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NOTES ON THE IDEAL (q)

ANDRZEJ NOWIK

ABSTRACT. For any topologies 71 C 72, we consider the ideal of sets A such
that for each nonempty U € 19 there exists W € 11 such that UNW # () and
ANUNW = (. For 71, the standard Euclidean topology, and for 72, the density
topology, we obtain the ideal (a) investigated by Z. Grande and E. Stroriska.

1. Notations and definitions

Let 7. denote the standard Euclidean topology in R. For any topology 7 in R,
ND(7) is the ideal of nowhere dense sets of 7. For simplicity, we put ND = ND(7),
and for every set X C R, we denote by ND(X) the collection of all nowhere
dense subsets of X in the Euclidean topology of X. By cl.(X) we denote the
closure of X in the topology 7. If 7 is any topology in R then by 7x we denote
the subspace topology in X induced from 7, and by ND,, (X) the ideal of all
nowhere dense subsets of X in the subspace topology 7x.

Denote by p the Lebesgue measure in R. For every measurable A, by ®(A)
let us denote the set of density points of A:

A _
o(4) = {z e R: timing PAO =Rt h) 1
h—0t 2h

We write 74 to denote the density topology on R, namely: U € 7y <= U is
Lebesgue measurable and U C ®(U).

Let NV, M denote the o-ideal of null sets of reals, the o-ideal of meager sets
(i.e., sets of first category), respectively.

For any topology on R, by M(7) we denote the o-ideal of meager sets in the
topology T.

For any collection F of subsets of R such that there is no countable Fy C F
such that UFy = R, by o(F), we denote the o-ideal {X C R: Iz ,c#|Fo| <
NoANX CU .7:0}
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Let us recall the following definition of special o-ideal of small subsets of R:

DEFINITION 1.1. Given a set X C R, the porosity of X at a real r € R is
defined by

X (r —
p(X,r) = limsup A (r e,r—ﬁ—e))’

e—0t €
where A(X, I) denotes the maximal length of an open subinterval of the interval I
which is disjoint from X.
A set X is porous (X € P) if and only if V,exp(X,a) > 0.
Let 0P denote the sigma-ideal generated by porous sets.

Notice that we have P C N N M.

2. The ideal (a)

Let us recall the following definition introduced by Z. Grande and
E. Stronska:

DEFINITION 2.1 ([GS]). We say that a set A C R satisfies condition (a) (this
notation is taken from [GS]) if for each nonempty set U C cl(A) belonging to 74
the intersection A N U is a nowhere dense subset (in the Euclidean topology)

of U.

OBSERVATION 2.2. Suppose that A C R. The following conditions are equiva-
lent:

(1) A€ (a);

(2) Yuernfo3ANU € ND(U);

(3) VUETd\{@}HWETEU NWADANUNWNA=0.

The definition of property (a) can be formulated in the general case of the
bitopological space.

Throughout the rest of this section, we will assume that (X, 71, 72) is a bitopo-
logical space (i.e., 71 and 7o are topologies on X, see [D]) such that 7; is coarser
than 7: 7 C 7.

DEFINITION 2.3. Define A € (a)(71,72) if for each nonempty set U C cl, (A)
such that U € 75, the intersection A N U is a nowhere dense subset in the
subspace topology 71, of U and denote

ND(7y,72) ={AC X: VUETQ\{(Z)}HWE‘UUHW Z0ANUNWNA=0}.

Notice that the first definition generalizes Definition 1] to any bitopological
space. We have
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THEOREM 2.4. Suppose that X C R. The following conditions are equivalent:
(1) A€ (a)(r1,72);
(2) VUETQ\{@}A NU e NDTlU (U),’
(3) A€ ND(Tl,TQ).
Proof.
(2) = (1). Obvious.
(1) = (3). Suppose that A € (a)(m1,72) and let U € 7 \ {0}. f U C cl, A,
then UN A € ND;,  (U), so there exists W € 71 \ {0} such that WNU # () and
W NUNA = 0. On the other hand, assume that U \ cl, A # 0. Then define
W =X \cl, A. Tt is easy to see that W € 71, WNU # ) and WNUN A = (.
(3) = (2). Suppose that A € ND(7,72) and let U € 7 \ {0}. Let W € 71 be
such that Wy NU # 0. Then UNW; € 15\ {0}, so there exists W € 71 such that
UNWinW # 0 and UNWiNWNA = . This shows that ANU € ND, (U). O

Notice the following easy observations and conclusions:
(1) ND(7e,74) = (a);

(2) Assume that ¥\ {2} e m A {2} €7 1)

and |X| > 2. Then ND(7y, 72) is an ideal of sets which contains singletons;
(3) ND(T1,T2) Q ND(T1) N ND(TQ)

Let us notice that in [D] there was defined another version of nowhere dense
sets in bitopological space, namely, let us recall the following definition.

DEFINITION 2.5 ([D]). A subset A C X is (2,1) — ND(ry,72) if and only if
int., (cl, (A)) = 0.

However, this property is different from the notion ND(7y, 72) since, as we can
easy observe, (2,1) — ND(7e,74) is the ideal generated by closed measure zero
sets.

We have

THEOREM 2.6. For any A C X, the following conditions are equivalent:
(1) Ac ND(Tl,TQ),'
(2) Vflgfgm A e ND(T);
rtopology
Proof.
(1) = (2). Suppose that 7 is a topology on R such that 3 C 7 C 1. Take

U e 7\ {0}. Then U € 75\ {0}, so there exists W € 7 such that U NW # {)
and UNW NA=0. Since W € 7, this shows that A € ND(7).

(2) = (1). Suppose that U € 75\ {0}. Let 7 be a topology generated by 7 U{U},
ie,7={UU(UNUsy): Uy,Us € 11}. Since A € ND(7), we conclude that there
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exists V€ 7\ {0} such V. C U and VN A = (). Let Uy,Us € 71 be such that
V=U,U(UNUsy). Then V=UNV =UN(UyUUs). Define W = Uy UUs, then
Wern, UnNW #0 and UNW N A =0, which shows that A € ND(ry,72). O

COROLLARY 2.7. For every X CR, X € (a) if and only if for every topology T

on R finer than the Euclidean topology and coarser than the density topology, we
have X € ND(T).

THEOREM 2.8. Suppose that A is a closed set in the topology . Then,
A\intTQ(A) S ND(T1,T2).

Proof. Let U € 72\ {0}. Suppose that U \ A # ). Define W = R\ A. Then,
UNW #£0and UNW N (A\int.,(A)) = 0.

On the other hand, suppose that U C A. Then U C int,,(A). Put W = R,
then UNW # 0 and UNW N (A \ int,, (A)) = 0.

This shows that A\ int,, (A) € ND(7y, 72). O

As a corollary we obtain the following result, which was not explicitly stated
in [GS], but probably implicitly contained in this article.

COROLLARY 2.9 ([GS]). For every closed (in the FEuclidean topology) set E C R
we have E\ ®(E) € (a).

Proof. This follows from the fact that ND(7,74) = (a) and that for every
closed set £ C R (in the Euclidean topology), we have int,, (E) = ®(E). O

3. Porous sets

The aim of this chapter is to prove the following inclusion.

THEOREM 3.1. P C (a).

Proof. Suppose that A € P, and let U € 74\ {0}. If U N A = 0, then define
W =R;then UNW # @ and U NW N A = (). On the other hand, suppose that
UNA#(. Let o € UN A be arbitrary. Since A € P, we have

37]>0v6>030<5<6)\(A7 (zo — 6,0 + 5)) > 0. (2)
Since zq is a density point of U let ¢y > 0 be such that

w([zo — €,xo + €] NU) o
v0<e<eo % > (1 2) .
Let us choose (by @) § € (0,¢p) such that
AMA, (wo — 8,20+ 6)) > 6. (3)
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Then, we have
p([zo — 6,20 + 6] NU) n
1——. 4
25 Ty )
By @), let J C (z¢ — 6,20 + ) be an open interval such that AN J = () and
|J| > 6 -n. Suppose, on the contrary, that U N .J = (). Then,

($0—5,x0+5)ng(%0—5,$0+5)\J,

S0,
(U N [zo — 6,20 +6]) = pn(UnN (xo — 8,20 +9))
<20 —|J]|
<26 —nd
=40(2—n).
Thus, wn 5 5)
Nlxg — 0,29 +
- 26 <1_g’

which is a contradiction to ().

Therefore, U N J # @. Define W = J, then, UNW # 0, W € 7, and
WnUNA=0.

This shows that A € (a). O

Let us notice that the inclusion from Theorem [3]is not reversible, since there
exists a closed set of measure zero which is not porous and the set belongs (as it
was stated in |GS]) to the ideal (a).
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