TAIRA
Tatra Mt. Math. Publ. 46 (2010), 71-77 MOUNTaNS

DOI: 10.2478/v10127-010-0021-x Mathematical Publications

wQN SPACES AND RELATED NOTIONS

JAROSLAV SUPINA

ABSTRACT. We discuss modifications of wQN and SSP properties for semi-
continuous functions with values in some special sets of reals and we give the
relations among these notions. We present direct proofs of wQN, — wQN* and
SSP. — SSP*

1. Preliminaries

In this paper, a space X is an infinite perfectly normal topological space and
all functions are functions on a space X to a set of reals A, where we will deal
with A being one of the sets R, [—1,1], [0,00), [0,1]. A function f is said to be
lower semicontinuous (upper semicontinuous) if for every real number r the set

F(ro0) ={zeX: f(z)>r) (f_l((—oo,r)) —{zeX:f()< r})

is open in a space X, respectively. By C,(X, A), LSC, (X, A), USC, (X7 A) (com-
pare [3]) we denote the set of all continuous, lower semicontinuous, upper semi-
continuous functions from X to A, respectively. All these sets are closed under
minimum and maximum of finitely many functions. If A € {R, -1, 1]}7 then
f € LSC,(X, A) if and only if —f € USC, (X, A).

The notation “f;, — f (on X)” means that the sequence of functions (f,,: n€ w)
converges on X to f pointwise. “f, \, f (on X)” means that f,, — f (on X)
and f, > fa+1 = f,n € w. A sequence of functions (f, : n € w) converges
quasi-normally to f on X, written f, Ay f (on X), if there exists a sequence
of positive reals (g, : n € w) converging to zero such that |f,(z) — f(z)| < &,
holds for all but finitely many n € w for any x € X.
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A space X has the property QN(A) if each sequence from C,(X,A) con-
verging to zero converges to zero quasi-normally. X has the property wQN(A),
wQN, (4), wQN*(A) if each sequence from C,(X, A), LSC, (X, A), USC,, (X, A),
respectively, converging to zero contains a subsequence that converges to zero
quasi-normally. X has the property SSP(A), SSP.(A), SSP*(A) if for each se-
quence of sequences ((fn,m : m € w) : n € w) of functions from C,(X, A),
LSC,(X, A), USC, (X, A), respectively, such that f,, , — 0 for any n € w, there
exists a sequence (m, : n € w) such that f,,, — 0. Argument A in QN(A),
wQN(A) or SSP(A) properties is superfluous because

QN(R) = QN([-1,1]) = QN([0, 50)) = QN ([0, 1)),
and similarly for wQN(A) or SSP(A). Therefore, we write only QN, wQN or
SSP.

A family 4 C P(X) is a cover of X if X = UU and X ¢ U. An infinite
cover U is a 7y-cover if every x € X lies in all but finitely many members of U.
A ~-cover U is shrinkable if there exists a closed ~y-cover V which is a refinement
of U. T(X) (or T') denotes the set of all countable open v-covers and T's}(X)
(or 1) denotes the set of all countable open shrinkable y-covers. Let A, B be
families of covers of the space X. X possesses the property S;(A, B) if for every

sequence (U, : n € w) of covers from A there exist sets U, € U,, n € w such
that {Up; n € w} € B.

2. Introduction

The main results related to relations mentioned above are summarized in [2].
If we add a result of [3], we can get the following Diagram of implications and
equivalences:

SSP,([0,1]) —— SSP*([0,1]) ——  SSP

| | |
QN —  Si(I,T) —— Si(T*hT)
| H

wQN, ([0,1]) —— wQN*([0,1]) —— wQN.

Moreover (see, e.g., [2]), there is a model of ZFC, where all of these properties
are equivalent, and there is a model of ZFC with an S;(T",T')-set which is not
a QN-set. Hence, S;(I',T') — QN is undecidable in ZFC. We do not know if the
second reversed implication, e.g., S; (%, T") — S;(I',T) holds. The implication
wQN — S¢(I',T") is known as Scheepers conjecture (see, e.g., [2]).
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3. Direct proofs

The “semicontinuous” asymmetry in the Diagram was a motivating factor.
By the Diagram, implications wQN, ([0, 1]) — wQN* ([0, 1]) and SSP, ([0, 1]) —
SSP*([0,1]) hold true and the above mentioned model shows that one cannot
prove the reversed implications in ZFC. However, none of these implications was
proved directly, they are only consequences of implication QN — S;(I",I") and
equivalences QN = SSP,([0,1]) = wQN,([0,1]) and S;(I,T) = SSP*([0,1]) =
wQN* ([0, 1]) We will present the proof using USC([O, 1]) property investigated
in 4[] The following lemmas are mentioned in a modified shape in [I].

The characteristic function , of the set A C X is defined as 1 for x € A and
as 0 for x € X \ A.

LEMMA 3.1. For f € USC,(X,[0,1]) there exists a sequence (f, : n € w) of
functions from USC, (X, [0, 1]) such that f, \ f and f, is a finite linear com-
bination with positive coefficients of characteristic functions of closed sets.

Proof. Let f € USCP(X, [0, 1]) and, for n € w and i € {0,...,2" — 1},

An’i—{xeX:f(x)Z%},

then A, ;41 C A4, ; for i € {0,...,2" —2}. If we define (f,, : n € w) by

2" —1

Fol@) = 5 3 X, (2),
=0

then (f, : n € w) is a sequence of upper semicontinuous functions because for any
r € [0,1] the set f;7([0,7)) is one of the sets X\ Ay, ; for some i € {0,...,2"—1}.
Due to property that each real from unit interval [0, 1] is expressable by infinite
sum of negative powers of 2, we also have f,,\, f. O

LEMMA 3.2. If a set A C X is closed, then there is a sequence (f,: n€ w) of
continuous functions such that fn, "\ x ,. Hence, if h is a finite linear combination
with positive coefficients of characteristic functions of closed sets, then there is
a sequence (hy, :n € w) of continuous functions such that hy, ™\ h.

Proof. Let A C X be closed. Since X is perfectly normal, there are open
sets B, such that A = N, B,. Setting A,, = N} ,B;, we obtain A,; C A,
with A = N, A,. Again, X is perfectly normal, therefore there are continuous
functions g,, such that g, (z) =1 for z € A and g, (z) =0 for z € X \ A4,,. For
any n € w we can set

LOriginally denoted as (USC).
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Jo = 9o,
fn1 = min{fna gn+1};
and we obtain (f, : n € w) such that f, > f,41, fu(z) =1forz € A, f,(z) =0
forz € X \ A, forn € wand f,\  x,-
Let i € {0,...,k} and k € w. If h = COXa, T "+ kX4, for A; closed and

¢; > 0, then there are h;, € C, (X, [0, oo)) such that h; ., N X, The desired
sequence is hy, = cohon + -+ cphpn, 1 € w. O

For a set of functions ® C 4R we denote
Pt={feR; 3f, €D, new) f, \, fon A}.
If @ is closed under minimum of finitely many functions, then (®+)+ = &+,

LEMMA 3.3. For any f € USCp(X, [0,1]) there are f, € Cp(X, [0, 1]),11 cw
such that fn, ™\ f.

Proof. By Lemma[31] there is a sequence (h,, : n € w) of upper semicontinuous
functions such that h, N\, f and by Lemmal3.2 h,, € C, (X, [0, 1])¢ for any n € w.
Therefore, there is a sequence (hy, ,, : m € w) of continuous functions such that
hnm ¢ hy, for n € w. Finally, due to (CP(X, [0, 1])¢)i cGC, (X, [0, 1])i there is
a sequence (f, : n € w) of continuous functions such that f,,\, f. O

By [4], we say that a space X has a property USC([0, 1]) if, whenever a se-
quence (f, : n € w) of functions from USC, (X, [0, 1]) converges to zero, there
is a sequence (g, : n € w) of functions from C,(X,[0,1]) converging to zero
such that f, < g,, n € w. H. Ohta and M. Sakai [4] proved that every
perfectly normal QN-space has property USC([O, 1]) As the Diagram shows,
QN = SSP,([0,1]). This means that SSP,([0,1]) — USC([0,1]). We can prove
this fact by Lemma [3.3] as well.

THEOREM 3.1. SSP, ([0, 1]) implies USC([0, 1]).

Proof. Let (f, : n € w) be a sequence of functions from USC, (X, [0, 1]) such
that f, — 0 on X. By Lemma B3 there are g,,, € Cp(X,[0,1]), m € w
such that g, ¢ fn for any n € w. Therefore, functions f, ., = gn.m — fn €
LSCP(X, [0, 1]), n,m € wand fpm,m \ 0, n € w. By SSP*([O, 1]), there is a se-
quence (m, : n € w) such that f, ,,,, — 0. Since gn m, = fn,m, + fn, We obtain
In,m, — 0. [l

Now, it is easy to prove the implications mentioned in the introduction of this
section.

THEOREM 3.2. wQN, ([0,1]) implies wQN*([0,1]).
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Proof. WQN*([O,l]) implies SSP*([O,l]) by the Diagram and this implies
USC([O, 1]) by Theorem Bl Let f, € USCp(X, [0,1]), n € w and f, — 0 on X.
By USC([0,1]), there is a sequence (g, : n € w) of functions from C, (X, [0,1])
such that f, < g, for any n € w and g, — 0. By wQN, ([0,1]), there exists

a sequence (n,, : m € w) such that g, 2 0 with a control (€m : m € w). Then,
frm 2% 0 with the control (Em 1 m € w) as well. O
THEOREM 3.3. SSP,([0,1]) implies SSP* ([0, 1]).

Proof. Let SSP,([0,1]) hold true and f, , € USC,(X,[0,1]), n,m € w such
that f,, ,m» — 0 for n € w. By Theorem B.1], there are g, ,, € Cp (X, [0, 1]) such
that fr.m < Gnm, n,m € w and gn.,m — 0 for n € w. By SSP*([O,l]), there

is (my : n € w) such that g, ,, — 0. Since frm, < Gnm,, N € w, we have
frnm, — 0. O

4. Range of functions

As we have noted, the considered properties related to continuous functions
do not depend on which set from R, [—1, 1], [0, 00) or [0, 1] is taken in their defi-
nitions as a range of functions. However, the modifications with semicontinuous
functions do. In this section, we present the relations among such modified no-
tions. Many of them are based on simple properties of semicontinuous functions.

THEOREM 4.1. wQN_(R) if and only if wQN*(R).

Proof. (f, : n € w) is a sequence of functions from USC,(X,R) converging
to zero if and only if (—f, : n € w) is a sequence of functions from LSC, (X, R)
converging to zero and vice versa. Therefore, by wQN, (R), there is a subse-
quence (—f, :m € w) converging to zero quasi-normally and finally also the
subsequence (f,, :m € w) converging to zero quasi-normally due to equility

|fr..] = | = fn,,| for m € w. Conversely, using wQN*(R) on (—f, : n € w)

from USC,(X,R) converging to zero, we obtain a subsequence (f,,, :m € w)

converging to zero quasi-normally. O
Similarly,

THEOREM 4.2. wQN, ([~1,1]) if and only if wQN*([—1,1]).

THEOREM 4.3. wQN, ([0,1]) implies wQN, ([0, 0)).
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Proof. Let (f, : n € w) be a sequence of functions from LSC, (X, [0,00)) con-
verging to zero and let us define (g,, : n € w) by g, = min{ f,, 1} for n € w. This
sequence converges to zero due to the convergence of f,, and g, € LSC,, (X .0, 1))
for n € w. By wQN, ([0, 1])7 there is a subsequence {(g,, :m € w) converging to
zero quasi-normally with a control (g,,, : m € w). Then, (f,, : m € w) converges
to zero quasi-normally with the same control (¢, : m € w). O

Similarly we can prove:
THEOREM 4.4. wQN*([0,1]) implies wQN™ ([0, 00)).
THEOREM 4.5. wQN, ([—1,1]) implies wQN, (R).

Proof. Let (f, : n € w) be asequence of functions from LSC, (X, R) converging
to zero. If g, = min{max{f,, —1},1}, then g, € LSC,(X, [—1,1]) for any n € w.
By wQN, ([-1,1]) there is a subsequence (g, : k € w) converging to zero quasi-
normally with a control (¢; : k € w). The subsequence (f,, : k € w) is then
convergent to zero quasi-normally with the same control (g : k € w). O

For a function f we denote f™ = max{f,0} and f~ = max{—f,0}. Then,
f=f"—f.If f e LSCy(X,[-1,1]), then f* € LSC,(X,[0,1]) and f~ €
USC, (X, [0,1]).

THEOREM 4.6. wQN, ([0, 1]) implies wQN, ([—1,1]).

Proof. Let (f, : n € w) be a sequence of functions from LSC,(X,[-1,1])
converging to zero. Then both sequences (f;F : n € w), (f, : n € w) converge to
zero and f,;F € LSC,(X,[0,1]), f,, € USC,(X, [0,1]) for n € w. By wQN, ([0, 1]),
there is a subsequence ( fnff : k € w) converging to zero quasi-normally with a
control (§y, : k € w). Since wQN_ ([0, 1]) implies wQN*([0, 1]) by the Diagram,
there is a subsequence ( f;kl : | € w) converging to zero quasi-normally with a
control (g; : | € w). If oy = 2 max{ey, oy, }, then the subsequence (f,, :1 € w)
converges to zero quasi-normally with the control (o : | € w). ' O

Summarizing results of proved Theorems, we get the following corollaries.

COROLLARY 4.1. The following properties are equivalent:
WQN*([07 1})’ WQN*([O’ OO))7 WQN*([_Ll])? WQN*([_L 1])7 WQN*(R)’ WQN*(R)

COROLLARY 4.2. The following properties are equivalent:
wQN*([0,1]), wQN*(]0, 00)).

As we have already mentioned, a model of ZFC with an S;(I",T")-set which
is not a QN-set, all of the above modifications of wQN, and wQN* cannot be
equivalent.

Analogous relations hold true for modified properties of SSP, and SSP* as well.
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COROLLARY 4.3. The following properties are equivalent:
SSP. ([0, 1]), SSP. ([0, >)), SSP.([-1,1]), SSP*([-1,1]), SSP.(R), SSP*(R).

COROLLARY 4.4. The following properties are equivalent:
SSP*([0, 1]), SSP*([0, 00)).

Proofs of the previous corollaries are analogous to those of Corollary 1]
and using analogous theorems to Theorems with SSP, and SSP*
properties. Their proofs are very similar except for Theorem We therefore
present its proof.

THEOREM 4.7. SSP, ([0, 1]) implies SSP,([—1,1]).

Proof. Let f,.m € LSC,(X,[-1,1]) such that f, ,, — 0, n € w. By Theorem
B.1 there are g, m € Cp(X,[0,1]), n,m € w such that f,, < gnm, n,m € w
and gn,;m — 0 forn € w. Then, fr +gnm € LSCL(X,[0,00)) and f,F +gn.m —

0 for n € w. By SSP,([0,00)) we obtain a sequence (f,",, =+ gnm, : 1 € w) such

that frtm" +g7’b,mn — 0 Whlle fnim,,, S f?j,m,,, +g7l,mn a“nd frtm" S frtm" +g7’b,mn
for any n € w, f;[m — 0 and f,,, — 0 which finally entails f m, — 0. ]
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