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»-CONTINUOUS FUNCTIONS AND FUNCTIONS
PRESERVING ¢-DENSITY POINTS

MALGORZATA FILIPCZAK — MALGORZATA TEREPETA

ABSTRACT. Let Ty be the v-density topology for a fixed function . We will
examine some new properties of the family of 1-continuous functions (that means
continuous functions f: R — R with «-density topology 7y in its domain and
range). In the second part of the article we will discuss functions preserving
1-density points.

We will use the following notations: R will denote the set of real numbers,
L — the o-algebra of Lebesgue measurable subsets of R, m (m*) — the Lebesgue
measure (outer measure) on R, A" — the complement of the set A C R. Let C
be a family of nondecreasing continuous functions ¥: (0, 00) — (0, 00) such that
lim; o+ 9(t) = 0.

We say that z € R is a t-density point of a measurable set A C R if and
only if

! p—
i m(A' N[z — h,z + h))

R 2hab(2h) =0.

A point x € R is said to be a -dispersion point of a measurable set A if it is
a 1p-density point of the complement of A.

In the definition of a 1-density point we use a symmetric interval of the length
2h and with the center in the point . As shown in [TW-B| Theorem 0.1], we
cannot replace such an interval with an arbitrary interval I including x. Despite
this fact, we can prove the following property.

Property 1. The point z( is a -density point of a measurable set S if and
only if

Ve>0 36>0 VI3 <m(1)<5:»m(l)m(;>2i)lm)<5>. (1)
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Proof. If the condition (IJ) holds then it is sufficient to put I = [z¢ — h, o+ h]
and we get that xg is a -density point of the set S. Suppose that xg is a -
-density point of a measurable set S. Hence for any e; > 0 there exists a positive
number d; such that for all A € (0,61) we have

m([zo — h,zo + R] \ S)
2h1p(2h)

< éq.

For a fixed ¢ > 0 we match d; to g1 = %s. Let I be an interval containing xg

and having the length less than %61. By h we denote the least positive number
such that I C [xg — h,z¢ + h]. Then h < m(I) < 2h < §; and

m(I\S) _ m([zo — h,zo + 1]\ S)
m(I) ¢(2m(I)) ~ hap(2h)

< 2e1 =¢e.

For any A € £ we denote
D, (A) = {x € R:z is a 1)-density point of A}.

From [TW-B, Theorem 1.4], we obtain that the family 7y, = {A € L: A C
<I>¢(A)} is a topology which is stronger than the natural topology 7, and weaker
than the density topology 74. Topology 7y is invariant under multiplication if
and only if for any a > 0.

: Y(az)
P @)

If the condition (2) is not fulfilled for a certain o > 1, then there is aset A € Ty,
such that £ 4 is not a set from Ty, (compare with [TW-B|, Theorem 2.8]).

Fix a function ¢ € C. We will examine some properties of continuous functions
[ (R, Ty) — (R, Ty). We will call such functions t-continuous and the family
of them will be denoted by C,;. Each 1-continuous function is 1-approximately
continuous, hence it is DB;. In [FT1] we showed that

COO \wa ?é @ and wa \COO 7& @,

where C,, is the family of continuous functions.

< oo. (2)

The idea of y-continuity of a function is strictly connected with the notion of
a function preserving -density points.

DEFINITION 2. We will say that a homeomorphism A preserves 1-density points
if for any measurable set S C R and any z¢ € @, (.5)

e ()"0 [blan) — b hlao) + 1]

=0.
t—0+ 2t (2t)
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1»-CONTINUOUS FUNCTIONS AND FUNCTIONS PRESERVING -DENSITY POINTS

PROPOSITION 3. If h is a homeomorphism preserving v-density points, then h
satisfies Lusin’s condition (N).

Proof. Let Z be a set of Lebesgue measure zero. There exists a Gs-set A D Z
of measure zero. Then h(A) is also a Gs-set, so it is measurable. Suppose that
m(h(A)) > 0. Hence h(A) has density 1 at a certain point yo € h(A), so

- m(h(A) N [yo — t,yo + 1))
t—0+ 2t

=1.

The point h=1(yp) is from A and it is a ¢-density point of the complement of A.
Let S = A’. For any ¢ > 0 such that ¢(2t) < 1, we have

m((h(S) Mo =ty +1)  m(h(s") A [yo — .90 + 1])

211 (2t) B 2t1p(2t)
o m(h(A) N lyo —t o + 1)
> of .
Therefore, h does not preserve 1-density points. O

COROLLARY 4. If a homeomorphism h: [0,1] — [0, 1] preserves v -density points
then it is an absolutely continuous function.

From Proposition [3] it follows that if homeomorphism h preserves -density
points then, for any measurable set S C R, h(S) is a measurable set and we need
not use the outer measure from Definition 2l

THEOREM 5. A homeomorphism h: R — R preserves y-density points if and
only if h=1 is a 1-continuous function.

Proof. First, we assume that h preserves 1-density points. We will show that
h~! is a ¢-continuous function at any point. Fix a point yo and a set V € Ty,
such that o = h™'(yo) € V. We will show that there exists a set U € Ty,
such that yo € U and h™'(U) C V. Since V is open in Ty, for any z € V
we have x € ®,,(V'). The homeomorphism preserves v-density points, so h(z) €
@y (h(V)). Hence h(V) is open in Ty and putting U = h(V), we complete the
proof of this implication.

Suppose now that h does not preserve 1-density points. Fix a point zg € R
and a measurable set S such that zq is a -dispersion point of S and

m* (h(S) N [h(zo) — t, h(zo) + tD

lim su > 0.
ta0+p 2t¢(2t)
Let A D S be a Gs-set such that m(A\ S) = 0. Then =z is a t-dispersion
point of A, h(A) is measurable and h(S) C h(A ) ence, there exists a sequence
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(an)nen decreasing to 0 and a number o > 0 such that

m(h(A) N [A(zo) — an, h(zo) + an])
2an1/1(2an)

for all n € N. Therefore, there exists a subsequence (ay, )ren of the sequence
(an)nen such that for any natural k

m(h(A) 1 [h(a0). h(zo) + an,))
2ank¢(2ank )

>«

>

| e

m(h(A) N [h(xo) - ankah(xO)D o
2ank¢(2ank) g 5’

For simplicity, we can assume that inequality (8] holds for all elements of the
sequence (ay,)nen and for any natural n we have

(3)

m(h(A) N [A(@o) + any1, h(wo) + anD > 0.
From the properties of measurable sets it follows that for any n € N there exists
a closed set B,, C h(A) N [h(zo) + an+1, h(z0) + ay,| such that

a 1
4 om

We put B = (2, By U {h(z0)}. Observe that B is a closed set in natural
topology. Moreover, for any natural 4

m(B [( o). hiao) + ;) S m(By) 1

m(By) > m(h(A) 0 [A(wo) + ans1, h(zo) + anD a1 (2ay).

20 (2ar) = i) = 2ab@a)
( (h h(zo) + an+1, h(zo) + ap, ) S — ZZanw 2an)21 )
m(h(A) N [h(wo), h(zo) + aiD g 200(20) 3 3
> — = > 2 >0.
- 2a;v(2a;) 2a;1(2a;) — 4

Hence, h(xg) is not a t)-dispersion point of the set B.

Since h™1(B) C A, g is a 1)-dispersion point of h~1(B). Moreover, h~!(B)
is closed in natural topology, hence the set C = R\ h™1(B) U {zo} € Ty.
Simultaneously, h(C) = R\ B U {h(zo)} ¢ Ty, so the function h~' is not
1-continuous. U
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1»-CONTINUOUS FUNCTIONS AND FUNCTIONS PRESERVING -DENSITY POINTS

Property 6. If a homeomorphism h: R — R satisfies the condition
Ve>0 d0>0 VAeLl VIDA

<m(A) < & m(I) %(2m(I)) = m(h(A)) < e m(h(I)) w(2m(h(I)))>, (4)
then h preserves 1-density points.

Proof. Suppose that xg is a ¥-density point of a set S € L. Using Property [I}
we will show that for any € > 0 there exists a positive number + > 0 such that
for each interval J > h(xg) of the length less than ~

m(J\ h(S))
m(J) z/1(2m(J))

Let € > 0 and choose ¢ from condition (#]). Since z¢ € ®,(S), from Property [II
it follows that there exists A > 0 such that for any I 3 z( of length less than A

m(l'\ S)
m(I) ¢ (2m(1))
Since h~! is continuous at h(zg), there is v > 0 such that for any interval
J 3 h(zg) of length less than v, the length of the interval h=1(J) is less than \.
Let J be an interval containing h(x¢), of the length less than ~. Using (), we
have m ("N (NN S) < m (k1)) ¥ (2m(h'(J)).
From condition (@), taking A =h=1(J)\ S and I = h=1(J), we obtain

m (J\K(S)) = m (h(h~ (J)\ S)) < e m(J) ¥ (2m(J)).

<9. (5)

O

THEOREM 7. Let a function ¢ € C satisfy the condition (). Suppose that
h: R — R is an absolutely continuous homeomorphism such that for almost
all x € R

0<a<h(z)<p<oo. (6)

Then h preserves 1¥-density points.

Proof. Since h is an increasing function, it is sufficient to show that if zq is
a right-hand -density point of a measurable set S, then h(xg) is a right-hand
p-density point of a set h(.S). The left-hand side case can be shown in the similar
way. Let S be a measurable set and € > 0. We assume that x( is a right-hand
1-density point of S. The function ¢ satisfies the condition (), so there exist
numbers M > 0 and §; > 0 such that

(1)
wlat) =

(7)
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for all ¢ < 6;. The point xy is a right-hand -density point of the set S, hence
there exists a positive number 0o < %(51 such that for all t € (0, d2)

,xo+t\ S

m([zo, o + 1]\ S) < o (8)
2t (2t) BM

The fact that h~! is continuous at the point h(xg) results in the existence

of 3 >0 such that A~ '(y) < zo + 2 for any y € (h(xo), h(zo) + d5). To

complete the proof it is sufficient to show that for any interval of the form
J = [h(mo), h(zo) + y], where y < 03, we have

m(h(S)\ J)
2m(J)y (2m(J))
The function h is a homeomorphism, so there exists an interval I which has

the following properties: its length is less than §5, so z( is the endpoint of the
interval I = h~1(.J). We have m(I) < 2. From the inversibility of h we obtain

m(h($)\ 7) = m(h(S) \ B(D)) = m(h(S\ T)).

From the absolute continuity of h and (6 we have

am(I) <m(h(I)) < B-m(I)

and
m(h(S \ I)) < pm(S\I).
From this, (7)) and (8)) it follows that
m(h(S)\J) < Bm(S\ I) _ m(S\I) B 1/1( m(I))
2m(J)y (2m(J)) ~ 2am(I)y(2am(I))  2m(I)v(2m(I)) « ¢(2am(1))

< E.

O

COROLLARY 8. Suppose that h: R — R is an absolutely continuous homeomor-
phism such that for almost all x € R

1<a<h(z)<p<oo. 9)
Then h preserves -density points for arbitrary function ¢ € C.
We follow the proof of Theorem [l Notice that if @ > 1 and ¢ € C, then for
each t > 0 we have
¥(t)

blat) =" -

Remark 9. Observe that if a function ¢ € C does not satisfy the condition (2]
then for any o > 1

lim sup =00

z—0t ¢(1’)
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It means that for any a > 1 there exists a set A € Ty such that LA ¢ Ty
Therefore any linear function f(x) = ax, with a > 1, is not -continuous. By
Corollary Bl such the functions preserve 1-density points.

COROLLARY 10. Let f: I — R. If there are numbers o, 3 such that

f(x) = fy)

0<a< < B < oo (10)

for any x,y € I, x #£ vy, then f is W¥-continuous for each function ¢ € C satisfy-
ing ).

Moreover, if B < 1, then f is ¥-continuous for any function ¢ € C.

Proof. From (I0) the function f is strictly monotonic and continuous, so
{_ : I — f(I) has the inverse function g = f~1 This function satisfies the condi-
ion
0< l < M < l < 00
B8 uU—v @
for all u,v € f(I), u # v. As it fulfils the local Lipschitz conditition on f(I),
s0 g is absolutely continuous. Its derivative ¢’ is bounded from above and below
by positive numbers, hence g preserves t-density points (Theorem [7)). From
Theorem [B] the function ¢g~! = f is 1)-continuous.
If 8 < 1, then for each function i € C, the function g preserves -density
points (we use Corollary B)), whence f is 4)-continuous. O

COROLLARY 11. Let ¢ € C fulfil the condition [@)). If a function h: R — R is
a homeomorphism and h, h™' satisfy the local Lipschitz condition, then h, h™*
are -continuous.

It is well-known fact that every function f(z) = 27 on the interval [0, c0),
where 7 > 0, is density continuous. We will examine, whether such functions are
1-continuous.

THEOREM 12. Consider the function f: [0,00) > x + x7, where 7 > 0. If

liminf —22) . (11)

w0t P (2f(2))

then f is ¥-continuous at x = 0 for each 1 € C.

Proof. We will show that if 0 is not a right-hand ¢-dispersion point of a mea-
surable set A, then f(0) = 0 is not a right-hand -dispersion point of f(A).
Suppose that there exists a number a > 0 and a sequence (¥, )nen decreasing to
zero such that for all natural n
m(AN[0,y,])

2yn Y (2yn) (12)
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Consider the interval [0,y1]. Let x(l) = & for k = 0,1,2,... Notice that there
exists a number kg such that

(A N { x&)) xé”}) > x,(clo) a(2yr). (13)

Indeed, if for all k

(Am {2 o) ;”D <o avy),

m(AN[0,y1]) i TR(A N [1;5,(61), ’(CI)D at(2y1) goxg)

_ k=0 <
2y19(2y1) 2y1(2y1) T 2y1Y(2y1)

then

contrary to (I2)). We put a; = xgg ) and obtain

(Aﬂ[ al,aﬂ) (Aﬂ[ al,al])

2019(2a1) T~ 2a19(2p1)

There exists ng € N such that y,, < a;. Analogously, we can find ay € (0, y,,]
such that

>Oé
5

(A N [ as, 0,2})
2a2¢)(2a2)

By induction we define the sequence (a,,)nen decreasing to zero such that for all
n € N we have

>

| Q

(Aﬂ[ an,anD a

2a,9(2ay,) o 2

Notice that for any n € N the derivative of the function f on the interval
[%an, an] fulfils the condition

SO

m (f (Aﬁ Ban,an] )) > T;_;:ll ~m<Aﬂ Ban,an]>.
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Let us estimate the following expression

m(f(A)N[0,az])  m(F(A)NF((0,an)))
2ag¢(2ag) N 2a,§w(2a;)
7m<f(A N[0, ad))
2aT (2@5)
>m<f(A N [%an,anD)
2a7,(2f (an))

ram—1 m(A N [%an, an]>

n

=TT 2002 ()
T m(Aﬂ [%an,anD ¥(2ay,)

2571 T 20,0 (2a0) ¥ (2f(an))

> T o ¥(2an)
27712 (2f(an))
Since $(2a,)
.. Qp
hence

e ™A N D0.2)

r—0t 2x¢(2x)
We obtain that 0 is not a t-dispersion point of the set f(A). We have shown
that if 0 is a -dispersion point of the set f(A), then 0 is a -dispersion point
of the set A. Hence f is i-continuous at 0. ]

>0.

COROLLARY 13. Let ¢ € C. Consider the function f: [0,00) > z +— x7, where
7> 1. Then f is ¥-continuous on [0,7-*1/(“1)},

In fact, for any z € (0, 7~/ ("=D] for the derivative f'(z) we have 0 < f'(z) <1,
so, from Corollary B f is t-continuous at z. Continuity at 0 follows from the
last theorem.

Remark 14. If ¢ satisfies ([2)), then f(x) = 27, where 7 > 1, is 1¥)-continuous on
[0, 00).
THEOREM 15. Let 7 € (0,1) and f(z) =27 for x € [0,00). If
2
TR G Y (14)
=0+ 1) (2f(x))

then f is not ¥-continuous at x = 0.
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Proof. We will construct an interval set
o0
A= Jlan.ba],  0<an <by <an_y, lim b, =0
n:1 n—oo

such that 0 is a v-dispersion point of the set A and 0 is not a -dispersion point
of the set f~1(A).
Let ¢; be a point from (0,1) such that ¢(2c;) < 1. From the assumption of
a function v, there exists d; € (0, ¢1) such that for any = € (0, d,]
ver) 1
v(2f M) T e

Since
dy 1
>

2d1¢(2d1) - 2’¢(2Cl)

there exists a point a; such that
m ([a1, dlD
2d11(2d1)

>1>c,

= C1.

Let us consider the function

m([al,x})
2z (2x)

It is a continuous function attaining the value ¢;. The set f; ' ({cl}) is closed in

fiila, a1l 22—

natural topology and not empty. Let b = min f; 1({01}). Notice that for any
x € (al, b1),

m([al,x}) m([al,bl])
— d ————% =¢;.
e o2r) 0 M ) @
Let ¢z be a point from (0, a1) such that
C2 <
— <.
2a1 Y(2a1)
In an analogous way we can find 0 < ay < by < do < ay such that
2 1
Lf) > —; for each =z € (0,ds],
v(2f M (2) o
m([az, ba]) m([az, z])
_— = f .
2bs $(20) cy and 52 0(22) < ey or =z € (ag,by)

By induction we construct the sequence of intervals ([an, ann cn and the de-
creasing sequence (¢, )neny which have the following properties:
(1) 0 <ap < by <ecp,
m([an,bn]) _
(2) 55, @) =
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$(2b,)
() Tty > o

(4) %?ﬁ])) < cp forx € (anvbn)7

(5) 72%02’5%) < cp.
The point 0 is a ¢-dispersion point of the set A = (J°7,[an,by]. Indeed, let

n=1
us take x € (0,b1). There exists a natural number n such that x € (b,41,by].
If x € (bp41, an], then
m(AN[0,z])  m(ANI0,b,11])

2z (2x) T ¥(2z)
m([ans1,bni1]) bry2
- 2bn-i—l ¢(2bn+1) 2bn+1 ¢(2bn+1)

S 2C7L—i—1~

If z € (an,by), then
m(AN[0,z]) < b1+ m([an, z))
2z Y(2x) 2z (2x)
bn+1 m([anax])
= 2a, ¥(2a,) 2z Y(271)

For n — oo the sequence (¢, )nen tends to zero, so 0 € &y (A’). For completeness
of the proof it remains to show that 0 is not a -dispersion point of the set
f71(A). Denote, for the simplicity, by  the number % and observe that

< 2c¢y,.

74 A = Ulan vl

n=1
For any b >a >0
b —a® > b* —ab® ' = (b—a)b* L.
Therefore, for any n € N, we have
m(fTH(A) N[0 63]) by —ag
2bg(2b7) ~ 2059(20)
> bn — Qp ¢(2bn)
2bn1p(2bn)  (205)
2b,,

" w(Qf_l(bn))

O

COROLLARY 16. Functions f(x) = 27 for 7 € (0,1) are not ¢-continuous at
zero for v = id. In particular, the function f(x) = 22 is 1-continuous and its
inverse function is not ¥-continuous for ¥ = id.
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Remark 17. From Theorem it follows that the function f(x) = z7 for
7 € (0,1) is Y-continuous at zero if ¢ satisfies ([I]). It is not ¥-continuous at
zero if 1) satisfies (I4). A natural question arises whether such a function is

-continuous at zero if ¢ satisfies liminf,_,q+ % = 0. Another natural

question is if f(x) = =7, where 7 > 1, is not -continuous on [T‘l/("_l),oo)
for ¢ which does not satisfy the condition (2)).
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