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FUNCTIONAL EQUATIONS STEMMING FROM
PROBABILITY THEORY

KArROLY LAJKO — FRUZSINA MESZAROS

ABSTRACT. Special cases of the functional equation

hy <$) ﬁfy (y) = h2 (ﬁ) ﬁfx ()

are investigated for almost all (z,y) € R2, for the given functions ¢, d and the
unknown functions h1, ho, fx and fy.

1. Introduction

Functional equations have many interesting applications in characterization
problems of probability theory.

In [I] Arnold, Castillo and Sarabia showed how solutions of func-
tional equations can be used in characterizing joint distributions from condi-
tional distributions. They considered, among others, all possible distributions
with given regression functions with conditionals in scale families.

They obtained those equations in the following way.

Let (X,Y') be an absolutely continuous bivariate random variable whose joint,
marginal and conditional density functions are denoted by f(xy) and fx, fy,
x|y, fy|x, respectively. One can write f(x y) in two different ways and obtain
the functional equation

fxyy (@) = fxpy (@,9) fr (y) = fyix (2,9) fx (2) (1)
for all (z,y) € R? (or for all (z,y) € R% if we restrict our investigations to the
random variable (X,Y’) with support in the positive quadrant).

They studied joint densities whose conditional densities satisfy

Fxty (@9) = hy (%) (iy) @)
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and

frix (z,y) = ho <ﬁ> ﬁ (3)

for given positive functions ¢ and d, where h1, ho are positive unknown functions.
Then from (1) one can deduce the functional equation

h (%) ) = o (%) T @) (4)

For a special choice of the given functions, Arnold, Castillo and Sarabia
solved (@) assuming the existence of derivatives of the unknown functions hy, ho,
fy, fx up to the second order. They restricted the search to a random variable
(X,Y) with support in the positive quadrant and thereby it was possible to
determine the nature of the joint distribution.

In this paper, under special choices of the given functions, we assume only
the measurability of the positive unknown functions hq, hs, fy, fx and that the
so obtained equations hold for almost all pairs (z,y) from R?.

We prove that the measurable solutions of () satisfied almost everywhere—in
the different special cases—can uniquely be extended to continuous functions
and when the measurable functions are replaced with the continuous functions,
equation () is satisfied everywhere on R? .

Here, we will use the following result of A. Jarai (see [3] and [4]).

THEOREM 1 (Jarai). Let Z be a regular topological space, Z; (i =1,2,...,n)
be topological spaces and T be a first countable topological space. Let Y be an
open subset of R¥, X; an open subset of R, r; € Z, (i =1,2,...,n) and D an
open subset of T x Y. Let furthermore T' C T be a dense subset, f: T — Z,
gi: D — X;andh: DX Zyx...xZ, — Z. Suppose that the function f; is almost
everywhere defined on X; (with respect to the r;-dimensional Lebesgue measure)
with values in Z; (i =1,2,...n) and the following conditions are satisfied:

(1) for allt € T" and for almost ally € Dy = {y € Y| (t,y) € D}

2) for each fized y in'Y, the function h is continuous in the other variables;

4

5) for eacht € T there exist ay such that (t,y) € D and the partial derivative
%—%i has the rank r; at (t,y) € D (i =1,2,...,n).

(2)

(3) fi is Lebesgue measurable on x; (i =1,2,...,n);

(4) g¢i and the partial derivative %zj are continuous on D (i=1,2,...,n);
()

Then there exists a unique continuous function f such that f = f almost ev-
erywhere on T, and if f is replaced with [ then equation (B is satisfied almost
everywhere on D.
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2. First problem

Let us consider the case when the functions ¢, d are of the form
W)=——\ da)= 71—  (ry>0)
c(y) = , xT) = x, ,
Y= +y B+z Y

where «, [ are non-negative constants.

From () we get the equation
h((a+y)z) (a+y) fy (y) = ho (B +2)y) (B+z) fx () (6)

for almost all (x,y) € R%, where hy, ha, fx, fy: Ry — R, are measurable
unknown functions, a, 8 > 0 are arbitrary constants.
Easy calculation shows the validity of the following technical lemma.

LEMMA 1. The positive measurable functions hy, ha, fx, fy satisfy equation (6)
for almost all (z,y) € R2 if and only if the measurable functions Gy, G2, Fi,
Fy: Ry — R defined by

Gi1(t) = In[hy (1)], Go (t) = In[hs (t)],
Fi(t) = In[(a+t) fy (0], Fa(t) =h[B+1)fx@)], (eRy)
satisfy the functional equation
Gi(z(a+y)) + Fi(y) =Gy (B+2) + Fz (2), (7)

for almost all (z,y) € R2, where o, 3 > 0 are arbitrary constants.

To get the measurable solution of equation (7)) (and so (@) satisfied almost
everywhere, we distinguish 2 cases:

(1) o® + B* #0;
(2) a=p=0.
2.1. The o? + 32 # 0 case

In this case, with help of Theorem [T, we can prove the following

THEOREM 2. If the measurable functions G1,Gs, F1, Fo: Ry — R satisfy equa-
tion (IZI) for almost all (z,y) € R%, then there eist umque continuous functwns
G1,G2,F1,FQ R+ — R such that G1 = Gl, GQ = GQ, F1 F1 and F2 Fy
almost everywhere, and if G1,Go, F1, Fs are replaced with G’l, G’g, Fl, FQ, re-
spectively, then equation () is satisfied everywhere on Rf_.

Proof. First, we prove that there exists a unique continuous function C~¥1 which
is almost everywhere equal to G; on R and replacing G; with G1, equation ()
is satisfied almost everywhere.
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With the substitution ¢t = x (o + y), we get from () the equation

Gy (t) = G (y (ﬁ + O%y)) + F (ﬁ) — Fi(y) (8)

which is satisfied for almost all (¢,y) € R3 . By Fubini’s Theorem, it follows that
there exists 7" C Ry of full measure such that for all t € T' equation (&) is
satisfied for almost every y € Dy, where

Dy ={y e Ry|(t,y) eRT } = Ry.

Let us define the functions g1, g2, g3, h in the following way:

t t
t; = + — 9 ta = ta =Y,
91 (t,y) y(ﬂ a+y> 92 (,y) o 93 (t,y) =y

h(t,y,z1,29,23) = 21 + 22 — 23,
and let us now apply Theorem [l of Jdrai to (8) with the following casting:
Gi=f, Ga=hfh, Fa=f, Fi=Js
Z=7Z;=R, T=Y=X,=R,, (1=1,2,3).
Hence, the first assumption in Theorem [I] with respect to (§) holds. In the
event of fixed y, the function h is continuous in other variables, so the second

assumption holds, too. Because the functions in equation () are measurable,
the third assumption is trivially satisfied.

The functions g; are continuous, the partial derivatives

ta t
Dygi (t,y) = ——= + B, Daga(t,y) = ————=, Dags(t,y) =1
(y + ) (y+ @)

are also continuous, so the fourth assumption holds, too.

For each t € Ry there exists a y € Ry such that (t,y) € R and the
partial derivatives do not equal zero in (¢, y), so they have rank 1. Thus, the last
assumption is satisfied in Theorem [I1

As a result, from Theorem [I] we get that there exists a unique continuous
function C~¥1 which is almost everywhere equal to G; on R, and C~¥1, Gs, I, Iy
satisfy equation (7)) almost everywhere, which is equivalent to the equation

Gy (z(a+y)+Fi(y)=Ga(y(B+2)) + Fao(z) foralmost all (z,y) € R.
(9)
Thanks to a similar argument, we can prove the same for the function Gs.
From equation (@) with the substitution ¢t = y (8 + z), we get the equation

G2<t)—él<(§—@) <a+y>> +R() - B (5—5)
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which with a suitable casting, by Fubini’s Theorem, and the fact that the as-
sumptions of Theorem [I] are fulfilled again, gives us that there exists a unique
continuous function ég which is almost everywhere equal to G5 on Ry and G 1,
ég, Fy, F5 satisfy equation (7)) almost everywhere, i.e.,

él (x (o + y)) +F(y) = ég (y (B+ :l;)) + Fy (x) for almost all  (z,y) € Ri.

(10)

There exists such x that, with the substitution x = z¢, from equation (L0
we get that

Fi(y) = Ga(y (B +20)) + Fa (w0) — G1(zo (o +y)) (11)

holds for almost all y € R, and there exists such yq that, with the substitution
Yy = Yo, we get from equation (I0) that

Fy (z) = G1(z (a +y0)) + F1 (y0) — G2(yo (B + ) (12)

holds for almost all z € Ry. As él,égi R+ — R are continuous, there exist
unique continuous functions fl, FVQI R, — R, defined by the right-hand side
of the last two equalities which are almost everywhere equal to F; and F5 on
R, respectively, and if we replace F} and F, with f‘l and ﬁQ, respectively, the
functional equation

Gi(z(a+y)) + Fi(y) = Gay (B + ) + F> () (13)
is satisfied almost everywhere on Ri.

Both sides of (I3) define continuous functions on R3 which are equal to each
other on a dense subset of R?, therefore we get that (I3) is satisfied everywhere
on Ri.

Further, G = C~¥1, Gy = ég, F = Fvl and Fy = FVQ almost everywhere on R .

O

Therefore, it suffices to determine the general continuous solutions C~¥1, C~¥2,
Fi, F»: Ry — R of equation (I3) for all (z,y) € R3.

LEMMA 2. If the continuous functions C~¥1, 62, f‘l, Fy: R; — R satisfy the
functional equation ([I3) for all (z,y) € R2, then they are differentiable infinitely
many times on R, .

Proof. Let equation (I3]) be written in the form (8):

G1(t) =Gy (y <5+ O%y)) + B (ai?) — Fy (y) (14)

and let [a,b] C R4 be arbitrary and choose the interval [¢,d] C Ry arbitrarily,
too. Then [a,b] x [c,d] C R% holds.
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Integrating (I4) with respect to y on [c, d] we get

(d—c) G (¢ /Gg( <ﬂ+—y>>dy+/dﬁ2(%ﬂ)dy—/dfl(y)dy.

& C

We use the substitutions

in the first and second integral, respectively. We will show that these equations
can uniquely be solved for y if ¢ € [a, b].

a+ty a+y:

In the case Ty = wu, this is clear. In the case y (ﬂ + a+y) = u, this unique-
ness is ensured, namely, the derivative of the function y — g1 (¢,y):
ta
D291 (t7 y) B +—0
(@ +y)*

is positive on [a, b] X [¢, d], hence our function is strictly increasing. The solutions

2
—t—af+ —u+ af)” +4ap
y u—t \/(tzﬁu ) U ().

t
Y u 72(7)

are infinitely many times differentiable functions of ¢ and u. Performing the
substitutions, we have

Bd+ Sty i

~ 1 ~ ~

Gi)= 7= | [ GawDentwdu+ [ Faw)Doa(tuydu—c|.
Bet St are

d
c_/ﬁl(y)d

The functions ég, FVQ are at least continuous. Hence, by repeated application of
the theorem concerning the differentiation of parametric integrals (see e.g. [2]),
the right-hand side is differentiable infinitely many times on [a, b]. Since [a, b] is

an arbitrary subinterval of R, we have that G, is differentiable infinitely many
times on Ry . The differentiability of G2 can be obtained similarly.

With help of () and (I2)), we can deduce that F, and F, are also differen-
tiable infinitely many times on R, . O
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LEMMA 3. If the functions C~¥1, C~¥2, ﬁl, Fy: R; — R satisfy the functional
equation ([I3)) for all (z,y) € R and are twice differentiable on R, then there
exist constants c1, ca, v, 01, 92, 93, 04 € R, with d; + d3 = do + d4 such that

G (t) = ¢y Int +~t + 61, te Ry, (15)
G (t) = colnt +~t + 8, teRy, (16)
Fi(t) = —cyIn(t+ ) + coInt + Bt + b5, te Ry, (17)
Fy(t) =cyInt — caIn (t + B) + vat + 64, teRy. (18)

Proof. Differentiating (I3 with respect to z, then differentiating the resulting
equation with respect to y, we get

(a+y)xé’1’[(a+y)x} +C~¥’1[(a+y)x}
=(B+2)yGy[(B+x)y] +GH[(B+2)y],

where (z,y) € R%. It is easy to see that this can hold if and only if
tGY (1) + Gy (1) =7 =G5 (s) + Gy (s),  t,s€Ry

for some constant .
The general solution to the differential equations

tGY (1) + G () =7,  tERy,
and

sGy (s) + Gy (s) =7, seRs,
have the following forms

Gi(t)=ciInt+~t+0y, teR,,

62(8)2021H8+’78+52, seRy,

where
€1, C2, 7, 61; 62 eR

are arbitrary constants, thus we get (I5]) and (I6]). An easy calculation gives the
remaining for (I7) and (IJ).
It is easy to see that (&), (I€), (I7) and (I8) satisty ([@3) if

01 + 03 = 02 + d4.
O

Thus, as an immediate consequence of Lemma [I Theorem [2] Lemma 2] and
Lemma [3] for the measurable solution of equation (@) we get the following:
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THEOREM 3. The measurable functions h1, ha, fx, fy: Ry — Ry satisfy func-
tional equation (@) for almost all (z,y) € R if and only if

hy (z) = 2 exp (yx + 01) a.e. veRy,

ho () = % exp (yx + d2) a.e. v€Ry,
ye

fy (y) = WGXP(’Y»BCU+53) a.e. yeRy,
¢

fx () = W exp (yax + 64) a.e. € Ry,

where ¢1, ca,7,01, 02, 03,54 € R are arbitrary constants with §1 + d3 = dg + d4.

Remark 1. The previous theorem shows that h; and ho are gamma densities
(with parameters —v, ¢; + 1 and —v, co + 1, respectively). Thus, (X,Y’) has
gamma conditionals in this case.

Remark 2. In this special case, the joint density function is of the form

foxvy (2,y) = exp (61 + 83) 2y exp(y (ax + zy + By))
for almost all (z,y) € R2, i.e., the class of all solutions to () and (@) (in case
c(y) = a+_y, d(z) = ﬁ) coincides with the MODEL II gamma conditional
class (see [I]).

2.2. The a=p =0 case
From (), the following equation arises
G (zy) + 1 (y) = Ga (2y) + F» (x)
and with the notations
H(t)=Gi(t) - Ga (), F(H)=Fo(t), Gt)=—F ()
we get the equation
H (zy) = F(2) + G (y) (19)
for almost all (z,y) € R2, where F,G, H: R, — R are measurable functions.

Similarly as in Theorem[2] with help of Theorem[I] we can prove the following

THEOREM 4. If the measurable functions F,G,H: Ry — R satisfy equation
(IIQI) for almost all (x,y) € Ri, then there exist unique continuous functions

F.G,H:R, — R such that F = F, G = G and H = H almost everywhere, and

if F,G, H are replaced with F,G, H, respectively, then equation (I9) is satisfied
everywhere on R?..

72



FUNCTIONAL EQUATIONS STEMMING FROM PROBABILITY THEORY

Therefore, we only need the general continuous solutions F , é, H: Ry =R
to the Pexider equation

H(xy) = F (2) + G (y) (20)
for all (z,y) € R, which are the following:
H(t) = clnt+c1 + s (teRy),
F(t) = clnt+c; (teRy),
G(t) = clnt+cy (teRy),

where ¢, ¢1, co € R are arbitrary constants. With help of these solutions, Lemmal/[I]
and Theorem [l we can state the following

THEOREM 5. The measurable functions h1, ha, fx, fy: Ry — Ry satisfy func-
tional equation (@) in case o = B3 =0 for almost all (z,y) € R if and only if

hi(z) = et 2exp (G (z))z° a.e. =€ Ry,
ha (x) = exp (G2 (x)) a.e. r€eRy,
fx (z) = erpc™? a.e. ©€Ry,
fy (x) = e 2g—c! a.e. ©€Ry,

where Go: Ry — R is an arbitrary measurable function and c,c1,co € R are
arbitrary constants.

Remark 3. The joint density function in this case has the form

foxy) (2,y) = 2e@2@rer for almost all  (z,7) € R3.

3. Second problem

The second inquired case of the general equation () is the following. Let the
functions ¢, d be linear, i.e.,

cy)=M(a+y), d@)=Xx(@B+z) (r,y>0),
where A\, Ay are positive, o and 8 are non-negative constants.
Hence, from (@), we get the equation

. (/\1 (a+y)) Mty y W=t </\2 (B+:z;)> RS LG

for almost all (z,y) € R, where hq, ho, fx, fy: Ry — R,y are measurable
unknown functions, A1, Ao € Ry, a, 8 > 0 are arbitrary constants.

Easy calculation shows the validity of the following technical lemma.
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LEMMA 4. The positive measurable functions hy,ha, fx, fy satisfy equation (21])

for almost all (z,y) € R% if and only if the measurable functions Gy, G2, Fi,
Fy: Ry — R defined by

G () = —mlhg (%ﬂ)} Gs () = —m[hl (Aiﬁ)]

Fi(t) = In [%] Fo(t) = In [%} . (teRy)

satisfy the functional equation

6 (FE2) R = G (V5 ) 4 Fao) or atmostall(a.) € R,

Y
(22)
where o, 8 > 0 are arbitrary constants.

To get the measurable solution of equation ([22)) (and so (21])) satisfied almost
everywhere, we distinguish 2 cases:
(1) a® + B% #0;
(2) a=p=0.
3.1. The o? + 32 # 0 case

In this case, similarly as in Theorem [2] with help of Theorem [Il we can prove
the following

THEOREM 6. If the measurable functions G1,Ga, F1, Fo: Ry — R satisfy equa-
tion ([ZZI) for almost all (z,1y) € R%, then there exist umque continuous functwns
G1,G2,F1,FQ R+ — R such that é1 = Gl, GQ = GQ, F1 F1 and F2 Fy
almost everywhere, and if G1,Go, F1, F5 are replaced with G’l, G’g, Fl, FQ, re-
spectively, then equation 22) is satisfied everywhere on R3 .

Hence it is enough to determine the general continuous solutions Gl, Gg,
Fl, F2 R, — R to equation

él <$+,8

)+F}() 6;2(5”; )+F;(x) forall (r,y) €R2. (23)

The proof of the following lemma goes similarly as that of Lemma 21

LEMMA 5. If the continuous functions G1, Go, Fy, Fy: Ry — R satisfy the
functional equation [23) for all (x,y) € R2, then they are differentiable infinitely
many times on R .

From this we get immediately the following
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LEMMA 6. If the functions C~¥1, C~¥2, ﬁl, Fy: R; — R satisfy the functional
equation 23) for all (z,y) € R% and are twice differentiable on Ry, then Gy
and G satisfy the differential equations

G (1) + G (t) = m te Ry (24)
and
sGY () + G (s) = ﬁ s €R (25)

with some constant .

Proof. Differentiating (23)) with respect to z, then differentiating the resulting
equation with respect to y, we get

(136 (5)

Y
Y+ a + o ~ + o
o () )
x x

X

ZEQ

2

2
’ (xay) €R+‘

It is easy to see that this can hold if and only if
(at +B) [tlG (1) + G ()] =7 = (Bs + )’ [sGY (s) + Gy ()], s €Ry,

for some constant -y, which implies the statement of our lemma. O

3.1.1. The case a >0, >0

LEMMA 7. If the functions C~¥1, C~¥2, ﬁl, Fy: R; — R satisfy the functional
equation 23)) for all (z,y) € R and are twice differentiable on R, then there
exist constants ¢y, co, v, dy, do, d3, dgs € R, with di + d3 = ds + dy4 such that

~ _ _ 0

G1(t)—<c1 aﬂ>1nt+a,81n(at+ﬂ)+d1’ teRy,

Go(t) = (o — —L ) Int + L In (Bt + @) + do teR,
aﬂ aIB ) )

F (t) =c1Int+ ((32— %) In (t 4+ «) + ds, teRy,

ﬁQ (t) = (cl —alﬂ>ln(t+ﬂ)+021nt+d4, teRy.
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Proof. Because of LemmalB, G; and G satisfy the differential equations (24
and (25) with some constant «y, thus we have the following forms

él(t)—<c1—a—ﬂ>lnt+ ﬂln(at—}—,@)—&—dl, teR,

égt—<02——)l t+Lin(Bt+a)+ds, teR
0 L) mt+ L (st +a) ;
where ¢y, ¢z, di,ds € R are arbitrary constants, so C~¥1 (t) and ég (t) have the
required form. An easy calculation shows that the remaining assertions of the
lemma are valid as well. O

As a consequence of Lemma [4 and Lemma [{, we get for the measurable
solution to equation (2I)) the following:

THEOREM 7. The measurable functions h1, ha, fx, fy: Ry — Ry satisfy func-
tional equation ([21I) for almost all (z,y) € R2 if and only if

hi(t) = e~ % (\1)° (B + Ajat) " ap ae teR,,
ho (1) = e ™ (Mot)™ (a+ \ofBt) 2B ae teR,,
Fx () = eBngte (t+ ) ar Tt ae. teR,,
Fy (t) = eBAt (t+a)2 w7 t] a.e. teR,,

where c1,ca, ¥, dy,ds, d3,ds € R are arbitrary constants with di + ds = do + dy.

Remark 4. Theorem [7lshows that h; and hs are Pearson type VI distributions
(with parameters co + 1, E% —cg—1and ¢ +1, E% —c1 — 1, respectively), which
are also called beta distributions of the second kind (see [I]). In this case, the
marginals fx and fy have also the same Pearson type VI distribution.

Remark 5. The joint density function is of the form

fixy) (@,y) = exp (ds — d2) 22y (0w + By + ) =7

for almost all (z,y) € R%, thus the class of all solutions to (2) and (3] coincides
with an extension of the bivariate Pareto distribution introduced by Mardia

(see [, [6]).
3.1.2. The case a=0, >0

LEMMA 8. If the functions C~¥1, ég, ﬁl, FVQI Ry — R satisfy the functional
equation [23) for all (x,y) € R% and are twice differentiable on Ry, then there
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exist constants c1, co, 7, di, do, d3, dy € R, with di + d3 = do + d4 such that
i

Gy (t) = cllnt—}—?t—{—dl, teR,,
> v
GQ(t) = Cant—F@—FdQ, t€R+,

Fi(t) = (c1+cQ)1nt—%+d3, teRy,
Fo(t) =caln(t+8)+colnt +dy, teR,.

Proof. In this case, from Lemma [0 we get that the solutons to (23] can be
reduced to the solution to the differential equations

Gl (1) + G, (t) = % teR,
sGY (s) + G (s) = 72, seRy
(Bs)

and hence G 1 and ég have the form
Gi(t) = c1lnt + %Hdl, teR,,

ég(t) = Cghlt-f—l-f—dg, te Ry,

B2t
where ¢y, ¢z, di,ds € R are arbitrary constants, so C~¥1 (t) and ég (t) have the
required form. It can be easily proved that the remaining assertions of the lemma
are valid as well. O

Thus, for the measurable solution of equation (2I]) we get the following:

THEOREM 8. The measurable functions h1, ha, fx, fy: Ry — Ry satisfy func-
tional equation (1) for almost all (z,y) € R2 if and only if

_ My
hi(t) = e MD)Ze” P ae teR,,
b
hy (t) = e™ D (Maot) e P2t ae. tER,,
fx () = eB A (t+8)7T 2 ae teRy,
fy (t) = eBaatetle s ge teRy,

where c1,ca, v, d1,ds, d3,dy € R are arbitrary constants with dy +ds = do + dy.

Remark 6. One can easily get that in this case the joint density function is of
the form
% Btz

fx,yy (,y) = exp (dz — do) x?y“*e #* v for almost all (z,y) € Ri.
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3.1.3. The case aa >0, =0

LEMMA 9. If the functions C~¥1, ég, ﬁl, FVQI Ry — R satisfy the functional
equation [23) for all (z,y) € R% and are twice differentiable on Ry, then there
exist constants c1, co, 7, di, do, d3, dy € R, with di + d3 = do + d4 such that

él(t) :Cllnt-ﬁ-%-ﬁ-dl, te Ry,

Go (1) :c21nt+%t+d2, te Ry,

(
Fi(t) = cilnt + coln(t + o) + ds, teRy,
(

6!

Qt):(cl+02)lnt—£+d4, teR,.

Proof. In this case, the solutions to (23) can be reduced to the solution to the
differential equations

G (1) + Gy (1) = ——,  tERy,
(at)
sGY () +Gh () = 5. sERy,

and hence, él and ég have the form

C~¥1 (t) = cﬂnt—%—l

di, teR,,
a2t+ ! +
Go (1) = 021nt+%t+d2, te R,

where c¢1, ¢z, di,ds € R are arbitrary constants, so C~¥1 (t) and ég (t) have the
required form. One can easily see that the remaining assertions of the lemma
are valid as well. O

Thus for the measurable solution to equation (2I]) we get the following:

THEOREM 9. The measurable functions hy, ha, fx, fy: Ry — Ry satisfy func-
tional equation (ZII) for almost all (x,y) € R% if and only if

(t

—__
hi(t) = e 2 (M) e ™t ae tER,,
A
ho () = e ™ (M) e 2t ae. tER,,
fx () = eda \gtcrToatlo— 3t a.e. teR,,
fy () = eBXA (t+a)?T it ae teRy,
where ¢y, co, v, d1, do, d3, dy € R are arbitrary constants with di+ds = do+dy.

Remark 7. In this case, the joint density function is of the form

Yooty

foxyy (T,y) = exp (d3 — do) x2y“te” o2 =

for almost all (z,y) € R3.
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3.2. The a=p =0 case

From (22)) the following equation arises

6 (L) + 710 =G (L) + R

and with the substitution z — xy and the notations
1
H#t) = F(t), F()=Gi(t)—Gs (;) G(t) = Fi (1)
we get the Pexider equation
H (zy) = F (x) + G (y)

again for almost all (z,y) € R2, where F,G, H: R, — R are measurable func-
tions.

Let us use the result of Theorem [l hence we only need the general continuous
solutions F, G, H: R, — R to the Pexider equation 20) for all (z,y) € R
(the measureable solutions to the almost everywhere satisfied Pexider equation
are almost everywhere equal to these solutions), which are the following:

I;T(t) = clnt+cy + co, (teRy),
F(t) = clnt+cq, (teRy),
G(t) = clnt+ ¢y, (teRy),

where ¢, ¢y, co € R are arbitrary constants.
With help of these solutions and Lemma [Tl we can state the following

THEOREM 10. The measurable functions hy, ha, fx, fy: Ry — Ry satisfy func-
tional equation 1)) in case a = B =0 for almost all (z,y) € R% if and only if

= exp (—Gg (ﬁ)) a.e. x€R,,

()
ho () = e exp (—Ga (M\2z)) (A2w)® a.e. xRy,
fx (z) = e pga Tt a.e. x€ER,,
fy (@) = e=xat! a.e. x€E€R,,

where Go: Ry — R is an arbitrary measurable function and c,c1,co € R are
arbitrary constants.

Remark 8. The joint density function in this case has the form

*GQ(%)JrCz

Jxy) (,y) =y for almost all  (x,y) € Ri.
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