number is almost Perron because
then we have strict inequality for β �= α in (1).
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Almost Perron numbers were characterized by A. S c h i n z e l [14, Theorem];
observe that in [14] these numbers are called K-numbers. According to this work
almost Perron numbers have been introduced and investigated by I. K o r e c [9]
in connection with generalized Pascal triangles. A. S c h i n z e l [14] settled sev-
eral problems mentioned in [9], [10].

Based on results of [5], [14] we show that the classes of almost Perron and weak
Perron numbers coincide (Theorem 2). Further we collect some topological and
algebraic properties of weak Perron numbers (Theorem 5 and 6). The author
is indebted to an anonymous referee for the recommendation to extend these
considerations to the wider concept of algebraic numbers.

2. Algebraic properties of weak Perron numbers

Following [13] we denote by P (Pw, respectively) the set of Perron numbers
(weak Perron numbers, respectively). Clearly, P ⊂ Pw, and this inclusion is

strict; e.g., we have
√
2 ∈ Pw \ P.

Our first result is directly deduced from [5].

����� 1� Let α be an almost Perron number of degree d ≥ 2 and put

n = #
{
i ∈ {1, . . . , d} : α = |αi|

}
,

where α1 = α, α2, . . . , αd are the conjugates of α and #S denotes the cardinality
of the set S. Then αn ∈ P.

P r o o f. The statement is trivial for n = 1. We now let n > 1 and λ = αn.
We tacitly use ideas of the proof of [5, Theorem].

If n is even then the minimal polynomial of α can be written in the form
g(X2) with an irreducible g ∈ Z[X], and g has n/2 roots of modulus α2 one
of which is real and positive. By induction hypothesis we have λ = (α2)n/2 ∈ P.

Let now n be odd. Then renaming the conjugates of α if necessary we can
write

αi = ζi−1α1 (i = 1, . . . , n)

with some primitive nth root of unity ζ. Thus n = d or the moduli of αn
n+1, . . . , α

n
d

are different from λ, hence λ ∈ P. �

The essence of the following characterization result is completely proved
in [14]; here we further mention the computability of the real numbers occurring
in Theorem 2 (iv). We denote by N the set of nonnegative rational integers.

����	�� 2� Let α ∈ R>0. The following statements are equivalent.

(i) α is an almost Perron number.

(ii) α is a weak Perron number.
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(iii) There exist effectively computable γ1, γ2, . . . , γn ∈ Z[α] ∩ R>0 and cijk ∈
N (i, j, k = 1, . . . , n) with the property: For all i, j ∈ {1, . . . , n} we have

γiγj =

n∑
k=1

cijkγk . (2)

In particular, one can take γ1 = 1 and γ2 = α.

(iv) There exist γ1, γ2, . . . , γn ∈ R>0 with the following properties:
(a) We have

α =

n∑
k=1

ckγk

for some c1, . . . , cn ∈ N.
(b) For all i, j ∈ {1, . . . , n} there exist cijk ∈ N such that (2) holds.

P r o o f.

(i) =⇒ (ii) Clear by Lemma 1. We mention that this result can alternatively
be deduced from [14, Lemma 4].

(ii) =⇒ (i) This can easily be checked by the definitions.

(i) =⇒ (iii) The statement is trivial for d = 1 where we denote by d the
degree of α. Let d > 1. By Lemma 1 we have λ = αm ∈ P for some computable
m ∈ N>0. Set

M = max{|μ| : μ conjugate to λ, μ �= λ} ,
and pick � ∈ N with

� > max

{
3 log 2

log λ
,

2 log 2

log λ− logM

}
.

Observe
λ� − 3M � > 2,

hence we can choose some L ∈ N with

M � < L <
1

2

(
λ� −M �

)
.

Let β1 = β, β2, . . . , βk be the conjugates of β := λ�−L = α�m−L ∈ Z[α]∩R>0.
As shown in the proof of [14, Lemma 5] we have

β > |βj | , 	βj < 0 (j = 2, . . . , k).

For j = 2, . . . , k we write

βj = |βj | exp(2πiϕj), ϕj ∈
(
π

2
,
3π

2

)
,

thus

|ϕj − z| > 1

4
for all z ∈ Z.
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Choose

N ∈ N≥4 with
1

N
≤ 1

2
min {|ϕj − z| : z ∈ Z, j = 2, . . . , k} − 1

8
.

We can compute ν ∈ N>0 and zj ∈ Z with

|(ν + 1)ϕj − zj| ≤ 1

N
(j = 2, . . . , k)

by an algorithm as described in [6], [7]. The proof of [14, Lemma 3] then shows

	βν
j ≤ 1

2
|βj | 	βν−1

j (j = 2, . . . , k).

Finally, following the proof of [14, Theorem] the vector

(γ1, . . . , γn)

:=
(
1, α, . . . , α�m−1, β, βα, . . . , βα�m−1, . . . , βkν−1, βkν−1α, . . . , βkν−1α�m−1

)
satisfies our requirements where we set n := k�mν.

(iii) =⇒ (iv) Trivial.

(iv) =⇒ (i) [14, Theorem]. �
Remark 3� Further characterizations of weak Perron numbers are given in
[13, Theorem 11.1.5] and [13, Exercise 11.1.12].

The well-known Lind-Boyd conjecture [1] lists the minimal polynomials
of smallest Perron numbers of given degree. In [16] the smallest Perron num-
bers of degree at most 24 is computed and it is verified that all these numbers
satisfy the Lind-Boyd conjecture. On the other hand, using Lemma 4 below it
is easy to check that the smallest weak Perron number of degree d ≥ 2 is 21/d.

����� 4� Let c ∈ R>0, n ∈ N>0 and f : Rn → R be given by f(x1, . . . , xn) = x1.
Then we have

f
(
c1/n, . . . , c1/n

)
= min

{{
f(x1, . . . , xn) : x1 . . . xn = c, x1 ≥ xi > 0 (i = 1, . . . , n)

}}
.

P r o o f. Obvious. �

Now we carry over some topological and algebraic properties of Perron num-
bers to weak Perron numbers (cf. [11, Section 5]).

����	�� 5�

(i) For every d ∈ N>0 the set{
α ∈ Pw : deg(α) ≤ d

}
is a discrete subset of [1,∞).

(ii) If F is an algebraic number field, then F∩Pw is a discrete subset of [1,∞).
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P r o o f.

(i) Similarly as the proof of [11, Proposition 3].

(ii) The proof of [11, Proposition 4] applies equally well here.

�

Following the line proposed by A. D u b i c k a s and C. J. S m y t h ( [4],
see also [3]) we now drop the restriction to algebraic integers. We say that the
real positive algebraic number α is called a generalized weak Perron number
if there exists a positive integer n such that αn is strictly larger in modulus
than its other conjugates. The following results are straightforward extensions
of well-known facts: Theorem 6 (ii) goes back to D. L i n d [11], Theorem 6 (iii)
to A. K o r e c [9], and Theorem 6 (iv), (v), (vi) to A. S c h i n z e l [14].

����	�� 6�

(i) The following statements are equivalent for an algebraic number α.
(a) α is a generalized weak Perron number.
(b) There exists a positive rational integer q such that mqα is a weak

Perron number for all m ∈ N>0.
(c) There exists a positive rational integer q such that qα is a weak Per-

ron number.
(d) For each conjugate β of α inequality (1) holds.

(ii) The set of generalized weak Perron numbers is closed under addition and
multiplication.

(iii) Let α be a generalized weak Perron number and n ∈ N≥2. Then α1/n is
a generalized weak Perron number.

(iv) Let α, β be generalized weak Perron numbers. Then we have Q(α + β) =
Q(α, β).

(v) If α, β are weak Perron numbers with αβ ∈ N, then there exists some
n ∈ N>0 such that αn∈ N and βn∈ N.

(vi) If α, β are generalized weak Perron numbers with αβ ∈ Q, then there
exists some n ∈ N>0 such that αn∈ Q and βn∈ Q.

P r o o f. We denote by P̂w the set of generalized weak Perron numbers.

(i) (a) =⇒ (b) Let n ∈ N>0 such that αn is strictly larger than all its other
algebraic conjugates, and pick q ∈ N>0 such that qα is an algebraic inte-
ger. For each m ∈ N>0 the positive algebraic integer (mqα)n dominates
all its other conjugates, thus we have mqα ∈ Pw.
(b) =⇒ (c) Trivial.
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(c) =⇒ (d) By Theorem 2 we know that qα is an almost Perron number,
hence (1) holds for each conjugate β of α.
(d) =⇒ (a) Let q ∈ N>0 such that qα is an algebraic integer, hence an
almost Perron number by definition and therefore qα ∈ Pw by Theorem 2.

Clearly, we then have α ∈ P̂w.

(ii) Copying the proof of [11, Proposition 1] we see that Pw is closed under

addition and multiplication. Let α, β ∈ P̂w. By (i) there is some t ∈ N>0

such that tα, tβ ∈ Pw, hence

t(α+ β) = tα+ tβ ∈ Pw

which implies α+ β ∈ P̂w by (i). Similarly we show αβ ∈ P̂w.

(iii) This is clear by (i) and [9, Theorem 4.5 (b)].

(iv) Again let t ∈ N>0 with tα, tβ ∈ Pw. Then we find by Theorem 2 and
[14, Corollary 2]

Q(α+ β) = Q
(
t(α+ β)

)
= Q(tα, tβ) = Q(α, β).

(v) Clear by Theorem 2 and [14, Corollary 3].

(vi) By (i) there is some t ∈ N>0 such that tα, tβ ∈ Pw. Let s ∈ N>0 such
that stα, stβ ∈ N. Using (v) we find n ∈ N>0 with (stα)n, (stβ)n ∈ N,
hence αn, βn ∈ Q.

�

We observe that Theorem 6 (v) cannot be extended to generalized weak Per-

ron numbers. For instance,
√
2/2 and 2

√
2 are generalized weak Perron numbers

with integer product, but no power of
√
2/2 is an integer.

Finally, we point out that surely not all algebraic properties of Perron numbers
can be expected to hold for weak Perron numbers.

Remark 7�

(i) Observe that [11, Proposition 5] cannot be extended to weak Perron num-
bers, i.e., α, β ∈ Pw does not imply α ∈ Q(αβ) or β ∈ Q(αβ). For instance,

take α = β =
√
2.

(ii) It does not seem useful to carry over the notion of irreducibility of Per-
ron numbers (see [11, p. 293]) to weak Perron numbers: If α ∈ Pw and
n ∈ N>0, then we have the trivial factorization

α =
(
α

1
n

)n

with α1/n ∈ Pw by Theorem 5 (iii).
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