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GENERALIZED EGOROFF’'S THEOREM

MIROSLAV REPICKY

ABSTRACT. This note is closely related to the paper [R. Pinciroli: On the
independence of a generalized statement of Egoroff’s theorem from ZFC after
T. Weiss, Real Anal. Exchange 32 (2006-2007), 225-232] and it presents slight
improvements of its results. Theorem [[LT3] shows a connection with Galois-Tukey
embeddings; Corollary [[.T4] presents another inequality which is dual to the previ-
ously known one; Corollary[3.5] shows that there is no distinction between positive
outer measure and full outer measure in the given context; and Corollary [.3] uni-
fies the known counterexamples.

NoTATION. For z,y € “R, x < y means that z(n) < y(n) for all n € w and
x <* y means that x(n) < y(n) for all but finitely many n € w (shortly written
by V*°n). The set of all sequences of real numbers converging to 0 is denoted
by co; cg is the set of all positive sequences from c¢y. Clearly, ¢g C “R and
“w C “R; the restriction of <* to ¢y and “w will be denoted by the same symbol.
The o-ideal on “w generated by compact subsets of “w is denoted by K. It is
known that a set A C “w is in K, if and only if there is y € “w such that z <* y
for all x € A. The values of the composition of functions f o g are computed by
foglx) = f(g(x)).
If 7 CP(X), then

add(Z) = min{F CZ:|J F ¢ I},

non(Z) = min{|Y|:Y € P(X)\ I},

cov(Z) = min{|F|: FCZandJF = X},

cof(Z) = min{|F|: FCZand(VY €Z)(3Z € F)Y C Z}.
Let us recall that

b =add(K,) =non(K,) and 9= cov(K,) = cof(K,)

is the unbounding number and the dominating number, respectively.
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ZIL<O? y3 vov'ords: Egoroff’s theorem, measure, category, cardinal invariants, Galois-Tukey embed-
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1. Generalized Egoroff’s theorem

Let us recall that a sequence of real-valued functions (f, : n € w) quasinor-
mally converges to f on X (shortly written by f,, 2% f), if (3e € ¢o)(Vz € X)
(V°on € w) |fu(z) — f(x)| < &(n). The uniform convergence is denoted as usual
by =. Let us recall that the convergence on X is quasinormal if and only if X
can be partitioned into countably many sets on which the convergence is uni-
form. Conversely, if X can be partitioned to < b sets on which the convergence
is uniform, then the convergence is quasinormal on X (see [4]).

DEFINITION 1.1. Let 7 C P(X). Let us consider the following statements:
E(F) Given a sequence (f,: n € w) of functions f,,: X — R converging point-
wise to 0, there exists a set A € F such that f,, 2 0 on A.

E*(F) Given a sequence (f,: n € w) of functions f,,: X — R converging point-
wise to 0, there exists a set A € F such that f,, = 0 on A.

Remark 1.2.

(a) The sequence of functions f,: X — R, n € w that pointwise converges
to 0 on X can be identified with a single function F': X — ¢y by setting
F(z)(n) = fu(x) (see [8]). Sometimes when we speak about F, we will
mean the sequence (f, : n € w). This convention will be applied mainly in
the context of uniform and quasinormal convergence. In particular, E(F)
can be rephrased as follows: For every F': X — ¢g there exists A € F such
that FF QN 0 on A.

(b) The definition of E(F) can be equivalently restricted to monotone systems
of functions because f, N 0 if and only if f/, 2N 0, where f/(z) =

sup{|fx(z)| : k > n}.
(c) If F is the closure of F under supersets, then E(F) is equivalent to E(F),

and E*(F) is equivalent to E*(F).

DEFINITION 1.3 ( [8]). We define a:: ¢g — “w, : “w — ¢, 0: “w — “w, and
7 Yw = Yw by

a(z)(n) = min{m €w: (Vk>m) z(k) <27},
0(y)(n) = max({n} U {y(k) : k < n}),
By)(k) = min{27": 0(y)(n) < k},

Y™ (n) = max{y(0), y(n + 1)}

for x € ¢, y € “w, and n, k € w.

(
(
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LEMMA 1.4. o3 =0.
Proof. a(B(y))(n) =min{m: (Vk>m)B(y)(k) <27"}
=min{m : B(y)(m) < 27"}
=min{m : 0(y)(n) < m}
0(y)(n). O

LEMMA 1.5. If Y C“w, then Y € K, if and only if (V) € K.

Proof. If Y € Ky, then 6(Y) € K, because 6 is continuous. Conversely, let us
assume that 0(Y') € K, i.e., there is z € “w such that §(y) <* z for all y € Y.
Then, y <* 27 for all y € Y and hence, Y € K. O

LEMMA 1.6.
(1) (Va € co)(Ty € “w) & <* B(y); in fact x < B(a(22)).
(2) (Y € ¢9)(V2 € ¢f monotone) z <* 2 = a(r) <* a(z) = v <* 22.
(3) y<0(y™)
(4) )

4) Vy € “w)(Vz € Yw monotone unbounded) y <* z < [(y) <* B(z).

fory e “w.

Proof.

(1) B(a(22))(k) = min{27": §(a(2z))(n) < k} = min{27": n <
a(2z)(n—1) <k} >min{27": (Vi > k) 22(i) < 2=V} > (k).

(2) As z € ¢, then o <* z if and only if there is ny such that z(k) <
implies z(k) < z(k) and then a(z)(n) < a(z)(n) for n > ng. If a(z )( ) <
a(z)(n) for n > ng, then as z is monotone, for every k € w and every
n > ng, z(k) < 27" implies z(k) < 27" Hence, 27771 < z(k)< 27"
implies x(k) < 27" < 2z(k). Consequently, z <* 2z.

(4) y <* z implies 0(y) < 9( ) Let ng be Such that 8(y)(n) < 6(z)(n) for all
n > ng. Then for k > 0(z)(no), {n: 0(y)(n) <k} 2 {n:60(2)(n) <k} and
so B(y)(k) < B(2)(k). Conversely, 1fﬂ( ) <* B(z), then there is ko such that
0(z)(n) = k implies O(y)(n) < k for k > ko and so, 6(y) <* 6(z) (notice
that 6(z) is monotone unbounded). Now, as z is monotone unbounded, we
can easily see that y <* z. O

k and

LEMMA 1.7. Let F: X — ¢y and G: X — “w.
(a) F @Y, 0 on X if and only if (ao F)(X) € K.
(b) G(X) € Ky if and only if oG 2% 0 on X.
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Proof. In the following equivalences, the assertions of Lemma are applied:
F®Oon X & (3ecc)(Vze X)F(z)<"¢

& By e w)(Ve € X) F(z) <" B(y) by (1),

& Fye“w)Vae e X)ao F(z) <" 0(y) by (2) and Lemma [[4]

& (3ye“w)(Vre X)aoF(x) <"y backward use (3).
BoG ™ 0on X & (Fye“w) (Ve € X) BoG(x) <" Bly) by (1),

& (Fye“w(VreX)Glx) <"y by (4).

d

THEOREM 1.8 ( [§]). Let F C P(X). The following conditions are equivalent:
(1) E(F) holds.
(2) (VF: X = ¢co)(AY € F) aoF(Y) € Ks.
B) Ve: X - “w)(3Y € F) oY) € K.

Proof.
(1) & (2) holds by Lemma [I7] (a).
(2)=(3): If p: X = “w, then Bop: X — ¢ and so, by (2), thereis Y € F
such that o p(Y) =aofop(Y) € K,. Hence, p(Y) € K, by Lemma [[L5]
The implication (3) = (2) is trivial because a0 F': X — “w in (2). O

We denote ZT = P(X) \ Z for an ideal Z C P(X).
COROLLARY 1.9. Let F C P(X). Then E(F) holds if and only if E(ZT) holds
for every o-ideal T C P(X) \ F.

Proof. If E(F) does not hold, then by (3) in Theorem[[ 8l there exists ¢ : X—“w
such that p(Y) ¢ K, for all Y € F This means that o~ 1(K,) C P(X)\ F is
a o-ideal on X, where ¢~} (K,) = {Y C X : ¢(Y) € K, }. Then ¢ witnesses that
E((¢7"(K,))") does not hold. Conversely, if there exists an ideal Z C P(X)\ F
such that E(Z*) does not hold, then E(F) does not hold because 7 CZF.

COROLLARY 1.10. If |X| < ¢ and F C P(X), then E(F) is equivalent to each
of the following conditions:

(4) (\w: X iww)(ay e F) o(Y) € K, .
(5) (\w; X 5%)(32 e K,) o (2) € F

Proof. Let us fix a one-to-one enumeration {z,: o < |X|} of the set X and
let us assume that (4) holds. We verify (3) in Theorem [[.8 Let ¢: X — “w
be arbitrary. By induction on a < |X|, we define ¢'(2,) = ¢(Za) + Yo, where
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Yo € “21is such that ¢'(z,) # ¢'(xp) for all § < a. So, ¢': X — “w is one-to-one
and ¢(x) < ¢'(z) < p(x) + 1. By (4) there is Y € F such that ¢/'(Y) € K, and
then also p(Y) € K.

Let ¢: X =5 “w. If (4) holds and Y € F such that Z = ¢(Y) € K,, then
¢ Y Z) =Y € F and so, (5) holds. If (5) holds and Z € K, is such that
Y =p 1 (Z) € F, then o(Y) = Z € K, and so, (4) holds. O

COROLLARY 1.11. If |X| =¢, F C P(X), and there is A C X of size ¢ such
that Y\ A € F for ollY € F, then E(F) is equivalent to each of the following
conditions:

(6) (Vo : X — “w bijective)(IY € F) oY) € Ky

(7) (Vo :“w— X bijective)(IY € F) p=1(Y) € K.

(8) (Vx:%w — X surjective)(3Z € Ky) x(Z) € F.

Proof. (6) and (7) are equivalent. Obviously condition (4) from Corollary [[.T0l
implies (6). We prove that (6) implies (4). Let ¢: X L @y be arbitrary. As
|A| = ¢, we can find ¢: A — “w such that the mapping ¢’ = ¢[(X \ A) Uy
is a bijection from X onto “w. Applying (6) to ¢/, we find Y € F such that
YY) € Ky. Then Y\ A € F and (Y \ A) = ¢ (Y \ 4A) C ¢'(Y) € K,.
Therefore, E(F) is equivalent to (4).

Clearly, (8) implies (6); we prove that (4) from Corollary [[LT0] implies (8).
If x: “wo — X is an arbitrary surjective function, then let ¢ be its arbitrary

right inverse function, i.e., x o p = idx. As ¢ is injective, there is Y € F such
that Z = ¢(Y) is in K,. Then x(Z2) =Y € F. O

Let us note that we cannot remove “surjective” from (8) because it would be
equivalent to the assertion (VA C X) E(F[A) (where FIA={Y € F:Y C A}).

COROLLARY 1.12. Let F C P(X). If F is closed under supersets, then E(F) is
equivalent to the assertion:

9) Vo: X -“w)(3Zek,) ¢ (Z)e F.

Proof. The implication from (9) to (3) does not require any assumptions be-
cause, if Z € K, and Y = p~1(Z) € F, then ¢(Y) = Z € K,. Conversely,
if Y € Fand Z = p(Y) € K,, like in (3), then Y C ¢~1(Z). Hence, if F is
closed under supersets, then ¢~1(Z) € F. O

Binary relations can be treated as triples A = (A_, Ay, A), where A is a bi-
nary relation between sets A_ and A,. A morphism between binary relations
A and B is a pair of functions ¢_ : A_ — B_ and ¢4 : B — A, such that

B(p—(a),b) implies A(a, (b))
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for alla € A_ and b € B4. The morphism (¢_, ¢4 ) is called a Tukey embedding
or a Galois-Tukey embedding (connection) (see [I] and [10]). We write A < B,
if there exists a Galois-Tukey embedding between A and B; we write A ~ B,
if A<Band B<A.

Let F CP(X)andlet T = P(X)\F. If p: X — “w violates (9), then the pair
of functions ¢: X — “w and ¢ = ¢~ 1: K, — Z form a Galois-Tukey embedding
(X,Z,€) < (Yw,Ky, €) in the notation of [1], because p(x) € Z implies x €
Y(Z) for x € X and Z € K,. Conversely, if a pair of functions (¢, ) is such
an embedding, then ¢ violates (3) provided that F is closed under supersets
because, if p(Y) = Z € K,, then Y C ¢(Z) € Z. A little modification of
this proof gives an embedding (X,Z, €) % (“w,“w, <*) because (“w,“w,<*) ~
(“w, Ky, €). This proves the following theorem.

THEOREM 1.13. Let F C P(X) be closed under supersets and let T = P(X)\ F.
Then the following conditions are equivalent:

(1) =~E(F) holds.

(2) (X,Z,€) < (“w, Ky, €).

(3) (X,Z,€) 2 (*w,*w,<").

Let us note that for the implications (1) — (2) — (3) — (2) we do not

need the assumption that F is closed under supersets and the following cardinal
inequalities are consequences of the embedding (X,Z, €) < (“w, “w, <*).

COROLLARY 1.14. Let F C P(X) and let T =P(X)\ F. Then ~E(F) implies
b <non(Z) and cov(Z) <.

COROLLARY 1.15. Let T =P(X)\ F and let L(F) denote the statement:
(3Z C%w, |Z] 2 |X|)(VY C 2) Y € K, implies |Y| < non(Z).
If |X| <c, then L(F) implies ~E(F).

Proof. An easy application of condition (4) from Corollary O

Condition (3) of Theorem [[.§ has these easy consequences: b is the least
cardinal  such that there is a uniform ultrafilter 7 on & so that =E(F) holds; b is
the least cardinal x such that —=F(F) holds for each uniform ultrafilter F on .

We say that x is an E-cardinal, if there exists a uniform ultrafilter F on
such that E(F) holds. By Corollary [LT4 each x < b is an F-cardinal and every
measurable cardinal x is an E-cardinal because, if F is a k-complete ultrafilter
on k, then cov(P(k)\ F) =k > 0.

QUESTION 1.16. When is a cardinal an F-cardinal?
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2. Quasinormal versus uniform

Now, we try to compare the assertions F(F) and E*(F).

Shortly, we will say that F C P(X) is closed, if F is closed under supersets,
ie,if AC B C Fand A € F, then B € F. Let us consider some properties for F.
All next properties ensure that F is closed. Without the closedness assumptions,
these properties would be more complex.

(F0) F is closed and if |J,,c,, An,m € F for all n € w, then there is f € “w such
that U,,c., Up<pn)Anm € F.

(F1) F = NyewFn with F, € P(X) closed such that whenever m € w and
Ay, & F for n € w, then there is k such that (J,, ¢, An & Fi-

(F2) F ={,e0,1)Fe with F C P(X) closed such that whenever 4, C X and

A, ¢ F, for n € w, then for every z with 1 > x > sup,, z,, there is y < z
such that (J,, ., An ¢ 7.
(F3) F =(N,epfp where (P, <) is a partially ordered set and (%, : p € P) is
a system of closed subsets of P(X) such that
(1) For all p,q € P, p < q implies F, D F,.
(2) It U, e, Yn € F, for all p € P, then for every p € P there is n € w such
that Y,, € F,.

ExAMPLE 2.1.

(a) In [8], the case when F = {Y C X : p*(Y) = p*(X)} for some finite
upward continuous monotone outer measure p* on X is considered. Then F
satisfies (F2) with 7, = {Y C X : p*(Y)/p*(X) > z}. The corresponding
system Z for Theorem [[.13] is the family of all sets A C X such that p*(A4) <
p*(X). Vice versa, if F, for z € [0,1] are as in (F2), then p*(Y) = max{z €
[0,1] : Y € ﬂy<x}fy} is an outer measure with the stated properties. Notice
that for condition (F1), the formula p*(Y) = sup{l1 —27":Y € .., Fn}
defines a finite monotone outer measure which is upward continuous (only) at
the value 1.

(b) Let X be a topological space and let P be a m-base of open sets in X.
Let F, for p € P be the system of all sets A C X such that AN p is not meager.
Then F = npeP}; has property (F3) and Z is the system of all sets A C X
which are somewhere meager, i.e., there is p € P such that p N A is meager.

(¢) The previous example is connected with Baire category. The measurability
is involved in a similar way. Let P be the system of all perfect subsets of R with
positive measure and let F, be the system of all sets A C R such that ANg # 0
for every g € P with ¢ C p. Then F = mpGP Fp has the property (F3) and 7 is
the system of all sets in R which are disjoint from a set of positive measure.
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It is easy to see that the implications (F2) = (F1) = (F0) hold. Clearly, (F3)
generalizes (F2) and (F1).

LEMMA 2.2. Let F = (\,cpFp where (P,<) is a partially ordered set with
a cofinal subset of size < b and (F, : p € P) is a system of closed subsets of
P(X) with property (F3). Then E(F) holds if and only if E*(F,) holds for all
peP.

Proof. Let D C P be a cofinal subset of P of size < b and let F': X — ¢o. If
for every p € D there is A, € F, such that F' = 0 on A, then Y = {J,cp4,
belongs to (V,cp F» = (yep Fp = F Then F 2N, 00nY, since | D| < b. It follows
that E(F) holds.

Conversely, if F': X — ¢g, then as we assume E(F), there is Y € F such that
FON0oonY Let Y, C X for n € w be such that ¥ = UneoYn and FF =0
on Y, for all n € w. By condition (2), for every p € P, there is n € w such that
Y, € F,. Consequently, E*(F,) holds for all p € P. O

LEMMA 2.3. Let (F, : p € P) be a system of closed subsets of P(X) such that
F =NpepT» = Npep Fp for some set D C P of size < b. If E*(F,) holds for
all p € D, then E(F) holds.

3. The case of measure and category

DEFINITION 3.1. Let Z C P(X) be an ideal and let B C P(X) be a set algebra.

(1) We say that B is a covering of P(X) modulo Z, if for every Y C X there
exists B € B such that Y C B and (VB’ € B)(Y C B’ implies B\ B’ € 7).
B is said to be a cover of Y.

(2) We say that an ideal Z is B-homogeneous, if for every set B € B such that
B ¢ T there exists a function f: X — X such that f(X \ B) C B and
Y € Z if and only if f(Y) € Z for all Y C X. (If we define f': X — B by
f'(x) =z for x € B and f'(x) = f(z) for x € X \ B, then f’ works, too.)

(3) Let I+ =P(X)\Z and I+ = {AC X : (VB B\T) BN A ¢ T}.

Let us note that the condition in the definition of a B-homogeneous ideal 7
is enough to verify only for B € B such that B ¢ Z and X \ B ¢ Z (because,
if xo € B € Band X \ B € Z, then the condition is trivially fulfilled for the
function f defined by f(z) =« for z € B and f(z) = x¢ for x € X \ B).

It is well-known that the o-algebra of Borel sets is a covering of P(R) modulo

the o-ideal of meager sets M as well as modulo the o-ideal of null sets A/. The
factor algebras Borel/ M and Borel/N have both c.c.c.
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LEMMA 3.2. Let Z; and Zy be ideals on X and let B C P(X) be a set algebra.

(1) If B is a covering of P(X) modulo Z; as well as modulo SIa, then B is
a covering of P(X) modulo Iy N Z;.

(2) If 7y and Iy are B-homogeneous and B-orthogonal (i.e., there exists A € B
such that A € Ty and X \ A € I ), then I; NIy is B-homogeneous.

Proof. (1) is trivial. We prove (2). Let us fix A € B such that A € Z; and
X \ A € Z,. Let B € B be arbitrary such that B ¢ 7y N Zy. Then BN A ¢ I,
and B\ A ¢ I, and so there are functions fi: X - B\ Aand fo: X - BNA
such that for every Y C X,

YeZ, ifandonlyif fi(Y)eT, 1=1, 2.

Let us define f: X — B by f = (f1[(X \ 4)) U (f2]A).

Ity el ﬂIQ, then f(Y) = f1(Y\A)Uf2(YﬂA) NOW, fl(Y\A) - X\A ISP
and fo(YNA) CAeZ. Also, fi(Y \ A) € Z; and f2(Y N A) € Z, because
Y\A€Z and Y NA € I,. Therefore, f(Y) € 7y N Is.

Conversely, if f(Y) € Z;NZy, then f1(Y\A) € Z; and f2(YNA) € I,. It follows
that Y\ A € 7; and Y N A € I, and consequently, Y = (Y NA)U (Y \ A4) €
7, NI,. ]

From now on, if ;1 denotes a measure, then it denotes the Lebesgue measure.
LEMMA 3.3. The ideals M, N, and M NN are Borel-homogeneous ideals.

Proof.

(a) The case of M. Let B be a nonmeager Borel set such that B = R\ B
is nonmeager. There are meager sets M C B and M’ C B’ of size ¢ such that
B\ M and B’ \ M’ are homeomorphic to the Baire space “w. Let g: B — B’
be any bijection such that the restriction g[(B\ M) : B\ M — B’ \ M’ is
a homeomorphism. Then f = gUg ™! is a bijective mapping on R preserving the
Baire category and f(R\ B) = B.

(b) The case of N. We say that a set A C R is nowhere null, if u(PN1I) >0
for every interval I with AN T # 0.

If P,Q C R are perfect nowhere null nowhere dense sets of finite measure, then
there is a homeomorphism f: P — @ such that u(f(U))/u(Q) = u(U)/n(P)
for every relatively open set U C P. To see this, let us define f(z) = y if and
only if u(P N (=o0,z))/p(P) = p(Q N (=o0,y))/mQ).

Now, let B C R be a Borel set of positive measure such that A = R\ B
has positive measure. We can find infinite systems of disjoint perfect nowhere
null nowhere dense sets of finite measure {A, : n € w} and {B, : n € w}
such that A, € A, B, € B forn € w,and A" = A\ U, ¢, An and B’ =
B\ U,c., Bn are null sets of size ¢. For n € w, let f,: A, — B, be the measure
preserving homeomorphisms defined in the previous paragraph and g: A’ — B’
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be any bijection. Then the function f = gU g " U, fn U f; ' is a bijective
mapping preserving null sets and f(R\ B) = B.
(¢) The homogeneity of M NN follows by Lemma O

For X C R, let N (X) and M(X) denote the ideal of measure zero subsets of X
and the ideal of meager subsets X, respectively. We can ask about those X for
which /(X)) or M(X) is homogeneous with respect to relatively Borel subsets
of X. Obviously, the proof of Theorem [B.4] works also if X is measurable or
has the Baire property, respectively. On the other hand, there may be (at least
consistently with ZFC) also other such sets because, if Z is an ideal on X such
that add(Z) = cof(Z), then Z is P(X)-homogeneous.

THEOREM 3.4. Let us assume that T C P(X) is a o-ideal and B C P(X) is
a o-algebra which is a covering of P(X) modulo Z such that B/Z has c.c.c. If T
is a B-homogeneous ideal, then E(ZT) implies E(ZTT), i.e., the following two
conditions are equivalent:

(1) Vp: X 59w)(3Y €ZT) p(Y) € K,

(2) Ve: X 2> 9w)(3Y € ZTH) p(Y) € Ko

Proof. Let us assume that (1) holds, and we prove (2). Let ¢: X — “w.

We claim that for every B € B\ Z there exists Y C B such that Y € Z*
and p(Y) € K. To see this, let us fix B € B\ Z. Let f: X — X be such that
f(X\B)C BandY €Zif and only if f(Y) € Z for all Y C X. Let us define
¢'(z) = p(z) for x € B and ¢'(z) = ¢(f(z)) for € X \ B. By (1) there is
Z € I* such that ¢'(Z) € K,. If ZNB € ZT, then we set Y = ZN B. Otherwise,
Z\ B €Z" and then we set Y = f(Z \ B). In both cases, Y C B, Y € Z*, and
oY) e K,.

Now, let F' be a maximal system of pairs (Z, B), where Z € I+, ¢(Z) € K,,
B is a cover of Z in B modulo Z, and BN B’ € T for distinct (Z, B), (Z,B’) € F.
Let Y =z pyer Z- Then Y € 77 and, as B/T has c.c.c., F is countable and
so, (Y) € K. O

Obviously, the ideals M, N, and M N N satisfy the assumptions of Theo-
rem [3.4. Now, we can say a bit more than Theorem [[LT3] says for the assertion

EWNTT).

COROLLARY 3.5.
(a) The following conditions are equivalent:

(1) =EWNT).

(2) ~ENFH).

(3) ([0,1],NV, €) = (“w,“w, <*).

(4) ([0,1},{A C o, 1] p*(A) <1}, €) = (Yw,%w, <*).
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(b) The following conditions hold:

(1) ~E(M™).

(2) ﬁE(MH)

(3) ( ) = (Yw,Yw, <*).

(4) ([0,1] {A C0,1]: ANU € M for some open U # 0}, €) < (Yw,“w, <*).

(c) The following conditions are equivalent:
(1) ~E((MAN)).
(2) ﬁE((M ﬂN)JrJr)
(3) MNON€) = (“w,“w, <*).
(4)

((0,1];
4) ([0,1,{4 € [0,1] : ANU € MNN for some open U # 0}, €) =
(“w,“w, <*).

)

Proof. The equivalences hold by Theorem 34 and by Theorem [[LT3]in all three
cases. It is well-known that there exists a Galois-Tukey morphism ([0, 1], M, 6) =
(“w, “w, <) (see [I, [6]). O

COROLLARY 3.6. E(N™) holds if and only if E((M NN)T) holds.

Proof. Let us assume that E((M NAN)T) holds and let F: R — ¢ be given.
As =E(M™) holds, there is H: R — ¢( such that for every Y C R, if H QN
on Y, then Y € M. Let G = max{F, H}. Then there is Y € (M NN)T such
that G % 0on Y. As F < G also F @Y 0 on Y. Then Y € M by the choice
of H, and so Y € N'T. Tt follows that E(N) holds. The inverse implication is
a consequence of the inclusion N+ C (M NN)T. O

QUESsTION 3.7. If /; C /& C P(X), then E(F) implies E(%). This fact can be
expressed by a Galois-Tukey embedding (X, P(X)\ A, €) = (X,P(X)\ &, €)
given by the pair of identity functions. Under what conditions does an inverse
embedding exist?
QUESTION 3.8. Which implications of the form E(F) = E(F) with A,/ C
P(X) do imply a Galois-Tukey embedding

(X, P(X)\ R, €) = (X,P(X)\ A,€)7

The assertion E(N 1) is denoted by (GES) in [8]. By Corollary B35 —(GES)
is equivalent to =F (N 1) which by Corollary [L.Tl is equivalent to the condition
(Fe: [0,1] = “w bijective)(VY € NT) p(Y) ¢ K,.

Condition L(NT) from Corollary states the existence of a non(N)-K,-

-Luzin set of cardinality ¢ (see Definition [4.1] below). Let us consider another
condition:
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(M) There exists a non-atomic real-valued o-additive measure v on a o-algebra
of subsets of “w such that v(“w) =1 and v(K) = 0 for all K € /C,.

Now, it is obvious that L(N ) implies —=(GES) and —(GES) implies (M).

4. Other questions related to F(F)

DEFINITION 4.1.

(1) A sequence (fe : { < k) in “w is a B-sequence, if for every f € “w there is
n < k such that fe £* f for all £ > 1. A cardinal s is a B-cardinal (i.e.,
b like cardinal number), if there exists a B-sequence of the length .

(2) Let ZC P(X). Aset Y C X is a k-Z-Luzin set, if |Y| > k and Y NA| < K
for all A € Z.

(3) Let F C P(w) be a filter. For f,g € “w we define

f<rg=(BAeF)(VneA) f(n)<gn)

Let by and 0F denote, respectively, the unbounding number and the dom-

inating number for this quasi-ordering of “w.

Let us note that b = by and 0 = 0 for Fréchet filter F. If ' C F’ are filters
that extend Fréchet filter, then br < bpr < 0pr < 0p. The reader can find more
information on cardinals by and 9p in [3].

Here, we list several facts on B-cardinals and IC,-Luzin sets:

THEOREM 4.2.

(1) b is the least B-cardinal and if o filter F' contains Fréchet filter, then bp
and 0f are B-cardinals.

(2) k is a B-cardinal if and only if cf k is a B-cardinal.

(3) If k is a regular B-cardinal, then b < k <.

(4) If k < ¢ is a B-cardinal, then there exists a k-K,-Luzin set X C “w such
that k is the least cardinal such that X is a k-KCp-Luzin set.

(5) If there exists a k-Ko-Luzin set X C “w of size A, then b < k and every
reqular cardinal p with £k < p < X is a B-cardinal. If, moreover, Kk < A,
then A <.

(6) A cardinal k is a B-cardinal if and only if there exists a cf(k)-Kq-Luzin
set in Yw.

(7) If there exists a k-Luzin set X of size A, then non(M) < k and p <
cov(M) for every regular cardinal p with k < p < \. If, moreover, k < A,
then b = add(M) < non(M) < k < X < cov(M) < cof (M) = 0.

(8) If cov(M) = cof(M) = k, then there exists a k-Luzin set of size k.
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Proof. (1) Let (fe : £ < b) be an <p-unbounded system of functions such
that fe <p f, for £ <n < b and let (g¢ : £ < 0) be a <p-dominating system
of functions such that g¢ ?r g, for £ < n < 0. Both these sequences are B-
-sequences.

For (2) it is enough to realize that elements in a B-sequence can repeat (not
cofinally many times) and every cofinal subsequence of a B-sequence is a B-
-sequence.

(3) If  is a regular B-cardinal, then b < k by (1). We prove that also k < 9;
by (2), cfd is a regular B-cardinal. Let (f¢ : £ < k) be any B-sequence and let
D C “w be a dominating family of size 2. For f € D let X; = {£ < x: fe <* f}.
Clearly, | Xf| <k and k = J;cp Xy It follows that [D| > k because « is regular.

(4) Let (fe : € < cf k) be a B-sequence and let D C “2 for £ < cf k be such
that |De| < k and |Ug. ot De|l = k. Define X = {f+g:(3E<cfr) f=fe
and g € D¢}. Clearly |X| =k and X is a x-Ko-Luzin set with £ minimal.

(5) If 0 = (fe : £ < p) is a sequence of distinct elements of X, then o is a B-
-sequence whenever cf 4 > x. The inequality b < k holds because every subset
of X of size < b is bounded, and hence has size < k. By an argument similar to
the proof of (3), we can see that if kK < A then A < kd =.

(6) By (2), we can restrict to regular cardinals. For regular cardinals, the
assertion follows by (4) and (5).

(7) non(M) < k because every subset of X of size < non(M) is meager
and hence has size < k. Let us assume that £k < u < X\ and p is regular. If C is
a system of meager subsets of X covering X, then ||JC| > u and, as each set in C'
has size < p and p is regular, it follows that |C| > p. Therefore, cov(M) > u.
So, if k < A, then cov(M) > A, and the rest is a consequence of the equalities
add(M) = min{cov(M),b} and cof(M) = max{non(M),d} (see [6], [2]).

(8) Let (M, : @ < k) be an enumeration of a base of M. By induction, choose
To € R\ Ug.y Mp. Then X = {z, : a < k} is a k-Luzin set. O

Let us note that k is a B-cardinal if and only if there exists a Galois-Tukey
morphism (k, &, <) < (Yw,“w, <*). For example, if (fe : £ < k) is a B-sequence,
then the pair of functions ¢: kK — “w and ¢: “w — k defined by () = f¢ and
P(f) = sup{€ : fe <* f} is a morphism because ¢(£) <* f implies & < ¢(f).
This fact gives another argument for conditions (2) and (3). We do not know
whether supremum of regular B-cardinals can be strictly smaller than 9 (in this
case, by (1), ® must be singular).

By adding Cohen reals, we obtain a model in which b = w; < ¢ and there is
an wy-K,-Luzin set of cardinality ¢. In this model every regular cardinal with
w1 < k < ¢ is the cofinality 0y of an ultraproduct “w/U for some ultrafilter U
on w (see [9]).
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Using B-cardinals, we can rewrite Corollary as follows (compare with
[8, Proposition 8]):
COROLLARY 4.3. Let |X| <c¢, let F CP(X), and let T =P(X) \ F.

(1) If there exists a non(Z)-K,-Luzin set of size |X|, then —E(F) holds.

(2) If |X| is a B-cardinal and non(Z) = |X|, then —=E(F) holds.

Notice that (2) is a special case of (1).
In the case of measure, Corollary states:

COROLLARY 4.4 ( [8, Proposition 8]).

(1) If there exists a non(N')-K,-Luzin set of size ¢, then —(GES) holds.
(2) If ¢ is a B-cardinal and non(N') = ¢, then —(GES) holds.

Let us recall a theorem of W. Sierpinski ( [9, Proposition Ps]): CH holds
if and only if there are functions f,: R — R for n € w such that (VA € [R]=*1)
(V°n € w) fr(A) = R. This theorem was a motivation for the next characteri-
zation of k-K,-Luzin sets.

THEOREM 4.5. The following conditions are equivalent for any k < XA < ¢ with
cfk > w:

(1) There is a k-Ky-Luzin set of size A.

(2) There are functions fn: X — w for n € w such that (YA € [\]*)(V>®n € w)

[fn(A)] = w.
(3) There are functions fn,: XA = w for n € w such that (VA € [A\]*)(In € w)
‘fn(A)| =w.

Proof. (1) = (3): Let L C “w be a k-KC,-Luzin set of size A and let {ge: £ < A}
be a one-to-one enumeration of L. Let us define f,: A = w by f,(§) = ge(n). To
obtain a contradiction, let us assume that there is A € [A]" such that | f,(A4)] < w
for all n € w. Hence, there is h € “w such that f,(§) < h(n) for all n. Then
{g¢ : £ € A} € K, which is a contradiction.

(3) = (1): Let f,,: A - w for n € w satisfy (3). Let us define g € “w by
ge(n) = frn(€). By induction on § < A, let us define he = g¢ +y¢ where ye € “2is
such that he # h,, for all n < £. Then the set L = {he : £ < A} has size X and we
prove that it is a k-K,-Luzin set. To obtain a contradiction let us assume that
we have A € [A]* such that {he : £ € A} € K,. As cf K > w, there is B € [A]"
and h € “w such that hg < h for all £ € B. Then f,,(§) < he(n) < h(n) for all
& € B and n € w which contradicts condition (3).

(3) = (2):If f,,: A = wfor n € w satisfy (3), then f, (&) = max{f;(§) : i <n}
for n € w satisfy (2). The implication (2) = (3) is trivial. 0
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For a while, let us consider a special case of Corollary

Let F CP(R) and Z = P(R) \ F be such that F N [R]<¥ = 0. Then CH implies
—FE(F). (Because non(Z) = ¢ and there exists a ¢-K,-Luzin set of size c.)

This special case has this application: If 7 C P(X) does not contain countable
sets and the definition of F does not contradict either CH or |X| = wy, then
E(F) is not provable in ZFC, i.e., E(F) is independent from ZFC if and only if
E(F) is consistent with ZFC.

EXAMPLES.

1. Let £ C P(R) be the o-ideal generated by closed sets of measure 0. Then
& C MNN and E((MNN)T) is consistent with ZFC by Corollary B8] (because
E(N*1) is consistent, see [8] or [I1]). As (M NN)T C EF, E(ET) is consistent
with ZFC and hence independent from ZFC.

2. Let s° be the Marczewski ideal. It is well-known that 9 < cov(s®) holds in
the forcing extension of a model of ZFC + CH via a countable support iteration
of Sacks forcing of length ws (see [I] and [7]). Therefore, E((s)T) is consistent
by Corollary [LT4 and consequently, E((s°)*) is independent from ZFC.

3. Let (s%)™F be the family of all sets Y C R such that Y N P # () for all
perfect subsets P C R. We prove ﬁE((sO)JFJF): Let ¢o: R — “w be such that
the restriction p[Ir: Ir — “w is a homeomorphism from the set of irrational
numbers onto the Baire space. Now, if there is f € “w such that ¢(y) <* f for
ally €Y, ie, (V) € Ky, then the set Z = {z € “w: (Vn € w)(z(n) = f(n)+1
or z(n) = f(n)+2)} is compact perfect subset of “w and ¢~!(Z) NIr is a perfect
set disjoint from Y. Therefore, Y ¢ (s%)*. It follows that —=E((s°)* ") holds.
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