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STRICT DENSITY TOPOLOGY OF THE PLANE.
CATEGORY CASE

MALGORZATA FILIPCZAK — WLADYSEAW WILCZYNSKI

ABSTRACT. We study the properties of category density topology of the plane
generated by a restricted convergence in the category of double sequences of char-
acteristic functions

{X((nm)-(A=(20, 40NN (= 111X [~ 1.1]) F e

and more interesting topology generated by a strict convergence in the category
of the same sequences, which is a natural modification of a previous one. Similar
problems for measure density were considered in [M. Filipczak, W. Wilczyriski:
Strict density topology on the plane. Measure case (in preparation)].

It is well-known that if (X, .S, 1) is a finite measure space, then the sequence
{fn}nen of S-measurable real functions defined on X converges in measure
to a function f: X — R if and only if for each increasing sequence {n,,}men
of positive integers there exists a subsequence {rnm, }pen such that {f,,, }pen
converges to f p-almost everywhere. From the above it follows that the con-
vergence in measure can be described in terms of o-algebra S and o-ideal of
p-null sets (without the measure p itself). Suppose now that (X, 7) is a topo-
logical space, B C 2% is a o-algebra of the sets having the Baire property, and
Z C B- a o-ideal of the sets of first category. We will say that the sequence
{fn}nen of B-measurable (having the Baire property) real functions defined
on X converges to a function f: X — R in category if and only if for each
increasing sequence {n,,}men of positive integers there exists a subsequence
{nm, }pen such that {f,, }pen converges to f except on a set of first category
(in abbr. Z-a.e.). This kind of convergence has been studied in [W]. In the se-
quel, we will use the convergence in category when X = R or R? in both cases
equipped with the natural topology.

The classical density topology has been described in [GNN]. For the conve-
nience of the reader, we will recall basic definition and properties of this topology
(compare Ol Chapter 22]).
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Let £ be a o-algebra of Lebesgue measurable subsets of R and A—a linear
Lebesgue measure. A point zg € R is called a density point of a set A € L if and

ly if
ony  AMAN[zo — hyz0 + R))
lim
h—0t 2h
If (A) = {z € R : z is a density point of A} for A € L, then the operator
®: £ — 2% has the following properties:

1) for each A € L, A(AA{)(A)) = 0 (the Lebesgue Density Theorem),

2) for each A, B € L, if \(AAB) = 0, then ®(A) = ®(B),

3) ©(0) =0, 2(R) =R,

4) foreach A,B e L, (AN B)=P(A)NO(B).

Moreover, the family 7; = {A € L: A C ®(A)} is a topology of the real line
stronger than the natural topology (7 is called the density topology). Observe
that Tg C L is closed under arbitrary unions, while £ is only a o-algebra. Observe
also that in fact ®: £ — £, which follows immediately from LDT.

n [PWW], it was observed that the definition of a density point can be
formulated in terms of the convergence in measure. Indeed, if we denote n- A =
{nt:teAland A—z={t—x:te A} forne N, x € R and A C R, then the
following conditions are equivalent for A € £ and xy € R:

/\(Aﬂ[a?o*h,afo%*h}) _ 1
2h

=1.

)

a) limy, 0+
AAN[zo— 5 wo+5])

b) =
c) limy, o0 A (n (A—x0)N[—1, 1]) =2,
)

d) a sequence {X(n (A—a0)N[— 11)}n N of characteristic functions converges
in measure to X[-1,1]

limy, 00 =1,

Since the convergence in measure (as we observed earlier) can be formulated
without using the measure, it follows that the definition of a density point re-
quires only to take subsequences from subsequences of the sequence of char-
acteristic functions of expanded and translated sets. This observation was the
starting point in [PWW] for the construction of a category analogue of the den-
sity topology of the real line. Namely, a point xg is an Z-density point of a set
A C R having the Baire property if and only if the sequence of characteristic
functions described in d) converges in category to x(—1,1]. The Z-density topol-
ogy is defined as 7z = {A € B: A C ®7(A)}, where ®7(A) denotes the set of all
Z-density points of A.

In this paper, we present a category density-type topology of the plane related
to the strong Z-density topology considered in [CW]. To make the text more self-
explaining, we start with the definition of the strong density topology in R? and
its category analogue.
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Let L3 be a o-algebra of Lebesgue measurable subsets of R? and Ay—a two-
dimensional Lebesgue measure. We say that (x¢,y0) € R? is a strong density
point of A € L if and only if

i 22(AN ([zo — h,xo + h] X [yo — K, yo + k)
im
h—0t 4hk

k—0t
It is known that if ®4(A) = {(x,y) : (z,y) is a strong density point of A} for
A € Lo, then the operator ®,: Lo — 2% has the following properties:

1) for each A € Lo, A\2(AAD,(A)) = 0 (the Lebesgue Density Theorem,
see [S| p. 129]),

2) for each A, B € Ly, if \o(AAB) = 0, then ®4(A) = @4(B),

3) (0) =0, ®,(R?) = R?,

4) for each A,B € Ly, ®,(ANB) = ¢,(A) N D, (B).
Moreover, the family 7; = {A € L3 : A C ®,(A)} is a topology stronger than
the natural topology of the plane called the strong density topology (compare
[GNN]).

For our purposes, it will be more convenient to use the following (equivalent)

definition of a strong density point (compare [FW]): (zo,%0) € R? is a strong
density point of A € L if and only if

Aa(AN ([wo — 2,20+ 2] X [yo — =, %0 + =]))

=1.

g, 111 =1
m—» 00 n m

The following observation will also be useful: a double sequence of real numbers
{Sn,m }n,men converges to g if and only if for all increasing sequences of positive
integers {ny }ren, {m}tren, we have limg_ o0 Spy m, = 9.

Let now Bs be a o-algebra of subsets of R? having the Baire property and
Tr,—a o-ideal of first category subsets of R% We shall use the following denota-
tion: (n,m) - A = {(nz,my) : (z,y) € A} and A — (0, y0) = {(z — 20,y — ¥0) :
(z,y) € A} for A C R% n,m € N and (zo,y0) € R% We say (compare [CW])
that (xg,y0) € R? is a strong Zp-density point of A € By if and only if a se-
quence { fn,m}n,men, Where fr = X((n,m)-(A—(z0,y0))N([-1,1]x[~1,1]))> CONVerges
in category to x[—1,1]x[~1,1]- We will use the following denotation:

X((n,m)-(A—(z0,y0))N([~1,1]x[~1,1])) —2 X[-1,1]x[~1,1]-

n,m—oo
Observe that it means that for all increasing sequences {ny }ren, {mx}ren there
exists an increasing sequence {k,}pen such that {fn, m, }pen converges
to X[—1,1]x[-1,1] Z2-a.e. If &7 (A) = {(2,y) : (z,y) is a strong Z»-density point
of A} for A € Bs, then the operator 7 : By — 2% has the following properties
(see [CW]):

a7



MALGORZATA FILIPCZAK — WLADYSEAW WILCZYNSKI

1) for each A € By, AAD (A) € Iy,
2) for each A, B € By, if AAB € Iy, then &7 (A) = &7, (B),
3) ®7,(0) =0, &7, (R?) = R?,
4) for each A, B € By, 7. (AN B) = &7, (A) N &7 (B).
Also, the family 7z, = {A € By : A C ®7_(A)} is a topology stronger than
the natural topology in the plane (7z, is called the strong Z,-density topology).
In [Chl p. 18] one can find the following definition: a double sequence

{Sn,m}n,meN

of real numbers converges in the restricted sense to s if and only if for each e > 0
there exists ng € N such that |s, , — | < € whenever n +m > ng. It is not
difficult to observe that the above condition is equivalent to the conjunction of
the following three conditions:

a) limy, o0 Sp,m = s for each m € N,

b) limy, oo Sn,m = s for each n € N,

c) lim:;:: Sn.m = 8.

The convergence in the restricted sense of the mean density of A on rectangles

has been used for the construction of topologies in [F'W].

It is natural also to consider the convergence in the restricted sense of a double
sequence of real functions. Using the above observations, we will introduce the
following definition:

DEFINITION 1. We say that a point (zg,y0) € R? is a point of restricted
Z5-density of a set A € By if and only if:

e
12 for each m € N, X((n,m)-(A~(o.u0) ([~ 11x[~1,1])) 777 X[=11]x[~1,1];
o s
2¢ for each n € N, X((n,m)-(A(z0,50))"([~1,1]x[~1,1])) T-— — X[~11]x[~1,1];

3% X((n.m)-(A—(z0,90))N([~1.1]x[~1,1])) —= X[=1,1]x[-1,1]-

n,m—0o0

We say that a point (xg,yo) is a point of restricted Zp-dispersion of a set
A € By if and only if it is a point of restricted Z-density of R? \ A.

EXAMPLE 1. There exists a set A C R? having the Baire property such that
(0,0) is a point of restricted Z,-dispersion of A and for any h > 0, the set
AN ([=h, h] x [=h, h]) is of second category.
Let
A:{(x,y):0§x,0§y,x§y§x+x2}.
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For any fixed m and n > m,

(n,m)- AN ([~1,1] x [-1,1]) =

{(x,y) e (0,1 x[0,1)): 2z <y< %(H ‘f)}

Hence, lim,, o0 ((n-m) - AN ([-1,1] x [-1,1])) = {(0,0)} € Z,, and

Z
X((n,m)-An([-1,1]x[~1,1])) ﬁ Xe:

It means that the set R?\ A fulfills condition 1° In an analogous way, we check
that R? \ A fulfills 2°.

We will prove that (0,0) is a strong Z,-dispersion point of A.

Take two increasing sequences {ny }ren, {mx }ren. We want to show that there
exists an increasing sequence {k,}pen such that

lirrisup((nkp,mkp) AN ([-1,1] x [-1,1]) € L.

Observe that there exists a sequence {kp},en such that either

. Mg, . Mg, . Mg,
lim =a€ (0,00), or lim =0, or lim = +o0.
P00 N, P—o0 Ny, pP—o0 Ny,

In the first case, we have

pli_}rgo((nkp,mkp) AN ([-1,1] x [-1,1]) {(m,ax) S [O, %]} € 1.
Indeed, the Hausdorff distance between the set
((nk,,,mkp) . A) N ([—1, 1] x [-1, 1}) and {(:z:,ax) cx € {O, %]}
tends to zero when p tends to infinity. Similarly, one can prove that in the second

and the third case, we have

limsup ((ng,, mx,) - A) N ([-1,1] x [-1,1]) € {(0,0)}.

p— 00

Thus, the set R?\ A fulfils 3°.

EXAMPLE 2. Let B = {(z,y) : 2? < |y| < y/|#|} and A = R?\ B. It is easy to
verify that conditions 1° and 2° are fulfilled for (0,0) while (0, 0) is not a strong
Zo-density point of A.

Let @7, (A) = {(z,y) € R? : (z,y) is a restricted Zo-density point of A} for
A € By. We observe at once that @7, (A) C 7, (A) for each A € Bs.
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Remark 1. Observe also that condition 1° holds if and only if

I
X((n,1)-(A=(20,50)N([=1,1]x [~1,1])) —— = X[~1,1]x[~1,1]-
The necessity is obvious. To prove the sufficiency, take m € N. To simplify the
denotations, put
Frim = X((nm)- (A= (wo,50)N([=1,1]x [~ 1,1]))-
Then, we have

Z
fn,l —— X[-1,1]x[-1,1]»
n—oo

o)
T
However,
Fam(@s9) = fua (2, 2) or (2,9) € [1,1] x [-1,1],
o)

B

Jn,m X[-1,1]x[~1,1]-
n—oo

The same remark concerns 2°.

THEOREM 1. The operator 1. : By — 2% has the following properties:
2) for each A, B € Bg, if AAB € Iy, then ®1,(A) = ®7.(B),
3) ®7,(0) =0, ¢z, (R?) = R?,
4) for each A, B € By, 7, (AN B) = &7, (A) N Pz, (B).
The proof is straightforward. O

Remark 2. &7, ((—00,1] xR) = (—o0,0] x R, so the analogon of LDT does not
hold.

THEOREM 2. The family Tz, = {A € By : A C @1, (A)} is a topology.

Proof. () and R? belong to Tz, by virtue of 3. 7z, is closed under finite inter-
sections by virtue of 4. If A C 7z,, then also A C Tz,, because &z, (A) C @z, (A)
for A € By. Hence, UA € Tz, C Bs. Since A C &7, (A) for A € A, we have also
A C @7, (UA) for A € A, because &7, is monotone (which follows immediately
from 4)). Finally, UA C ®7,(UA), which finishes the proof. O

THEOREM 3. If A € By, then &1, (A) € Bs.

Proof. Suppose that A € By and put
U1 (A)

Is
= {(x,y) € R X((n,1)-(A—(2.9)([—1,1] X[~ 1,1])) — X[—1,1]x[—1,1]}7
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Wa(A)

Z
= {(x,y) eR*: X((1,m)-(A=(z,y)N([—1,1]x[-1,1])) ﬁ X[—1,1]x[—1,1]} .

Since @7, (A) = ¥1(A)NTo(A)ND7, (A), it is sufficient to prove that ¥y (A) € By
and Wy(A) € By. We shall prove this for ¥y, the proof for ¥y remains being
similar.

If A € By, then A = (G\ P1)UP,, where G is a regular open set in the natural
topology in R% Pp, P, € T,. It is easy to check that W;(A4) = ¥;(G), so it is
sufficient to prove that ¥, (G) € B,.

Let G1 = Int(R? \ G). We have R? = G UFrG U G, (a disjoint union).

For any square @@ = (a,b) x (¢,d) we will denote by Q* the rectangle

(a,b) x (c—1,d+1).
Let Go = UQ* where the union is taken over all squares Q C G1. Obviously, G-
is an open set. We will show that ¥;(G) NGz = 0.

Fix a point (z,y) € G2. There exists a square @ = (a,b) X (¢,d) C Gy such
that (z,y) € @* There are three cases: d <y <d+1l,c<y<dorc—1<y<ec
Ifd<y<d+1,thend—y>—1, and

(n,1) - (G = (z,9)) N ([, 1] x (~Ld—y)) =0
for sufficiently big n (such that + < min{b— =,z —a}). Hence (in the denotation
of Remark 1), the sequence { f,, 1} does not converge in category to X[~1,1]x[~1,1]

and (z,y) ¢ U1 (G).

If ¢ < y < d then, for sufficiently big n,

(nal) : (G_ (51371/)) N ([_171] X (C_yvd_y)) = @

and again, (x,y) ¢ ¥1(G). The third case is analogous to the first one.

Let G3 = Int(R?\ Gg). Since R2\ Gy C R2\ G; = GUFrG = G and G is
a regular open set, we have G3 C G. Obviously, G3 is an open set, so for any
(z,y) € G3 there exists a square

Q=(@x—hz+h)x(y—hy+h)CGs.

It is not difficult to observe that Q* C G. From this it immediately follows that
(xay) € ‘IJI(G)

Finally, we have G3 C ¥1(G) C R?\ G5 and R?\ Gy = G3 UFr Gy, so R?\ G
differs from G3 on nowhere dense set. Hence, ¥1(G) € Bs. O
THEOREM 4. Tz, = {0} U{R%\ P: P € T,}.

Proof. Suppose that A € Tz, and R? \ A ¢ T,. Then there exists a square
Q@ = (a,b) x (¢,d) such that Q N A € Zs.

From the proof of the previous theorem, it follows that Q* N &z (A) = 0, so
also Q* N A =0.1If Q1 = (a,b) X (e, f) is an arbitrary square included in Q%
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then again we have Q N A = (). Repeating this argument, we obtain that the
vertical strip (a,b) x R is disjoint with A. Starting from the square (a, b) x (¢, d)
for arbitrary (c,d) C R, we similarly obtain that the horizontal strip R x (¢, d)
is disjoint with A. Hence, A = (. O

A similar result for measure has been obtained in [FW].

From the latter theorem, it follows that the topology 7Tz, is not very interest-
ing. We will consider some modification of definition which leads to the topology
between the natural topology and the strong Z,-density topology in R2

DEFINITION 2. We say that a point (z,yo) is a strict Zo-density point of a set
A € By if and only if:
1° there exists mg € N such that -
X ((n,mo)-(A=(0,y0))N([—1,1]x[~1,1])) m X[=1,1]x[-1,1]5
29 there exists ng € N such that .,
X((no,m)-(A=(z0,y0))N([~1,1]x[~1,1])) = X[~1,1]x[~1,1];

3% X((n.m)-(A—(z0,90))N([~1.1]x[~1,1])) —= X[=1,1]x[~1,1]-

n,m—0o0

Observe that (similarly like after the previous definition) the convergence
for mg in 1° implies the convergence for each m > mg, and similarly in 2°.

Let @7, (A) = {(2,y) : (z,y) is a strict Zo-density point of A € By }.

THEOREM 5. The operator @1, : Ba — 2% has the following properties:
1) for each A € By, AADP7_,(A) € Is,
2) for each A, B € Bq, if AAB € Iy, then ®1_,(A) = ®7_,(B),
3) @7.,(0) =0, ¢z, (R?) = R?,
4) for each A,B € By, ®7,,(ANB) = ®7_,(A) N &7, (B).

Proof. The proofs of 2), 3) and 4) are straightforward.

1) Let A = (G\ P1) U P», where G is open in the natural topology of R_Q,
Py and P, are of first category. Then, it is easy to see that G C ®7,,(4) C G,
so GAPz ,(A) C G\ G € Iy, and finally, AA®7_, (A) € Iy since AAG € Z,. O

COROLLARY. If A € By, then ®1_,(A) € Bs.
Proof. It follows from 1). O

THEOREM 6. The family Tz,, ={A€Bo: AC®1,,(A)} is a topology stronger than
the natural topology T in R? and weaker than the strong Iy -density topology Tz. .
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Proof. ) and R? belong to 7z,, by virtue of 3). The family 7z,, is closed with
respect to finite intersections by virtue of 4). If A C Tz_,, then A C Tz, and so
UA € B,. From 4) it also follows that if A C B, then ®7,(A) C ®7,,(B),
so ®7,(A) C ®7,(UA) for each A € A. Since also A C &7, (A) from the
definition of 77,,, we immediately have UA C ®z_,(UA) and UA € Tz_,, which
means that 7z_, is closed under arbitrary unions.

The set (R\ Q) x (R\ Q), where Q stands for the set of all rational numbers,
belongs to 7z., but not to the natural topology in R2

Let E = U2 | (ak, by), where b1 < ap < b, for k € N, be a set for which 0
is the right-hand Z-density point, F = EU (—E) and H = (F x F) U {(0,0)}.
Then, (0,0) is a strong Zy-density point of H and, since H \ {(0, 0)} is open
in the natural topology on the plane, H € Tz, .

On the other hand, for any fixed mg € N, the second category set

[—1,1] x (mo' (U(karl’ak)))
k=1

(n,mo) - HN ([-1,1] x [-1,1])

for all n € N. Therefore, condition 1° from Definition 2 is not fulfilled and,
consequently, H does not belong to Tz, O

is disjoint from the set

THEOREM 7. (R2 T7.,) is a Hausdorff but not reqular space.

Proof. Since 7z, is stronger than the natural topology in R? it is obviously
Hausdorft.

The set A = (Q x Q) \ {(0,0)} is Tz,,-closed and cannot be separated from
(0,0). Indeed, if U € Tz,,, U D Aand U = (G1\ P1)UPs, where G is open in the
natural topology in R% Py, P, € Iy, then G is dense in R2 Also, if V € Tz,

(0,0) € V, and V = (G2 \ P3) U Py, where G5 is open, Ps, Py € Ty, then Go # 0.
Hence, G1 N Gy # 0, and finally U NV # ). O
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