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SOLVABILITY OF A LINEAR NON-LOCAL
BOUNDARY VALUE PROBLEM FOR NONLINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

ZDENEK OPLUSTIL

ABSTRACT. New sufficient conditions are established for the solvability as well
as unique solvability of a linear non-local boundary value problem for nonlinear
functional differential equations.

1. Introduction and notation

On the interval [a, b], we consider the functional differential equation

u'(t) = F(u)(t), (1)
where F': C ([a, b};R) — L([a, b};R) is a continuous (in general) nonlinear op-
erator. As usual, by a solution of this equation we understand an absolutely
continuous function u: [a,b] — R satisfying the equality (II) almost everywhere
on the interval [a, b]. For the basic theory of functional differential equations we
refer to monographs [I, 4] 6] [8] (see also references therein). In spite of many
interesting results there is a broad field for further investigations, namely, in
the question on the solvability of various boundary value problems for the equa-
tion ().

In the present paper, along with the equation (), we consider the non-local
boundary condition

h(u) = ¢, (2)

where h: C([a,b;R) — R is a (non-zero) linear bounded functional and c is

a real number. The results presented below can be regarded as a generalization
of those established in [2] (see also [3, Chapter 14]).
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The following notation is used in the sequel.

(1) R is the set of all real numbers. Ry = [0, +0o0].

(2) C([a,b);R) is the Banach space of continuous functions v: [a,b] — R with
the norm ||v||c = max {|v(t)| : t € [a,b]}.

(3) C(la,b;Ry) = {u € C([a,b];R) : u(t) > 0 for t € [a,b]}.

(4) AC([a, bl; D), where D C R, is the set of absolutely continuous functions
v: [a,b] — D.

(5) L([a, bl; R) is the Banach space of Lebesgue integrable functions p: [a, b] —
R with the norm ||p||, = fab Ip(s)| ds.

(6) L([a,b);Ry) = {p € L([a,b];R) : p(t) > 0 for almost all ¢ € [a,b]}.

(7) Lap is the set of linear operators £: C([a,b];R) — L([a,b];R) for which
there is a function n € L([a, b]; R4) such that
[(v) ()] < nt)|[v]|c  for almost all ¢ € [a,b] and all v € C([a,b];R).

(8) P,p is the set of operators £ € L, transforming the set C([a, bl; R+) into
the set L([a,b); Ry).

(9) Fup is the set of linear bounded functionals h: C([a, b]; R) — R.

(10) PF, is the set of functionals h € F,, transforming the set C([a, b};RJr)
into the set R..

(11) K([a,b] x Ry;Ry) is the set of functions f: [a,b] x Ry — R, satisfying the
Carathéodory conditions, i.e., f(-,z) : [a,b] — R4 is a measurable function
for all z € Ry, f(t,): Ry — Ry is a continuous function for almost all
t € [a,b], and for every r > 0 there exists g, € L([a, b];R}) such that

|f(t,z)] < qr(t) for almost all ¢ & fa,b] andall xe€]0,r].

2. Main results

First formulate the following definition of a solution of the problem (), (2.

DEFINITION 2.1. By a solution to the equation (I]) we understand an absolutely
continuous function u: [a,b] — R satisfying the equality () almost everywhere
on the interval [a,b]. A solution to the equation (I]) satisfying the boundary
condition () is said to be a solution to the problem (), ().

We assume in theorems below that the functional h in the boundary condi-
tion ([2) admits the representation h = hg — hy, where hg, h1 € PFy,. There is
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no lost of generality in assuming this, because an arbitrary linear bounded func-
tional can be expressed in this form (see [7]). Moreover, the following assumption
is used:

(H) F: C([a,b];R) = L([a,b];R) is a continuous operator such that the rela-
tion

sup{|F(v)()| : v € C([a,b]:R), [lvlle < 7} € L(la,blRY)
is satisfied for every r > 0.

Before formulation of the main results we introduce the following notation. Hav-
ing a point ¢ € [a,b] and a functional hg € PFy;, for any A > 0, we put

hio(v)
Obviously, hJ . € PFuy. Therefore, we set

Cho(v) = Av(e)  for ve C(a,b];R). (3)

Ay = sup{)\ >0: h()\’c € PFab}. (4)
It is clear that 0 < A} < ho(1) and
hys, € PFyy. (5)

THEOREM 2.1. Let the assumption (H) be satisfied, the functional h admit the
representation h = ho — hy with hg, hy € PFy, the number X be defined by the
formula @), and the condition

hi(1) < A, (6)
hold. Let, moreover, there exist
Ly, b1 € Py (7)
such that, for any v € C([a,b];R), the inequality
[F(v)(t) —Lo(v)(t)+£1(v)(t)] sgnv(t) < q(t, ||v]|c) for almost allt € [a,b] (8)
holds, where the function q € K([a, bl x Ry; R+) satisfies the condition
b

lim + / o(s,7)ds = 0. ()

r—+oo I
a

If, in addition, either
1 1 2
el <1 5 ) = (5 (o) - X)),

a

el < 2\/1 - 5o D) = 160l = 5 (ho(1) = X)), (10)

a
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or ,
el 2 1 5 (1) = (55 (1) - 30)
- A A @) (11)
Aol + (Ro(1) = AD) 4]l < A7 — (1)
is fulfilled, then the problem (), @) has at least one solution.
Remark 2.1. Let A denote the set of (z,y) € R2 such that either

or

Ny + (ho(1) = A2)y < N — (1),
where the functionals hg, hy € PFy;, are fixed and the number A’ is defined by
the formula (@) (see Fig. [[). Assume that the condition (6) holds, there exist

Y i
Y2

Y1

\

|

i

1 9 xX
FIGURE 1. The set A: 21 =1 — )\% h1(1) — ()\%(hg(l) — )\2))2, 22 =1-—
)\% h1(1), y1 = %{j(ho(l) =A%), y2 =2,/1— % hi(1) — %{j(ho(l) =A%)

Lo, ¥1 € Py such that the inequality (8] is satisfied on the set C([a, bl; R), and

(Iloll, 1ex1l) € A.
Then the problem (), [2) with h = hg — h1 has at least one solution.
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Remark 2.2. If the functional A is defined by the formula

def

h(v) = av(a) + Bv(b) for v e C([a,b];R)

with «, 8 > 0, the assumptions (I0) and (II]) of the previous theorem take the
forms

2
el <1-(2), el < -2+ 2TTal
and

2
=1 (2) ol + glea) <o

respectively. Thus, in this case, Theorem 2.1l reduces to Theorems 14.1 and 14.6
established in [3].

THEOREM 2.2. Let the assumption (H) be satisfied, the functional h admit the
representation h = hg — hy with ho, h1 € PFyy, the number A}, be defined by the
formula ), and the condition

hi(1) < A; (12)

hold. Let, moreover, there exist by, 01 € Py, such that, for any v € C’([a, b];R),
the inequality

[F(v)(t) — o (v)(t) + 1 (v) (t)] sgno(t) > —q(t, ||v]|c) for almost allt € [a,b],

where the function q € K ([a,b] x R+;R+) satisfies the condition (@), holds. If,
in addition, either

2
laf <1- Ai;;m(l) - (%Z(ho(l) - Az:)) ,
ol < 2\/1 - Aizhlm el - Aiz(h()(l) — %), (13)
leall = 1 Aizhlm - (Aiz(hom - Az)) ,
(ho(1) = 33) oll + ASllExll < Af — A (1) (14)

is fulfilled, then the problem (), @) has at least one solution.

The next theorems deal with the unique solvability of the problem (), (2.

THEOREM 2.3. Let the assumption (H) be satisfied, the functional h admit the
representation h = hg — hy with ho, h1 € PFyp, the number \! be defined by the
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formula @), and the condition (@) hold. Let, moreover, there exist £y, l1 € Py
such that the inequality
[F(v)(t) — F(w)(t) — Lo(v — w)(t) + £1(v — w)(t)] sgn(v(t) —w(t)) <0
for almost allt € [a,b] (15)

holds on the space C([a,b];]R). If, in addition, either the conditions [I0), or the
conditions (1)) are fulfilled, then the problem (), @) is uniquely solvable.

THEOREM 2.4. Let the assumption (H) be satisfied, the functional h admit the
representation h = hg — hy with ho, h1 € PFy, the number A}, be defined by the
formula {@), and the condition (I2)) hold. Let, moreover, there exist £y, {1 € Py
such that the inequality

[F(0)(t) = F(w)(t) = lo(v — w)(t) + £2(v — w)(t)] sgn(v(t) — w(t)) =0
for almost allt € [a, b]

holds on the space C([a, b];R). If, in addition, either the conditions (I3), or the
conditions (L)) are fulfilled, then the problem (@), @) is uniquely solvable.

3. Proofs

The main results are proved using the lemma on a priory estimate due to
Kiguradze and Puza. This lemma can be formulated as follows.

LeMMA 3.1 ([5, Cor. 2]). Let there exist a positive number p and an operator
€ Ly such that homogeneous problem

W(t) = L) (t),  h(u) =0 (16)

has only the trivial solution and, for every 6 €]0,1[, an arbitrary function u €
AC([a, b;R) satisfying the relations

u'(t) = L(u)(t)+6[F(u)(t)—€(u)(t)] for almost allt € [a,b], h(u)=dc (17)

admits the estimate
[ulle < p. (18)

Then the problem (), @) has at least one solution.

Moreover, we need the following two lemmas.

LEMMA 3.2. Let the operator w: C([a,b];R) — C([a,b;R) be defined by the
formula

w(2)(t) def z(a+b—1) for telab], zeC([a,b;R).
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Put
F(2)(t) dof —F(w(2))(a+b—1t) for almost all t € [a,b] and all z € C([a,b];R)
and

//;(z) = h(w(z)) for z € C([a,b;R).

Then u is a solution of the problem (), ) if and only if the function v = w(u)
is a solution of the problem

V() = F)(t),  hv)=c

LEMMA 3.3. Let the assumption (H) be satisfied, the functional h admit the
representation h = ho — hy with ho, hy € PFyp, the number X be defined by the
formula (@), and the condition (B)) hold. Let moreover, the operators £y, 1 € Py
be such that either conditions ([I0)), or conditions (1) are fulfilled. Then there
ezists v > 0 such that, for arbitrary c* € Ry and g* € L([a, bl; R+), every function
u € AC([a, b;R) satisfying the inequalities
h(u)sgnu(a) < c¥ (19)
[u'(t) — Lo(u)(t) + €1 (w)(t)] sgnu(t) < g*(t) for almost all t € [a,b] (20)
admits the estimate

[ulle <r(c™ +lg™[z)- (21)

Proof. Let ¢* € Ry, ¢* € L([a,b];R,), and u € AC([a, b];R) satisfy the con-
ditions (I9) and (20). We shall show that the estimate (2I]) holds, where the
number r depends only on |[4||, [|[41]], A%, ho(1), and hi(1). It is clear that

' (t) = Lo(u)(t) — l1(u)(t) + q(t) for almost all ¢ € [a, b], (22)
where

q(t) = u'(t) — Lo(u)(t) + €1 (u)(t) for almost all ¢ € [a, b]. (23)
From the condition ([20) we get

q(t)sgnu(t) < ¢*(t) for almost all ¢ € [a, b]. (24)

First suppose that the function v does not change its sign. Put
M = max{|u(t)| : t € [a,b]} (25)
and choose ty; € [a,b] such that
u(ty)| = M. (26)

It is clear that M > 0 and, moreover, according to (), (24)), and (Z5)), from (Z2))
we obtain

lu(t)|” < M o(1)(t) + ¢*(t) for almost all ¢ € [a, b]. (27)
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In view of (@), it is clear that
h(u)sgnu(a) = A} |u(a)| — hq(u) sgnu(a) + hg;a(u) sgnu(a)
and thus the relations (@), (I9)), and (28 yield

hi(1 *
MMSM%%+%. (28)
The integration of (27) from a to t,;, on account of (7)) and (28) results in
_ — hi(1 c* _ N
TR T

s A

a

Note that the relations (I0) and (II)) yield that |[{|| < 1 — h;—(l) Therefore,
from the last inequality we get

1 * *
lulle < ro max <o, 1 (e + lla”]12).
a

hi(1 -1
m—(p-“>|%® >0,

where

A

a

and thus the estimate (2I]) holds, where r is defined by the formula

1
= — 1.
T romax{)\z, }

Now suppose that the function uw changes its sign. Put
M = max{u(t) : t € [a,b]}, m = —min{u(t) : t € [a,b]} (29)

and choose tpr,t, € [a,b] such that

u(ty) = M, U(ty,) = —m. (30)
Obviously, M > 0, m > 0, and either
tm < tar, (31)
or
tm > tar. (32)

First suppose that the relation (BI]) holds. It is clear that there exists as €
Jtm, tar| such that

u(t) >0 for ag <t <ty, u(ag) = 0. (33)
Let
oy = inf{t € [a, 1] s u(s) <0 for t<s<tm}.
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Obviously,
u(t) <0 for a; <t <ty and u(lay) =0 if a3 >a. (34)
In view of (@), it is clear that
Nyu(a) = ha () — o (u) + hu)

and thus we obtain from (@), (I9), [29), and (34) that

hl *
)\(*1) o M)\i;;(ho(l) - )‘a) -

a

C*

F .

a

u(ag) > —m (35)

The integration of (22) from ay to t,,, and from «as to tys, in view of (1), (20),
(29), @0), and B3)—-(35), yields
hl(l) 1 c*

)‘Z - M)\_Z(ho(l) - )‘a) - )‘_Z

m—m

< M7'zl(1)(s) ds + m720(1)(s) ds +7§*(s) ds

[e %1 (¢35} a1
and
tav tv ta
M < M/Eo(l)(s) ds + m/(l(l)(s) ds +/q*(s) ds.
Qg (%) a2

Hence, we have

m (1— m) —C) < M(iz(ho(l)—x;) +A> + ||q*||L+§—;, .

where
tm tnr
A= /61(1)(5)(15, B = /61(1)(5) ds
and

C= /60(1)(5)ds, D= /60(1)(s)ds.
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Due to the relations (I0) and () we have |[{o]| < 1 — 5= hy(1) and thus it is
clear that C < 1 — hi\—(l) and D < 1. Consequently, (36]) implies

a

m(1-1 - c)a-p)

X,
< mB(AiZ(hou) -\ +A> + (IIq Iz + ;) (h(;(;) +A>,
M(l - h;(;) - C) (1- D) (37)
SMB(h&—éD—quA) (IIq Iz + ;)(B+1).

It is clear that

(1 il —C’)(l—D)zl—hl)\—(*l)—(CnLD)Zl—hl)\—(j)—HfoH- (39)

a a

Let first the inequalities (I0) hold. Obviously,

B (hg\(;) ~1 +A> <A+B + h‘;\( ) _ 1>2§ i (||£1|| L hel) 1)2.

a

By the last inequality, (88) and the second inequality in ([I0), from (B7) we get

1 h
mgrlmax{y,l} (||q*||L+c*)< (;\( )+||5 ||>

a

1
v < w1 (I + )0+ ),

o
"= l1 B = ol - (el + 252 - 1) ]

where

a

Consequently, the estimate (2I)) holds, where the number 7 is defined by the

formula
1 ho(1)
= —.1 /
r rlmax{)\z, }( N + 1||>,

because we have \* < ho(1).

Now let the inequalities (II) hold. Using the relation A} < ho(1), from the
inequalities (1)) we get

ho(1
B )< -,

a
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and thus

B(h(;\—((;)—lJrA) SB(h(;\—(*l)—1>+A<h(;\—(*1)—l> §||£1||<h‘;—§)_1>.

a a
By the last inequality, (88) and the second inequality in (IIJ), it follows from

(B7) that
1 ho(1
mSTQ max{;,l}(”q*HL-f—Cﬂ (%""”61“)7

1
M < max{ St (I L+ )1+ ).

hy(1) ho(1) )
T = ll vl 1ol = [I44 (OA— - 1)]

Consequently, the estimate (2I]) holds, where the number r is given by the formula

1 ho(1
r—rgmax{)\—z,l} ( (;\(2> + ||£1||>

If the relation (32)) holds, the validity of estimate (ZI) can be proved analo-
gously. O

where

Now we are in a position to prove Theorems 2. TH2.4l

Proof of Theorem [2J Let £ = /¢y — ;. It is clear that £ € L, and the
assumptions of Lemma [3.3 are satisfied. Let 7 be the number appearing in this
lemma. According to ([{)), there exists p > 2r|c| such that

b
= / ds < 1 for x>
. q(s,z)ds o p-

a

First note that the homogeneous problem (@) has only the trivial solution.
Indeed, if u is a solution of the problem (@) then the function u satisfies the
inequalities (I9) and (20) with ¢* = 0 and ¢* = 0 and thus Lemma 3.3l guarantees
that v = 0.

Now assume that a function u € AC ([a, b];R) satisfies the conditions (I7)
for some 0 € ]0,1[. Then we obtain from (§) that inequalities (I9) and (20)
are fulfilled with ¢* = |c| and ¢* = ¢(-, ||ul|c). Hence, using Lemma B3] and
the definition of the number p, we get the estimate (I8]). Indeed, assuming that
llul|c > p, from the estimate (1)) we get

b
rle 7
1< id + /q(s, llullc)ds < 1,
lulle  [lullc
a
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which is a contradiction.

Since p depends neither on u nor on §, it follows from Lemma [31] that the
problem (), (2)) has at least one solution. O

Proof of Theorem According to Lemma [3.2] the validity of the
theorem follows immediately from Theorem [Z.11 O

Proof of Theorem First note that the assumptions of Lemma [3:3]
are satisfied.

It follows from the condition (IH) that the inequality (8) is fulfilled on the set
C ([a, bl; ]R), where ¢ = |F(0)|. Consequently, all the assumptions of Theorem 2]
are satisfied and thus the problem (), (2)) has at least one solution. It remains
to show that problem (IJ), (2)) has at most one solution.

Let u1,ug be arbitrary solutions of the problem (), (2]). Put
u(t) = ui(t) — ua(t) for tea,b].
Then h(u) = 0 and, by virtue of the inequality (I5]), we have
[/ (t) — Lo(u)(t) + €1 (u)(t)] sgnu(t) <0 for almost all ¢ € [a, b].

Consequently, the inequalities (I9) and (20]) are satisfied with ¢* = 0 and ¢* = 0.
Therefore, Lemma [B.3] guarantees that u = 0 and thus u; = us. ]

Proof of Theorem [2Z4 According to Lemma [3.2] the validity of the
theorem follows immediately from Theorem 2.3 O
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