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SOME CONTINUOUS OPERATIONS ON PAIRS OF
CLIQUISH FUNCTIONS

ZBIGNIEW GRANDE — EWA STRONSKA

ABSTRACT. The algebraic or lattice operations in the classes of cliquish or
quasicontinuous functions are well known [Z. Grande: On the mazimal multi-
plicative family for the class of quasicontinuous functions, Real Anal. Exchange
15 (1989-1990), 437441, Z. Grande, L. Soltysik: Some remarks on quasicontin-
wous real functions, Problemy Mat. 10 (1990), 79-86]. This also pertains to the
symmetrical quasicontinuity or symmetrical cliquishness [Z. Grande: On the maz-
imal additive and multiplicative families for the quasicontinuities of Piotrowski
and Vallin, Real Anal. Exchange 32 (2007), 511-518]. In this article, we examine
the superpositions F(f, g), where F is a continuous operation and f, g are cliquish
(symmetrically cliquish) or f is continuous (f is symmetrically quasicontinuous
with continuous sections) and g is quasicontinuous (symmetrically quasicontinu-
ous).

Let (X, Tx) and (Y, Ty) be topological spaces, let (Z, p) and (Z;, p;), (i = 1,2)
be metric spaces.

DEeFINITION ([I0, [11]). A function f: X — Z is said to be

e quasicontinuous (cliquish) at a point x € X if for every set U € Tx contain-
ing z and for each positive real € there is a nonempty set U’ € Tx contained
in U such that f(U') C K(f(z),e) = {t € Z; p(t, f(z)) < e} (diam(f(U")) =
sup{p(F(1), F()); t,u € U} <o),

DEFINITION. A function f: X XY — Z is said to be:

e quasicontinuous at (x,y) with respect to x (alternatively y) if for every set
U xV € Tx xTy containing (z, y) and for each positive real € there are nonempty
sets U’ € Tx contained in U and V' € Ty contained in V such that z € U’
(alternatively y € V') and f(U’' x V') C K(f(z,y),e) ([10]-[12]);
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e cliquish at (x,y) with respect to x (alternatively y) if for every set UxVe TxxTy
containing (x,y) and for each positive real ¢ there are nonempty sets U’ € Tx
contained in U and V' € Ty contained in V such that x € U’ (alternatively
y € V') and diam(f(U' x V")) <e) ([3]);

o symmetrically quasicontinuous (symmetrically cliquish) at (x,y) if it is quasi-
continuous (cliquish) at (x,y) with respect to x and with respect to y.

Evidently the cliquishness (the quasicontinuity) with respect to x (or to y) of
a function f: X xY — Z implies its cliquishness (its quasicontinuity) and the
respective quasicontinuities imply the respective cliquishness.

I. The superposition =z — F(f(x),g(x)) on pairs of cliquish
functions (f,g)

We start from the well-known examples. Let (a,) be an enumeration of all
rationals such that a,, # a,, for n # m.

1. Let fi(an,) = = for n > 1. Then fi;: Q — (0,00) is a cliquish function

(we consider the spaces Q and (0,00) with the natural metric), but its
inversion

is not cliquish at any point.
2. Observe that the given F: (0,00)? — (0,00) defined by the formula

F =
1w, v) u+v
is continuous, but the superposition
n
Fl(fl(an)afl(an)):§; ’I’Lzl,

is not cliquish.
3. Analogously, the given g;: Q? — (0, 00) defined by the formula
gl(anvam): — for nvmz 17
nm
is symmetrically cliquish, but the superposition
1
Fi(g1,91) = 5—
( ) 291

is not cliquish at any point.
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So, there are cliquish functions f, g: Q — (0, 00) (symmetrically cliquish func-
tions f,g: Q% — (0,1)) and a continuous function F': (0,00)? — (0, 00) such that
the superposition F'(f,g) is not cliquish. Moreover the following theorems are
true.

THEOREM 1. Let F': Z1 X Zy — Z be a uniformly continuous function. If the
functions f: X — Z1 and g: X — Zs are cliquish at each point x € X then the
function h(z) = F(f(z),g(z)) for x € X is also cliquish at each point x.

Proof. Fix a real ¢ > 0, a point x € X and an open set U € Tx with
xz € U. From the uniform continuity of F there is a real § > 0 such that
for z1,20 € Zy and z3,24 € Zo if p1(z1,22) < § and pa(z3,24) < & then
p(F(zl,z3),F(zg,z4)) < §. Since f is cliquish at x, there is a nonempty open
set U’ € T'x such that

U'cU and diam(f(U")) <é.

Fix a point v € U". Since g is cliquish at v, there is a nonempty open set U” € T'x
such that
U’ cU' and diam(g(U")) < 4.

Observe that for x1, x5 belonging to U” we have

p1(f(x1), f(w2)) <& and  pa(g(z1), gla2)) <6,
thus the inequality

£
p(F(f@1), glan), F(f(w2), 9(22))) < 5
is true. So, diam(h(U")) < £ < € and the proof is finished. O

THEOREM 2. Let F': Z1 X Zy — Z be a uniformly continuous function. If the
functions f: X XY — Zy and g: X XY — Zs are cliquish at each point
(z,y) € X XY with respect to x (alternatively to y), then the function h(z,y) =
F(f(z,y),9(z,y)) for (x,y) € X x Y is also cliquish at each point (z,y) with
respect to x (alternatively to y).

Proof. Fix areal € > 0, a point (z,y) € X x Y and open sets U € Tx and
V € Ty with (x,y) € U x Y. From the uniform continuity of F' there is a real
6 > 0 such that for z1, 20 € Z1 and 23,24 € Z5 if

p1(z1,22) <6 and  pa(zs,24) <6  then p(F(z1,23), F(z2,24)) <

| ™

Since f is cliquish at (x,y) with respect to x, there are nonempty open sets
U’ € Tx and V' € Ty such that

reU cU V' CcV and diam(f(U' x V') <é.
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Fix a point v € V' Since g is cliquish at (x,v) with respect to z, there are
nonempty open sets U” € Tx and V" € Ty such that

zeU"cU,V'"cV' and diam(g(U” x V")) <é.
Observe that for (z1,y1) and (z2,y2) belonging to U” x V" we have

Pl(f(x17y1)7 f(x27y2)) <4 and ,02(9(1‘1;%)7 g(l‘%yz)) <4,

thus the inequality
€

p(F(S@rm), glar, 1), P(f (202, 9(a2,12)) ) < 5

is true. So, diam(h(U"” x V")) < £ < ¢ and in the case where f and g are cliquish
at (z,y) with respect to x the proof is finished. In the alternative case where f
and g are cliquish at (z,y) with respect to y the proof is analogous. O

Corollaries and remarks

From Theorem 1 we obtain

COROLLARY 1. Let F: Z1 X Z1 — Z be a continuous function. If the functions
frg: XXY — Zy are cliquish at each point (x,y) € X XY with respect to x (alter-
natively to y) and if the closures cl(f(XxY)) and cl(g(XxY)) are compact, then
the functions hy(z,y) = F(f(x,y),g(x,y)) and ha(z,y) = F(g(x,y), f(x,y)) for
(z,y) € X XY are also cliquish at each point (z,y) with respect to = (alternatively
toy).

From Theorem 2 we have

COROLLARY 2. Let F: Zy X Z1 — Z be a uniformly continuous function.
If the functions f,g: X XY — Zy are symmetrically cliquish at each point
(z,y) € X XY, then the functions hi(z,y) = F(f(:z:,y), g(:l;,y)) and ho(z,y) =
F(g(z,y), f(z,y)) for (z,y) € X XY are also symmetrically cliquish at each
point (x,y).

In the case Z = Z; = R and p(z1, 22) = p1(21, 22) = |21 — 22|, the functions
Fi(z1, 22) = max(z1, 22) and Fy(21, 22) = min(z1, 22) are uniformly continuous.
So, from Theorem 2 we obtain

COROLLARY 3. If the functions f,g: X XY — R are cliquish at each point
(xz,y) € X XY with respect to x (alternatively to y ), then the functions max(f,g)
and min(f, g) are also cliquish at each point (x,y) with respect to = (alternatively
with respect to y).

In the case where (Z, ||-||) = (Z1, ||-]]) is a normed space, for all reals 71, ro the
function F'(z1,22) = r121 + 7222 is uniformly continuous. So, from Theorem 2,
we obtain
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COROLLARY 4. If (Z,||-||) is a normed space and the functions f,g: X XY — Z
are cliquish at each point (z,y) € X X Y with respect to x (alternatively with
respect to y), then for all real r1,79 the function rif + rog is also cliquish at
each point (x,y) € X XY with respect to x (alternatively with respect to y).

From Corollary 1 for the case Z = Z; = R and p(z1, 22) = p1(21, 22) = |21 —22]
it follows the following

COROLLARY 5. If the bounded functions f,g: X xY — R are cliquish at each
point (xz,y) € X x Y with respect to = (alternatively with respect to y), then the
product fg is also cliquish at each point (x,y) with respect to x (alternatively
with respect to y).

The product F(x,y) = zy for z,y € R is not uniformly continuous in R? with
the natural metric. Similarly, the scalar product F(z,y) = (z|y) for z,y € R"
is not uniformly continuous in R?" with natural metric. So, for the proof of the
cliquishness (or of the symmetrical cliquishness) of the product or the scalar
product of two cliquish (or symmetrically cliquish) functions Theorem 2 is not
sufficient, however, we can use the following remarks.

Remark 1. Suppose that (X, T'x) is a Baire space. If the functions f,g: X — Z;
are cliquish and F': Z; x Z1 — Z is a continuous function then the superposition
h(z) = F(f(z), g(z)) for z € X is cliquish.

Proof. Denote by C(f) (C(g)) the set of all continuity points of f (of g). Since

(X, Tx) is a Baire space, the sets C(f) and C(g) are residual in X (see [2], [I1]).
Consequently, the intersection C(f) N C(g) is residual in X and C(f) N C(g) C
C’(F(f, g)), so the superposition F(f,g) is cliquish. O

Remark 2. Suppose (X, Tx) (alternatively (Y, 7Ty )) is a Baire space and func-
tions f,g: X x Y — Z; are cliquish with respect to y (alternatively to x).
If a function F': Zy x Z; — Z is continuous then the superpositions h(z) =
F(f(z,y), g(z,y)) and ho(z) = F(g(x,y), f(z,y)) for z € X are cliquish with
respect to y (alternatively to x).

Proof. Similarly as in the proof of the previous remark, we observe that the
sections (C(f))” and (C(g))”, y € Y, are residual in X (see [6]). Consequently,
the sections (C(F(f,9)))” > (C(f) N C(g))’, y € Y, are residual in X and
the superposition h; is cliquish with respect to y. Similarly, we can prove the
cliquishness of h; with respect to x and the cliquishness of ho with respect to x
and to y. O

COROLLARY 6. Suppose (X,Tx) and (Y,Ty) are Baire spaces and the functions
f,9: X XY — Zy are symmetrically cliquish. If a function F: Z1 X Z1 — Z
is continuous then the superposition h(z) = F(f(z,y), g(z,y)) is symmetrically
cliquish.
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II. The superposition F(f,g), where one of the functions f
and ¢ is quasicontinuous and the second is continuous

Recall that there are quasicontinuous real-valued functions whose sum is not
quasicontinuous (see [§]). We start from the following easy observation:

Remark 3. Let F': Z; x Z1 — Z be a continuous function. If a function
f: X — Z; is quasicontinuous at a point g € X and a function g: X — 723
is continuous at zo then the functions hy(z) = F(f(z), g(z)) and ho(z) =
F(g(:z;), f(x)), x € X, are also quasicontinuous at the point .

Proof. Both functions ki(z) = (f(z), g(z)) and kz(z) = (9(z), f(2)), z € X,
are quasicontinuous at zg, so their superpositions F'(k;) and F(k2) with a con-
tinuous function F' are quasicontinuous at xg. Il

THEOREM 3. Let F': 7y X Z1 — Z be a continuous function. If the functions
fr9: X XY — Zy are quasicontinuous at each point (x,y) € X XY with respect
to x (alternatively with respect to y) and at each point (x,y) € X XY at least one
of them has continuous vertical section (horizontal section) then the functions
hi(z,y) = F(f(:z:,y), g(z,y)) and hy(z,y) = F(g(x,y), f(z,y)) for (z,y) €
X XY are also quasicontinuous at each point (x,y) with respect to x (alternatively
with respect to y ).

Proof. Fix a real ¢ > 0, a point (z,y) € X x Y and open sets U € Tx
and V € Ty with (x,y) € U x V. We can assume that the vertical section g, is
continuous at y. From the continuity of F at the point (f(z,y), g(z,y)), there is a
real § > 0 such that for z1, 20 € Z7 if p; (zl, f(x,y)) < 4 and py (22, g(x,y)) <4,

hen
t p(F(Zlsz)v F(f(xay)a g(x,y))) < %

From the continuity of the section g, at y, it follows that there is a set V5 € Ty
containing y such that V; C V and pl(g(:z;,w), g(x,y)) < ¢ for w € V;. Since f
is quasicontinuous at (x,y) with respect to z, there are nonempty open sets
U’ € Tx and V' € Ty such that

zelU cUV' cVy and fU xV')C K(f(z,vy),9).
Fix a point v € V. By the continuity of F at (f(:z:, v), g(z, v)), thereis areal 1 €
(0,0) such that for z3, z4 € Z7 if p; (z;;,f(:z;,v)) < 01 and p1(24, g(x,v)) < 01,

then
p(F(z3, 24), F(f(z,v), g(z,v))) < %

Since g is quasicontinuous at (x,v) with respect z, there are open sets U” € T'x
and V" € Ty such that

zeU"cU,V"cV' and g(U" xV"))C K(g(z,v),61).
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Observe that for (x1,y;) belonging to U” x V" we have

pl(f(xh Y1), f(l‘vy)) <4 and m (9(1‘1, Y1), 9(1‘;”)) < 01,

thus the inequalities

( (f(xla yl) (xlayl))v F(f(xay>v g(x,y)))
p(F(f(1m), gz, m), F(f(z,0), g(x.v)))
+p(F(f(x,v), g(x,v)), F(f(z,y), g(x,y)))

< € n e 2 <
— - = — £

3 3 3

are true. So, hi(U" x V") C K(hl(x,y),s), and the proof for h; is completed.
Proofs of the quasicontinuity of hy at each point (x,y) with respect to x and of
the quasicontinuity with respect to y are analogous. O

COROLLARY 7. Let F: Z1 X Z1 — Z be a continuous function. If the functions
frg: X XY — Zy are symmetrically quasicontinuous at each point (z,y) €
X XY and the sections g, and g¥ are continuous, then the function h(x,y) =
F(f(z,y), g(z,y)) for (z,y) € X XY is also symmetrically quasicontinuous at
each point (z,y).

In the case Z = Z; = R and p(z1, 22) = p1(21, 22) = |21 — 22|, the functions
Fy(z1,22) = max(z1, 2z2) and Fy(21, 22) = min(z1, 22) are uniformly continuous.
So, from Theorem 3, we obtain

COROLLARY 8. If the functions f,g: X x Y — R are quasicontinuous at each
point (x,y) € X X Y with respect to x (alternatively to y) and if the function
g: X xY — R has continuous vertical (horizontal) sections then the functions
max(f,g), min(f,g) and fg are also quasicontinuous at each point (x,y) with
respect to x (alternatively with respect to y ).

In the case where (Z,] - ||) = (Z1,]| - ||) is a normed space then for all reals
r1,79 the function F(z1,29) = r121 + rezo is uniformly continuous. So, from
Theorem 3, we obtain

COROLLARY 9. If (Z,||-]|) is a normed space, the functions f,g: X XY — Z are
quasicontinuous at each point (x,y) € X XY with respect to x (alternatively with
respect to y) and the function f: X XY — Z has continuous vertical (horizontal)
sections, then for all real r1,79, the function rif + rog is also quasicontinuous
at each point (z,y) € X x Y with respect to x (alternatively with respect to y).
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III. Continuous operations and kinds of the cliquishness
and quasicontinuity

Consider the real line R with the natural metric and denote by T; the density
topology in R ([1], [13]). A special kind of the cliquishness (the quasicontinuity)
of the functions from R to R is a strong cliquishness (strong quasicontinuity).

DEFINITION ([7]). A function f: R — R is said to be strongly quasicontinuous
(resp. strongly cliquish) at a point x if for each positive real n and for each
set A € Ty containing z, there is an open interval I such that 7N A # () and

FAANT) C (f(z) —n, f(z) +n) (diam(f(ANT)) <n).

THEOREM 4. Let F: R? — R be a uniformly continuous function. If the func-
tions f,g: R — R are strongly cliquish at each point x € R, then the function
h(z) = F(f(z),g(z)) for z € R is also strongly cliquish at each point x.

Proof. Fixareale >0, apoint x € X and a set U € T; with x € U. From the
uniform continuity of F' there is a real § > 0 such that for z1, 29, 23,24 € R if

max(|z1 — 2o, |23 — z4]) < 6, then \F(zl,23)—F(zg,Z4)|<§.

Since f is strongly cliquish at x, there is an open interval I such that

INU #0 and diam(fINU)) <.

Fix a point v € U N I. Since g is strongly cliquish at v, there is an open interval
I’ C I such that

I'NU#0 and diam(g(UNT)) <é.
Observe that for any points x1, > belonging to U N I’, we have

|f(x2) = f(x1] <6 and  [g(x1) — g(z2)| <0,

thus the inequality
|F(f(21), g(a1)) = F(f(2), gla2))| <

is true. So, diam(h(U’ N I)) < § < e. Thus, the function h is strongly cliquish
and the proof is finished. O

£
2

THEOREM 5. Let F: R? — R be a continuous function, let f: R — R be

a strongly quasicontinuous function and let g: R — R be a continuous func-
tion. Then the functions hy(z) = F(f(z), g(z)) and hy(z) = F(g(z), f(z)) are
strongly quasicontinuous.
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Proof. Fix a point x € R, a set A € Ty containing x and a positive real €.
From the continuity of F', there is a real § > 0 such that for u,v € R if

max(]u — f(2)|,|v— g(x)|) < 6, then ’F(u,v) - F(f(x), g(x))‘ < e.
Since g is continuous there is an open interval
I>x with g(I)C (g9(z) —6,9(z)+9).

From the strong quasicontinuity of f, it follows that there is an open interval
I C I such that

LNA#0 and f(IiNA)C(f(z)—=46 flz)+9).
Consequently, for y € I} N A we have
1f(y) = f(x)] <6, lg(y) —g(z)| <6 and |F(f(y), 9(y)) —F(f(2), g(x))| <e.

Thus, h; (and similarly hs) is strongly quasicontinuous. O

The paper pertains to continuous operations on pairs of functions. However,
answering to a question of the referee, we show that quasicontinuity of F' in
Theorem 3, 4 and 5 and Remark 3 is not sufficient.

Indeed, the function

0 if v=u and u € Q,
F(u,v) =< 0 if v < u,
1, othervise on R?

is quasicontinuous and the superposition (z,y) — F(z,x) is not cliquish.

IV. Maximal F-families

Analogously as in the cases of maximal families for the addition and the multi-
plication of functions, we can define maximal F-families. Limit our consideration
to continuous operations F': R? — R. If ® is a family of functions from R to R,
then put

Maxlp(q)):{feé; F(f,g)e® for each ge@},
Max,p(®) = {f€<1>; F(g,f)e® for each ge@}.

Observe that there are families ® for which Maxjp # Max,¢. For example,

1. If F3(u,v) = u? and ® = bA’ is the family of all bounded derivatives
then Maxp, (bA’) is the family of all bounded approximately continuous
functions ([1], [9]) and Max,p, (bA’) = 0.
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2. Let Q denotes the family of all quasicontinuous functions from R to R.
Observe that for the operation Fy(u,v) = u+v? and the family Q we have
also Maxr, (Q) # Max,r, (Q). Indeed, let

flz)=1 forx>0 and f(z) =—1 forz<O.
Since f? is constant and for the quasicontinuous function

g(x)=2 forxz >0 and glz) =1 forz <0,
the sum f + g% ¢ Q, the function f € Max,p, (Q) \ Max, (Q).

Let C denote the family of all continuous functions from R to R. From Re-
mark 3 it follows that for each continuous operation F': R> — R we have

CcC MaxlF(Q) N Maer(Q).
Remark 4. Let F(u,v) = au + bv, where a,b # 0. Then
Maxjp(Q) = Max,r(Q) =C.

Proof. It is sufficient to prove Maxp(Q) = Max,r(Q) C C. Fix a function
f € @\ C. If there is a point z € R at which f has at least one limit number
y1 € R different from f(z), then we put
- —af(t
g(t) = c;y1 fort=ux and g(t) = aZJ:( ) for t # x.

Then g € Q, F(f(¢), g(t)) =af(t) —af(t) =0 for t # x and F(f(x), g(x)) =
af(z) —ayr # 0. So, the superposition ¢ — F(f(t), g(t)), t € R, is not quasi-
continuous.

In the opposite case there are a point x and a sequence of points z,, # x such
that lim, o 2, = 2 and lim,_,~ | f(2,)| = co. Since f is quasicontinuous at the
points z,, n > 1, there are pairwise disjoint open intervals I,, = (ay, b,) such
that lim, oo an = limy, 00 by = 2, limy, o | f(an)] = 0o and diam(f(In)) < %
for n > 1. For each integer n > 1 we find a closed interval J,, C I,,. Let ¢ € R
be a real such that af(x) — be # 0. Put

g(t) = —C for t c Jn, n 2 1; g(x) = —¢

and

—af(t
g(t) = , otherwise on R.

Then g € Q and the superposition ¢ — F(f(t), g(t)) is not quasicontinuous
at the point z. This proves that Maxjp(Q) = C. The proof of the equality
Max,r(Q) = C is similar. O

In [5], it is proved that for the operation F(u,v) = uv we have

Maxjp(Q) = Max,rp(Q) # C.
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