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SOME CONVERGENCE THEOREMS FOR
BK-INTEGRAL IN LOCALLY CONVEX SPACES

SOKOL BusH MEMETAJ

ABSTRACT. In this paper, we present some convergence theorems for Bk-
integral of functions taking values in a locally convex topological vector space.
These theorems are involved with the notion of equi-Bk-integrability.

1. Introduction

The Bk-integral defined in this paper is an extension to a locally convex
topological vector space of Birkhoff integral in the Fremlin sense (see [7]). Our
Bk-integral definition is equivalent to Bk-integral definition in [6] and to V-
integral definition in [§].

The aim of our paper is to give sufficient conditions for the interchange of the
limit and the integration, for a sequence (f,) of Bk-integrable functions from a
complete probability space to a locally convex topological vector space (V, 7). We
assume equi-Bk-integrability in (V, 7) of the sequence (f,,) converging pointwise
in the topology 7 or in the weak topology o(V,V’). For the case when functions
take values in a Banach space, our notion of equi-Bk-integrability is equivalent to
the equi-Birkhoff-integrability in [2] or [10]. Convergence theorems of this type
of functions taking values in a Banach space have been shown in [2], [9], [10].

In the second section, we present three convergence theorems for Bk-integral
which are involved with the notion of equi-Bk-integrability of a sequence (f,);
Theorem [2.1] assumes the pointwise convergence of the sequence (f,) in (V,7);
Theorem and Theorem 2.8 assume the pointwise convergence of the sequence
(fn) in (V,o(V,V')). Theorem [ZTlis a generalization of Theorem 7 in [2]. The-
orem [2.6] is a generalization of Theorem 2.12 in [10].
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The main result in this paper is Theorem 2.8 Theorem 2.1 and Theorem
are used in the proof of Theorem 2.8 For the case when locally convex topolog-
ical vector space is weakly sequential complete but not complete, we use Theo-
rem (2.8 instead of Theorem Do locally convex topological vector spaces of
this type exist? The following example shows that the answer to this question
is positive.

Let V be a Lebesgue space L'([0,1]) endowed with its weak topology. This
space is locally convex and Hausdorff, and its dual is linearly isometric to
L*>=([0,1]) (see [3, Th.IV.8.5; p.289]), so the weak topology o(V, V') coincides
with the original one. Sequential completeness follows from the Vitali-Hahn-
Saks Theorem (see [4, p.29]). Indeed, the elements of L!([0,1]) can be identified
with the countably additive measure p on B, the Borel o-field of [0,1], that
are absolutely continuous with respect to the Lebesgue measure A\. The weak
convergence of a sequence (u,,) is clearly equivalent to pointwise convergence on
all elements of B. To show that V is not complete, it is sufficient to construct a
net (f,.) of non-negative L! functions, with unit norm, such that the limit

1
tim 7, () (o) dz
0

exists in R for all g € L, but defines a finitely additive measure on I which is
not countably additive. To this aim, one can define a sequence (z,,) in [0, 1]5.
Since [0, 1] is compact for the product topology, the sequence (x,,) has a conver-
gent subnet (x,,),. Now, all elements z,, can be thought of as measures in B,
absolutely continuous with respect to A, and their Radon-Nikodym derivatives
fn, form the requested net.

Throughout this paper, (€2, 3, 1) is a complete probability space and (V, )
is a locally convex topological vector space, which is Hausdorff (or separated)
space. We set P the family of all continuous semi-norms in this space; for every
p e P, VP denotes a quotient vector space of the vector space V with respect
to the equivalence relation  ~? y < p(z —y) = 0; the map ¢, : V — VP is a
canonical quotient map, thus ¢,(x) is an equivalence class of an element z € V'
with respect to the relation “ ~P ”; a quotient normed space (XN/”, D) is called a
normed component of the space (V, 1), where p(¢,(z)) = p(z), for each x € V;
a Banach space (Vp, D), which is the completion of the space (17” ,D), is called a
Banach component of the space (V,7); V', V], ‘7p’ and V;, are topological duals
of (V,7), (V,p), (177’, p) and (Vp,]_o), respectively; o(V, V") is the a topology of
(V, 7). It is easy to see that

V' = {5;o¢p/5;eﬁ;,pep}, (1.1)
because for every v’ € V', we have that |v'(.)| € P.
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The function

¢:V = [[(V7.5), 6(z) = (¢p(x)),z € V,

is clearly linear, and since (V,7) is Hausdorff, it is also one to one. Moreover,
the function ¢ is readily seen to be a homeomorphism, and hence, an isomor-
phism of V' onto ¢(V') (for the isomorphic definition of topological vector spaces
see, [11], p. 11].

For every p,q € P such that p < ¢, we define the map
Opq Vi VP Gpq(wq) = wp, wy € Ve,

where w, = ¢,(x), for some vector x € w,. Since for every y € wy, we have
¢p(y) = wp, the map gy, is well defined. It is easy to prove that g,, is a
continuous linear map. We also define the map g, : V? = V" as a continuous
linear extension of gy, for every p,q € P such that p <g.

The projective limit of the family {(V?, p)/p € P} with respect to the family
{9pq/P,q € P,p < g} is denoted

(72, 7), Gog

and the projective limit of the family {(Vp, D)/p € P} with respect to the family
{9pq/P:q € P,p < q} is denoted
. TP —\ —
h(in(v ? p)?qu Y
for the projective limit concept (see [L1} p. 52].
The following theorem is proved in a similar way as that of Theorem II. 5.4

in [IT) p.53]. The symbol V' = L is used to mean that topological vector spaces
V and L are isomorphic.

THEOREM 1.1. If (V,7) is a complete locally convex topological vector space,

then we have . B o
(‘/a T) = lgn(vp’@’ gpq = lgn(v 7ﬁ>7§pq'

Let p be an element of P and let T' = (F,,) be a countable partition of {2 in X.
A series ), x,, of elements x,, € V,n € N is unconditionally convergent in (V,p)

if and only if > ¢,(x,) is unconditionally convergent in (17” ,P); moreover, the

series »  ¢p(xy) is unconditionally convergent to w € VP, if and only if Yo Tn
is unconditionally convergent to x € V, for any x € w. The function f: Q — V
is called p-summable with respect to I', if satisfying conditions:

(1) the function f|g, is bounded in (V,p) whenever u(E,) > 0;
(2) the set of sums

Jp(fv F) = {ZM(En)f(tn)/tn € En,n € N} )
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is made up of unconditionally convergent series in (V,p).

DEFINITION 1.2. A function f: Q — V is called Bk-integrable on Q in (V, 1) if
there exists a vector Iy € V satisfying the following property: for every p € P
and for every € > 0 there exists a countable partition

ng) = (En)

of 2 in ¥ such that the function f is p-summable with respect to FEP ) and the

inequality
p (If - ZN(En)f(tn)> <€,

holds true for each choice of points ¢, € F,,,n € N.

By virtue of Definition [[L2] we obtain Theorem [[L3l This theorem guarantees
a simple and important relation of Bk-integral in a locally convex spaces and
Birkhoff integral in its components.

THEOREM 1.3. A function f : Q — V is Bk-integrable on Q in (V,7) if and
only if there exists a vector Iy € V' such that for every p € P the function ¢, o f

is Birkhoff integrable on ) in the normed component (177), D) while

(Bk) [¢po f=dp(ly).
/

DEFINITION 1.4. A sequence (f, : Q — V) is called equi-Bk-integrable in (V, 1)
if every function f,, is Bk-integrable on 2 in (V,7) and for every p € P and for
every € > 0 there exists a countable partition

(p) _
of @ in ¥ such that I = (An)

(1) every function f, is p-summable with respect to ng );

(2) for any choice of points t,, € A,,,m € N, we have that for each § > 0
there exists £k € N such that

p ( Z N(Am)fn(tm)> < 6a

meM
for every finite set M C N disjoint from {1,...,k} and for all n € N;
(3) the inequality

p | S ) ltn) ~ (B [1, ] <
m Q
holds for every n € N.
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2. Convergence theorems

The first convergence theorem assumes that the sequence (f,) converges
point-wise to a function f in the topology 7.

THEOREM 2.1. Let (V,7) be a sequentially complete locally convex topological
vector space. If a sequence (f, : Q@ — V) is equi-Bk-integrable in (V,7) and
converges to a function f: Q — V in (V,T), then the function f is Bk-integrable

on Q in (V,7) and we have
tim (B1) [ £, = (85 1
Q Q

in (V,7).

Proof. Thesequence (f,) converges to the function f in (V,7), if and only if for
each p € P the sequence (¢, 0 f,,) converges to the function ¢, o f in the normed
component (17’3 p). Therefore, the sequence (f,) converges to the function f in
(V,7), if and only if the sequence (¢, o f,) converges to the function ¢, o f in
the Banach component (VI,) p), for each p € P.

By Definition [[4] the sequence (¢, o f,) is equi-Birkhoff-integrable in the
Banach component (VI,) p), for each p € P.

Thus, we are in conditions of Theorem 7 in [2], for each p € P. Therefore,
for each p € P the function ¢, o f is Birkhoff integrable on 2 in the Banach
component (V*, p) and

n—oo

lim (Bk)/¢p ofn= (Bk)/(bp of (2.1)

in (V" p). Q Q
According to Theorem [[3] we have that (Bk) [, ¢po fn € VP, for eachn € N
and p € P. Therefore, for each p € P, the sequence (¢,((Bk) [, fn )) is a

Cauchy sequence in (V2 p). This yields that ((Bk) )[ofn) is a Cauchy sequence
in (V,7) and as a consequence it converges to Iy € V in (V,7). By (21, this
implies that

op(If) = (BE) [¢po f,
/

for every p € P. Consequently, by Theorem [[.3] the function f is Bk-integrable

on Qin (V,7) and
lim(Bk) [ fn = (BE) [ f
o o=

Now, we present the convergence theorems which assume that a sequence (f,,)
converges pointwise to a function f in the weak topology o(V, V’). The following
lemmas prepare the proof of Theorem

in (V, 7). O
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LEMMA 2.2. Assume that a locally convex topological vector space W which is
Hausdorff is given and let T : V. — W be a continuous linear function. If
a function f : Q — V is Bk-integrable on Q in V, then the function T(f) is
Bk-integrable on Q in W and

1) [ (5 =T |(B1) [ 1
Q Q
Proof. Let S be the family of all continuous semi-norms in W. Let s be an

arbitrary element of S. Since T is a continuous function, for a given € > 0, there
exists p € P and € > 0 such that

plz) < =s(T(x)<e xeV. (2.2)
According to Definition [[L2 there exists a countable partition Fg) ) = (E,) of
Q in X such that the function f is p-summable with respect to Fg) ) and the

inequality
p (ff - ZMEn).f(tn)) <é,

holds for each choice of points ¢, € E,,n € N. Therefore, since T is a continu-
(p)
6/

ous linear function, the function T'(f) is s-summable with respect to T';;” and,

because of ([2.2]), the inequality

s <T<If> ~ " u(E) (T o f><tn>> <e

holds for each choice of points t, € E,,,n € N. Because of arbitrariness of s,
the function T'(f) is Bk-integrable on € in W and

1) [T(5) =T | (BE) Q/f

Q ]

LEMMA 2.3. Let (V,T) be a complete locally convex topological vector space. A
function f : Q — V is Bk-integrable on Q in (V, 1) if and only if for everyp € P
the function ¢, o f is Birkhoff integrable on ) in the Banach component (Vp,;t_)).
In this case, we have that the equality

o, |(B1) 1) = B1) 001,
holds for every p € P. Q Q

Proof. The direct part of theorem is easy to prove by applying Theorem [[.3]
Conversely, assume that for every p € P the function ¢, o f is Birkhoff
integrable on S in (Vp,]_o). We set (Bk) [, dpo f = I, forpe P.
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Assume that two arbitrary continuous semi-norms p and ¢ such that p < ¢
are given. According to Lemma [Z2] we have

T (Bk)ﬂ/cbqu —(Bk)/@pq0¢q)0f—(Bk’)!%Of

Q
or g,,(I4) = I,. Consequently, we obtain
(TP) € lgn(vpvz_))agpq
and therefore, by Theorem [[T] it follows that there exists Iy € V such that

¢p(If) = I, for each p € P. By virtue of Theorem [[3] this means that the
function f is Bk-integrable on € in (V,7) and the proof is finished. g

In the following lemma, the symbol f|g stands for the restriction of the func-
tion f on E. This lemma has been shown in a different way in [6].

LEMMA 2.4. Let (V,T) be a complete locally convex topological vector space. If
a function f : Q — V is Bk-integrable on Q in (V,T), then, for each E € X,
the function f|g is Bk-integrable with respect to (E,Xg,pg) in (V,T), where
Yp={ENF/F €X} and pg stands for the restriction of u to Xg .

(In this case, Bk-integral of the function f|g with respect to (E,Xg, ug) in
(V,7) is said to be Bk-integral of the function f on E in (V,7) and it is denoted

(1) [ = (B8 [11e).
E E

Proof. Let E be an arbitrary element of ¥. By Lemma[2.3] the function ¢, o f
is Birkhoff integrable on 2 in the Banach component (Vp,]_o), for each p € P.
Hence, by Theorem 14 in [I], p. 367], the function (¢, o f)|g is Birkhoff integrable

with respect to (E,Xg, pg) in the Banach component (Vp,ﬁ), and since
(Ppo fle = ¢po (flE)

by Lemma [2.3] we obtain that the function f|g is Bk-integrable with respect to
(EszaluE) in (VvT)' O

According to Lemma 2.3 and Lemma [2.4] we obtain the following

COROLLARY 2.5. Let (V,7) be a complete locally convex topological vector space
and let E be an element of 3. A function f : Q — V is Bk-integrable on E in
(V,7), if and only if for every p € P the function ¢, o f is Birkhoff integrable

on E in (Vp,]_o). In this case, we have that the equality

o | (BR) E/f — (BK) E/¢p of,
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holds for each p € P.

Now, we are ready to show the second convergence theorem.

THEOREM 2.6. Let (V,7) be a complete locally convex topological vector space.
If a sequence (fn, : Q@ — V) is equi-Bk-integrable in (V,7) and converges to
a function f : Q — V in the weak topology o(V,V'), then the function f is
Bk-integrable on Q in (V,7) and, for every E € ¥, we have

lim (Bk)/fn = (Bk)/f,
n—oo
E E
in the weak topology o(V,V").

Proof. According to Definition [[.4] the sequence (¢, o f,,) is equi-Birkhoff-
integrable in the Banach component (Vp,]_)), for each p € P.
By virtue of (LI]), the sequence (¢, o f,,) converges to ¢, o f in the normed

component (17” ,p) in the weak topology, for every p € P. Therefore, for every
p € P, the sequence (¢, o f,) converges also to ¢, o f in the Banach component
(Vp,ﬁ) in the weak topology.

Thus, we are in conditions of Theorem 2.12 in [I0], for every p € P. This
yields that for every p € P the function ¢, o f is Birkhoff integrable on 2 in
(Vp,ﬁ) and, for every F € 3, we have that the equality

n—oo

lim ¥, ((Bk)[¢po fo | =7, [(BE)[¢p0 f ], (2.3)
oferen )= on)

holds for every 7, € V;.

Let E be an arbitrary element of X. We have that, for every p € P, the
function ¢, o f is Birkhoff integrable on E in the Banach component (Vp,]_o).
Then, by Corollary 25 the function f is Bk-integrable on E in (V,7) and

(B1) 0,0 = o, (B[ £ ] € 7. (24)
E E
for every p € P. By the same corollary, we also have
(Bk)/qu o fr = p (Bk)/fn e Ve, (2.5)
E E

for every p € P and n € N. Hence, by ([24)),[23]) and ([23]), we obtain that for
every p € P, the equality
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T (7 00,) [(80)[1.] = @ 00,) (B0)]1) (2.6
E E
holds for every v;, € ‘7; )
Now, let v/ be an arbitrary element of V'. According to (1)), there exist
p € P and v, € V) such that v" =9, 0¢,. The latter equality together with (2.6])
imply

n—0o0

lim o' | (Bk) E/ fal =0 (Bk:)b/f

Because of arbitrariness of v' and F, this equality holds for every v' € V'’ and
for every E € X. The proof is finished. O

Finally, we can present the third convergence theorem. Let us begin with
following lemma.

LEMMA 2.7. Let (V, 1) be a locally convex topological vector space which is se-
quentially complete with respect to the weak topology o(V,V"). If the sequence
(fn: Q — V) is equi-Bk-integrable in (V,T) and converges pointwise to the func-
tion f : QQ — V in the weak topology, then there exists Iy € V such that the
equality

lim o' (Bk:)/fn =o' (Iy),
n—oo

Q
holds for every v’ € V.
Proof. The locally convex topological vector space (V,o(V, V")) is Hausdorff
(see [12, Cor.IV.6.1; p.107]). Let denote by P’ the family of all continuous
semi norms in (V,o(V,V")). Since P’ C P, then the sequence (f,) is equi-Bk-
integrable in (V,o(V, V') and converges to the function f in this space. So that,
we are in conditions of Theorem 21l Hence there exists Iy € V' such that:

n—0o0

lim p (Bk)/fn —1Ir| =0,
Q
for every p’ € P’ and, as a consequence, we have

lim o [ (Bk) / ] = v,

n—o00
Q

for every v' € V', because [v'(.)| € P'. O

37



SOKOL BUSH MEMETAJ

THEOREM 2.8. Let (V,7) be a locally convex topological vector space which is
sequentially complete with respect to the weak topology o(V,V'). If the sequence
of functions (fn, : Q@ — V) is equi-Bk-integrable in (V,T) and converges to f :
Q — V in the weak topology, then f is Bk-integrable on  in (V,T) and

lim (BE) ! fn = (Bk) Q/ /s

in the weak topology.

Proof. Let p be any continuous semi-norm in (V, 7). By virtue of (I1l), the
sequence (¢, o f,) converges to ¢, o f in the normed component (17”,;5) with
respect to the weak topology, and consequently, the sequence (¢, 0 f,,) converges
also to the function ¢, o f in the Banach component (Vp,]_)) with respect to
the weak topology. According to Definition [I.4] the sequence (¢, o f,) is also

equi-Bk-integrable in (Vp,]_o). Then, by the Banach version of Theorem 2.0, the
function ¢, o f is Bk-integrable in (V",p) and the equality

n—oo

lim 7, | (Bk)[¢po fn] =7, [ (BE)[dpo f],
/ /

pa— =2 . p— =2 . . .
holds for every 7, € V,, and since every 7, € V, is the continuous extension of

an element 5;, € 17;, it follows that the equality

n—oo

lim @, [ (BE)[¢po fo| =7, |(BE)[¢po f (2.7)
enferen) o)

holds for every ), € V), where T, is a continuous extension of vy,

By applying Lemma [Z2], for every ¢, o f,,, we obtain

7, (B8 [0y .| = (B1) [0 6,0 1)) = (B8 [1} 0 1.
Q Q Q

where v, = U}, © ¢, and again, by applying Lemma 2.2] for every f,, we obtain

(1) [0 1 = o (B [,
Q Q
and consequently,

o8 (Bk)/¢po fo] = (Bk)/ ] (2.8)
Q Q
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Hence, by ([Z.8) and [2.7), we get

T o (B0 [1.] =7, (800,01 (2.9)
Q Q
Also, according to Lemma [2.7] there exists Iy € V such that the equality
nh_}rrgov (Bk) /fn =uv,(I;) =7, (¢p(If)) (2.10)

holds for every v;, € V. Hence, by (2I0) and (Z.9)), we obtain
B, (00(10)) =7, | (B / 6p01).

for every 5’p € X~/p’, where 6'p is a continuous extension of T)]’J. Consequently,
% (é(15) =7, | (BK) /qsp ,

for every v, € le, and according to [12, Cor.IV.6.2; p. 108], this means that
(Bk)/(;Sp o f =¢p(I;) € VP.
Q

Therefore, by Theorem [[.3] the function f is Bk-integrable and

(Bk)ﬂ/f_ff-
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