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THE SET OF DISCONTINUITIES OF
DENSITY-TYPE-APPROXIMATELY CONTINUOUS
FUNCTIONS

GRAZYNA HORBACZEWSKA

ABSTRACT. A characterization of the set of discontinuities for different density-
-type-approximately continuous functions is given.

1. Introduction

It is well-known that the following two statements for a set A C R are equiv-
alent (see [GI):

(i) Ais an F, set,
(ii) there is a function f: R — R such that A is the set of discontinuities of f.
An analogous result has been established for approximately continuous func-
tions (see [Bl p. 48]):
THEOREM 1.1. The following two statements for a set A C [a,b] are equivalent:
(i) A is dense in [a,b] and of type Gs.

(ii) There is an approrimately continuous function f such that A is the set of
continuities of f.

The aim of this paper is to verify whether the same result can be established
for some density-type topologies. Our main result is as follows:

THEOREM 1.2. The following two statements for a set A C R (or A C R?) are
equivalent:

(i) A is an Fy first category set,
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(ii) There is a continuous function f: (R,7) — (R,0) (orf: (R%,7) — (R, 0))
such that A is the set of discontinuities of f, where T denotes one of the fol-
lowing topologies: the density topology [W1], simple density topology [WA],
complete density topology [WWJ, 1-density topology [TW-B], (s)-density
topology generated by a sequence (s) [FH| (respectively density, strong den-
sity [W1], product of density topologies or ordinary 1-density topology on
the plane [E]) and O stands for the Euclidean topology.

The main idea of the proof comes from [P-WS], where a theorem for the
density topology case was proved (as in [B]).

What is interesting the situation in the category case (I-density topology)
is different. Some additional assumptions of a set A are needed to receive the
existence of I-approximately continuous function f: (R, 7;) — (R, O) for which
A is equal to the set of all points of ordinary discontinuity (see [W2]).

2. Definitions and basic facts about density type
topologies

Each of the topologies mentioned above is defined as a family of those Lebes-
gue measurable sets A such that each point of A is a point of some kind of
density of A:

r={AeLlL:ACPA)},
where £ denotes the o-algebra of Lebesgue measurable sets on the line, and
®(A) denotes the set of some kind of density points of A for A € L.
We obtain different topologies by using different type of densities.

DEFINITION 2.1 ([WI]). We say that a point = € R is a density point of A € £

if and only if
. MAN[x—h,z+h))
lim

h—0+ 2h
where A stands for the Lebesgue measure on the line. We denote the density
topology by T.

:17

DEFINITION 2.2 ([W1], [TW-B]). Let C denote the class of continuous increasing
functions ¢: RT — R*, where RT™ = {z € R : x > 0}, such that lim,_,o+ 1(t) = 0.
Let v € C. We say that « € R is a 1-density point of A € £ if and only if
AMA N[z —h,x+ h])

I -
Hs0+ 201 (2h) 0

where A’ denotes a complement of the set A.
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We denote the set of ¢)-density point of A by @, (A), so ¥-density topology
Ty is defined by
ﬁz{AEﬁ:AC@w(A)}.

ProposrTION 2.3 (W1, [TW-B|). For eachp € C: O C Ty, C T.

DEFINITION 2.4 ([WA]). We say that € R is a simple density point of the set
Ae Lif {X(n-(Afw))ﬂ[*Ll}}neN converges to x[_1,1] almost everywhere, where
A—x={t—x:t€ A}, n-A={nt:t e A} and x4 denotes a characteristic
function of the set A.

The set of all simple density point of A will be denoted by ®4(A), so the
simple density topology 7 is given by

T.={AecL:ACd,(A)}.

DEFINITION 2.5 ([WW]). We say that x € R is a complete density point of
aset Ae Lif

i A((”(A/ —x))N[-1, 1]) < +o0.

The set of all complete density points of A will be denoted by ®.(A), so the
complete density topology 7. is defined by

T.={AeL:ACd.(A)}.
ProrosiTION 2.6 ([WW], WA]). OCT.C T, < T.

DEFINITION 2.7 ([FH]). Let S be the family of all unbounded and nondecreasing
sequences of positive reals. Every sequence {s,} € S is denoted by (s).

Let (s) € S. We say that « € R is an (s)-density point of A € L if

MAN[z - SL,:U—!—SL])
2

Sn

lim =1.
n— o0

The set of all (s)-density points of A will be denoted by ®,(A), so (s)-density
topology T, is defined by

725) = {A eL:AC (I)<S>(A)}

ProrosiTION 2.8 ([EH]). For every sequence (s) € S, the following inclusion
T CTisy holds and T = T4y if and only if liminf 22— > 0.

Sn+41

Let L5 denote the o-algebra of Lebesgue measurable sets on the plane, and
for h > 0 and p = (w9, y0) € R? put Q(p,h) = [xg — h, 20 + h] X [yo — h,yo + h].
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DEFINITION 2.9 ([WI]). We say that p = (z0,y0) € R? is an ordinary density

point of A € Lo if
im =1,
h—0+ 4h2
where Ay stands for the Lebesgue measure on the plane.

The set of all ordinary density points of A will be denoted by ®2(A) and the
ordinary density topology 72 is defined by

To={A€Ly: AC By(A)}.

DEFINITION 2.10 ([W1]). We say that a point p = (zo,y0) € R? is a strong
density point of the set A € Lo if
i 22(AN ([fro — hyzo + h] X [yo — k, yo + K])
im
h—0T 4hk

k—0t

=1.

The set of all strong density points of A will be denoted by ®°(A), so strong
density topology 75 is defined by

T>={Ae€Ly: AC D*(A)}.

PRrROPOSITION 2.11. Oy C T xXT C T3 C Tz, where Oy stands for the Fuclidean
topology on the plane.

DEFINITION 2.12 ([E]). Let ¢ € C. We say that p = (x0,0) is an ordinary
1-density point of A € Lo if

. A(A'NAQp,h)
I R (4h?)

The set of all ordinary -density points of A will be denoted by @%(A), S0
ordinary 1 density topology 7:8 is defined by

TO = {A e Ly: AcC DY(A).
PROPOSITION 2.13 ([E]). For eachp € C: 02 CT) C Ta.

=0.

DEFINITION 2.14. For every topology 7 which was mentioned above, we say
that a function is T-approximately continuous if it is continuous as a function
f: (R, 7) = (R,0) or f: (R% 1) — (R,0).

ProrosiTioN 2.15 ([W1]). Every T-approximately continuous and every
Ta-approzimately continuous function is a Baire one function.

COROLLARY 2.16. Every T x T, Ty, Ty, T (for any ¢ € C) Ty or Te-ap-
proximately continuous function is Baire one function.

ProrosiTION 2.17 ([E, Th. 1.4.7]). If f, is T-approximately continuous for
any n € N and a sequence {fn}tnen uniformly converges to f, then f is T-ap-
proximately continuous.
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ProprosITION 2.18 ([L]). Let (s) € S. If f is T(s)-approvimately continuous
then f is a Baire one function.

3. Proof of the main theorem

(i) = (i) follows immediately from Proposition 2.18 and Corollary 2.16
for each topology considered here since the set of discontinuities of a Baire one
function is a first category F, set [L].

(i) = (ii)

Ty-case. Let ¢ € C. Let A be an F,, first category set. There exists a countable
set C' and a sequence of pairwise disjoint nowhere dense perfect sets P; such that
A= ;en PiUC (see [S, vol. II, p. 537]).

First, we want to build a 7y-approximately continuous function which is dis-
continuous at the point 0.

Since 1 € C, there exists ng € N such that w( L ) < 1. Let

270

1 1 1 1

an:ﬂ_ﬂw(ﬁ)’ bnzﬁfornZno
and o0
B= U [an, by
n=no

Let h < 2% Then there exists n > ng, n € N such that 271% <h< %, SO

A(BN[0,h]) < A(Bm [02%]) _Z%¢<%>
1 =1 11 1
<o(a) X <o(z) o
Therefore,
A(Bﬂ{O,h])< Y(ge) r 1

2h1p(2h) 2 A Y2 52y) 2

Since for h — 0% we have n tending to +oc, so 0 € ®,,(B’) and B’ € T, because
each point from B’ \ {0} is an inner one in the Euclidean topology.

Let
0 for z e B,

ho(x) =<1 for z =22t peN,
linear and continuous for =z € [an, b%] and z € [l’%, bn].

Then Ay has the desired properties.

119



GRAZYNA HORBACZEWSKA

We define h(z) = 0 if C' = . Otherwise, let {r,},en be an enumeration of
a considered countable set C. We define

1 oo
hn(z) = 2—nh0(:1; —r,) and h(z)= Z hy () for z eR.
n=1
Then the series is uniformly convergent on R, so by Proposition 2.17, the function
h is Ty-approximately continuous. For a given ng, the function ), Zno h, is
continuous at the point r,,. Thus,
h="ln,+ > hn

n#ng

is discontinuous there. Therefore h is discontinuous on C, and continuous on C".
Let P be a nowhere dense perfect set.
Let {I,,}nen be the family of connected bounded components of the comple-

ment of P. Let
Z Zp < +00
neN

such that z, > 0 for n € N. We denote by J,, an interval centered at the midpoint
of I,, and such that

A(J,) = min (zn ALY (%A(I,ﬁ), %A(Lﬁ) . neN

Let p € P. We want to show that

i MUen J 0 [pop 4+ B

0t 2h1)(2h) =0

We can assume that p is not a left end-point of any I,, (since in the opposite
case there exists i > 0 such that |J,, .y Jn N [p,p + h] = 0).
We fix ng € N. Then there exists h > 0 such that

n=1

Let {ng}ren be a subsequence of {n},en consisting of all ny’s such that

(p,p+hl N T, #0.

Then ny > ng for any k£ € N.

ATy ) =A(Tny,)
2 )

It is easily seen that h > SO

1
AMIn,) < 2h 4+ AN(Jy,,) < 2h+ — AMIn,),
k

thus )
(1 - —)A(In,) <2h, keN.
ng
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Therefore,
)‘( UneN Jn N [p,p—f— h’D _ )‘( UkeN Jnk N [p7p+ h’D
2 (2h) B 2h1p(2h)
AJny)
= % 21 (2h)

Zn - AMIny,) w(%)‘(fnk))

Nk

< anw(%)\(fnk))
T & v(EAIR))

:2-Zznk §2-§: Zn.

keN n=ng
Since for ng — +oo the rest 0 series ZZO:”O 2, tends to 0, we have
A Jn N p, h
h—07+ 2h’¢(2h)
The argument similar to that above shows that also
A J,Nlp—h,
i AUnendn Ol =hop)

h—0+ 2h1/1(2h)

Consequently, !
pE q)w ((U J,l))
neN

We define gp to be 0 on the complement of (J,yJn, 9p(Jn) = [0,1] for
n € N and gp continuous on I,,, n € N. Then gp is Ty-approximately continuous
everywhere and discontinuous exactly at all points of P.

Now, for each set P;, i € N, we define a function g;(z) = 3rgp,(z) and let
g(z) = > ;en 9i(x). The function g is Ty-approximately continuous everywhere
and continuous at all points from the complement of | J, Pi-

To end the construction, let f = g + h. Of course, f is Ty-approximately
continuous and the set A is exactly the set of discontinuities of f.

T.-case. Let ¢: Rt — R* be given by
~ {# forxe[%,%), n>1,
1 for x € [1, +00).
An easy computation shows that if for an arbitrarily chosen set A, A C R, if
- A(A ﬂN[—h, h])
n—=0T  2hah(2h)

)
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then
ooAAN]i L >
nh_}rr;o(EN—[;)’J) =0 and Zl)\(n-A'ﬂ[—l,l]) < +o00,
SO B "
0 € ¢.(A).

For any non-decreasing function ¢ transforming R™ into R* and such that
lim, _ g+ w( ) = 0, we can define a w density topology as for a function from C
and for each function with such properties, we can find a function from the
family C such that the topologies regulated by these two functions coincide [AW].

Therefore, there exists a function ¢ € C such that 7, C 7, hence the function
from Ty-case works for 7. case.

Ts-case. According to Proposition 2.6, the function from 7.-case is also Ts-ap-
proximately continuous on R.

Tsy-case. Obviously, it follows from the theorem for approximately continuous
functions [B], since the approximately continuous function is also T (s)-approx-
imately continuous on R.

7:1)0-case. Let ¢ € C. Firstly we build a T£—appr0ximately continuous function
which is discontinuous at the point (0,0).

Since v € C, then there exists ng € N such that 1/1(2710) < 1. Put
> 1 1 1 1 1 1
o- 0 (7 () 5 [ (5) 7))

Let heR, h < F‘ Then there exists n € N, n > ng such that TL% <h< 2%

Monotonicity of ¢ yields

n(pooo.n) < n(sne(wo. L)) - (5 (5 (g)»z

G (B4 < (o2

hence
MBOQO0N) _ ()" v(E) 4 ) 4
Ah2(4h2) t(E) o (5)7) P )

Since for h — 0%, we have n tending to +o0, so (0,0) € @%(B’) and B’ € 7:/?.
Let
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0 for (x,y) € B/a
1 for (z,y)= (QL - r}w¢(ri),0>, neN,
continuous on [2—171 - = (&), 2_171} x [_2_}1” (&), 2.}“17#(4%)}

and such that the image of this interval is equal to [0, 1], for n € N.

ho(iﬂ,y) =

Then hg has the desired properties.

Let P be a nowhere dense perfect set 79 C [ , 1] x [0,1]. Let {A;}ien be the
family of connected components of ( ) \P.

Consider the squares of the followmg form.

k k+1 m m+1

S(h,m.p) = [ 2—1,} {ﬁ’ “op
Fix p = 1. From the squares S(j 1), k,m € {0,1} we choose those ones which
are contained in | J;cy 4; and dist(S(k’m’l),P) > %.

For p = 2, we choose from the squares S 2y, k,m € {0,...,3} those ones
which are contained in ey 4 \ Unt; In and dist(S(em,2),P) > 5 and we
arrange them in a sequence {I,};2, ;.

For p € N we choose from the squares Skm,p)> k,m € {0,...,2P — 1} those
which are contained in (J;cn A1 \ Un" I, and dist (S(,m.p), 73) 77 and

}, peN, kme{0,...,2°—1}.

we arrange them in a sequence {I,,}'* ny_141, and so on. It is easily seen that
Ua = .
leN neN

Now, in each square I, = S(j m ), 7 € N, we put a closed square J,, centered
at the midpoint of I,, with sides parallel to the axis and such that

A2 (J1) = Xa(Ih)

and

A2<Jn>—min@wn),%xgunn%wm(#)) for n>1.

Then
U In | < 2X2(Jn,) for mng > 1.

n=ngo

Let z € P, r > 0, and let n(r) = min{n eN:Q(z,7r)NJ, # @}. Then there

exists exactly one number p € N such that n(r) € {n,—1 +1,...,n,}.
We denote this number by p(r). Thus, the square Q(z,r) has common points
with at least one of the squares J, oy —1+1s I Therefore

\//\2 nm IO n(r) \/AQ(fnm) (1—%74))

Hence for r — 0, n(r) tends to +o0c0 and p(r) tends to +oo.
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The task is to show that z is a 7:8 density point of the complement of  J,,cxy Jn-
It follows that for r» > 0:

)\2<UJnﬂQ(z,r)> §A2< U Tn ﬂer) <)\2< U J)

neN n=n(r) n=n(r)
S0,
)\Q(UneN Jn n Q(Z, T)) < 2- )\2 (J”(T))
2 2 - 2 2
4r21p(4r?) Ao (L) (1 _ ﬁ) ¥ (AQ (Ingry) (1 - ﬁ) )
2 () ¥ (3 ()
A (In(r)) (1 - 5)2¢ ((1 - _) A2 ( n(r)))
8
" nlr)
Honee i 22 (Unen 100G )
r0 Ar2y)(4r2) T

Next, we build a function which is 7'0 approximately continuous and Which
is discontinuous on P. We define gp to be 0 on the complement of |J
gp(Jn) = [0,1], gp continuous on I,,, n € N.

We have shown that P C &9, (Unen Jn)/). Of course, (U,en ) \79 is
contained in the interior in the Euclidean topology of the set (UneN JIn ) SO
(UneN ) € TO Since arbitrarily close to the each point of P, we can find the
square J,, n € N the function gp has the desired properties.

Let A be an Fj, first category set. As in 7y-case, we find a countable set C'
and a sequence of nowhere dense perfect sets P; such that A = (J;cyP; U C
and a construction of the function A which is m-approximately continuous and
discontinuous only on C can be also done almost in the same manner.

Let g; = %gpi, i € Nyand g = > ;g (If P; is an unbounded perfect
set for some i € N, we consider sets P;nm = Pi N ([n,n 4+ 1] x [m,m + 1])
for n,m € Z.) The function g is W—approximately continuous function (Propo-
sition 2.17) and it is discontinuous at any point from (J;cyP;. Indeed, if z €
Uien Pis then denoting by ig the smallest index such that = € P;,, we get
03¢(gig, ) = 7175 05¢(X;cs, i) = 0 and 0s¢(F;0 96 %) < Yy 37 = 337
therefore osc(g, z) > 0. Of course, when x ¢ [, P, then g is continuous at .

The function f = g + h, where h is defined for the set C as in 7y-case, is the
desired one.

neN

T xr-case. We can repeat the construction of the function from the previous
case if we can build a 7 x T-approximately continuous function which is discon-
tinuous at the point (0,0) and for a nowhere dense perfect set P we can define
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a family of squares {.J,}nen such that if {I,,},en is the sequences of squares

defined in 7;? case, then J,, C I, J, is centered at the centre of I,,, for n € N

and each point of P is an inner point of the complement of (J, .y Jn in T x T
We begin by taking an interval set A = [J,,cy(@n, bn), such that

ant1 <bpy1 <ap, n€N, a, \y0 and 0e P(A").

bn_an bn_an
B—U(an,bn)x<— T )

neN
Hence (0,0) € Int(R?\ B) since (R\ A) x R€ 7 x T and (R\ A) x R C R?\ B.
It follows that the function
0 for (z,y) € B,
1 for (z,y) = (%fb= 0),n €N,
continuous on [a,, by] x [—225% 2e=8n] and such that

Then let

hO (.T, y) =
the image of this interval is equal to [0, 1], for n € N

has the desired properties.

Now, let P be a nowhere dense perfect set P C [0, 1] x [0, 1] and {I,, }nen be
the sequence of squares defined in 7;8-case. Then, in each square I, = Sk m,p),
n € N we put a square J,, centered at the midpoint of I,, with sides parallel to
the axis and such that

Aa(J1) = Ao(L) and )\Q(J)mln<1 Ao(l), )\Q(Jn_l)> for n>1.

Additionally, we denote
I, = (an,by) X (cn,dy), n € N,

Consider z = (29,90) € P. Let A1 = U, e, (an,by), where

le{neN:InC{(:E,y):(y—x—yo+xo)(y+x—yo—x0)<0}}

and Az = U,en, (¢n,dn), where No = N\ Ny. Then (J,cnJn C (A1 x R) U
(R x A3). To show that z € InthT(R \ Unen 7 »), it suffices to prove that z,
is a density point of R\ A; and g is a density point of R \ As.

Let 7 > 0 and let n(r) = min{n € Ny : (zo, 20 + r) N (an,by)}. Then there
exists exactly one number p € N such that n(r) € {n,—1+1,. np} We denote
this number by p(r). Thus, the interval (0,0 + ) has common points with at
least one of the intervals (an o1+ 1 On 415 - (anl( 3+ bny(,y ). Therefore

)\ 1
’F> = 2 n(r) n(r) 2 2p(r) ’I’L(’f’) )

hence for r — 0, we have n(r ) tendlng to +00 and p(r) tending to +oco.
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We observe that

)\((:z;o,:z;o—f—r)ﬂAl) =AM (xg,z0+7)N U (G, bn)
n€Ni1N[n(r),+o0)

< D Aanba) <2 (bagry — an(r)
neN1N[n(r),+o00)
co. .1 L
— 7 n(r) 200
Consequently,
A((zo; 20 +1) N A1) 2'%'%—1@(1_ 1 > 4
r - Ti(m n(r) n(r) —1’
hence
A A - A
lim (20,20 +7) 0 A1) =0 and similarly, lim (o =7 20) 1 A1) =0,
r—0+ r r—0+ r

which yields that z( is a density point of R\ A;.
Similar arguments apply to the set Ay and the point .
The construction of the function with desired properties runs as in 7;? case.

To-case. We get the result immediately by the previous case and Proposi-
tion 2.11. [l
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