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CAUCHY FUNCTIONAL EQUATION
AND GENERALIZED CONTINUITY

PAVEL KOSTYRKO

ABSTRACT. There are many kinds of the generalization of continuity. T. Saldt
raised the question: Can everywhere discontinuous solution of Cauchy functional

equation
fl+y) = fl@)+ f(y)

be continuous in some generalized sense? The paper deals with this question.

Introduction

The paper deals with the Cauchy functional equation
flz+y) = flx)+ fy) (1)

for f: R - R (R — the real line). This equation is well-known, see [9], and its
solutions are called additive functions. It is known that every solution of (I is
either of the form f(z) = xf(1) for each € R or f is discontinuous everywhere
on R.

There are many kinds of the generalization of the notion of continuity. T. Salat
raised the following question: Can everywhere discontinuous solution of (II) be
continuous in some generalized sense? The following text is devoted to this ques-
tion.

Further, we will use some basic properties of additive functions (see [9]).
The Hamel base for R is a subset H of R with the property that each non-zero
element x of R is representable in a unique way as a finite linear combination of
distinct members of H, with non-zero rational coefficients, i.e.,

x=rihy + -+ ryhy, (2)
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where hy,...,h, € H and rq,...,7, € Q (Q — rationals). If g: H — R is
an arbitrary function, then its extension on R given by

f(x) = rlg(hl) +oeee Tng(hn)

(z is expressed by (@) is an additive function and every additive function is of
this form.

LeEmMMA K. Let f: R — R be an additive function bounded on some set of positive
Lebesgue measure. Then f(x) = xf(1) for each x € R.

Proof. See [7]. O

LEMMA G. Let f: R — R be a discontinuous additive function. Then its graph
s a dense subset of R x R.

Proof. See [5], [10, p. 137]. O

Further, let CFE stand for the set of all additive functions f: R — R.

Definitions

The following definition gives some of known generalizations of continuity. We
will deal with them.

DEFINITION 1. Let f: R — R.

(a) A function f is said to be symmetrically continuous if for each x € R
limpo(f(z + h) — f(z —h)) =0 (see [20]).

(b) A function f is said to have the closed graph if {(x,f(:z;)) NS ]R}
is a closed subset of R x R (see [§]).

(c) A function f is said to be quasicontinuous if for each z € R it holds:
If V is a neighborhood of f(z), then z € ClInt f~(V) (see [11]).

(d) A function f is said to be cliquish if for each z € R holds: If ¢ > 0 and U
is a neighborhood of z, then there is an open set G C U such that |f(r) —
f(s)| < € holds for any r,s € G (see [2]).

(e) A function f is said to be simply continuous if for any open set G, f~1(G)
is the union of an open set and a nowhere dense set (see [1]).

(f) A function f is said to be somewhat continuous if for each open set V' C R,

F7H(V) # 0 implies Int f~H(V) # 0 (see [17]).
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(g) A function f is said to have the Denjoy property if for each a,b € R, a < b,
the set My, = {z € R : a < f(z) < b} is either void or there exists
A C M, such that A\(A) > 0 (A — Lebesgue measure) (see [19]).

(h) A function f is said to be almost continuous in the sense of Signal and
Signal if for each « € R and each neighborhood V of f(x) there is an open
set U, x € U, such that f(U) C Int C1(V) (see [16]).

(i) A function f is said to be weakly continuous at x € R if for each neigh-
borhood V' of f(x) there is an open set U, x € U, such that f(U) c C1(V)
([3)).

(j) A function f is said to be symmetric if %ig})(f(x—{—h) +f(x—h)—2f(z)) =0
holds for each x € R ([20]).

(k) A function f is said to be almost continuous in the sense of Stallings, if
each neighborhood of its graph contains a graph of a continuous function

(18]).

(1) A function f is said to be locally almost continuous if x € Int Cl f~1(V)
holds for each x € R and any neighborhood V' of f(x) ([12]).

(m) A function f is said to be locally almost quasicontinuous if x €
ClInt C1 f~1(V) holds for each x € R and any neighborhood V of f(x)

([2]).

(n) A function f is said to be graph continuous if the closure of its graph
contains the graph of a continuous function ([4]).

(o) A function f is said to be Darboux continuous if for each x1,z5 € R,
1 < 2, f(x1) # f(z2) and y € R between f(z1) and f(z2) there exists
x, r1 < x < 2, such that y = f(x).

Remark 1. All the generalized continuities mentioned in Definition [l are known
from the literature. The only exception is the definition (g) of the Denjoy prop-
erty, which spreads the known definition on functions Lebesgue nonmeasurable.

DEFINITION 2.

(1) Let (2) be some of the generalized continuities from Definition [l The sym-
bol Z stands for the family of all functions f: R — R continuous in
the sense (z).

(2) We will say that the generalized continuity (z) is of type A if each additive
function which is (z) generalized continuous is of the form f(z) = cz,
ceR.

(3) A generalized continuity (z) is said to be of type B if it is not of type A.
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Results

THEOREM 1. Generalized continuities (a), (b), (c), (d), (e), (f), (g), (h) and (i)
are of type A.

THEOREM 2. Generalized continuities (j), (k), (1), (m), (n) and (o) are of type B.

Proof of Theorem [Il Let (z) be some of the generalized continuities men-
tioned in Theorem [Il To prove Theorem [I it is sufficient to show

CFENZ=W, (3)

where W is the set of all the functions f: R — R of the form f(x) = cz, c € R.

(a) Each symmetrically continuous function is continuous almost everywhere
(see [20], [14]), the assumptions of Lemma K are fulfilled and (3)) follows.

(b) Each function with the closed graph belongs to Baire class 1, it has conti-
nuity points and Lemma K implies (3)).

(c) Let z € R and V be a bounded neighborhood of f(z). From the definition
of quasicontinuity of f at z, it follows that f is bounded on Int f~(V) # 0,
i.e., (@) is a consequence of Lemma K.

(d) The argumentation over cliquish functions is analogous to the case (c).

(e) The argumentation over simply continuous functions is analogous to
the case (c).

(f) We choose V' = (—1,1). Obviously, f=1(V) # 0. Since f is somewhat
continuous, Int f~1(V) # 0. The equality (B]) is a consequence of Lemma K.

(g) Puta = —1and b= 1. Then M, ; # 0 and since f has the Denjoy property,
there is ' C M, with A(T") > 0 and Lemma K implies (3).

(h) The idea of the proof is the same as in the case (c).

(i) The idea of the proof is the same as in the case (c).
O

Proof of Theorem 2l We show that for every generalized continuity (z),
mentioned in Theorem [2] with the exception of Darboux continuity (o),
CFE C Z holds.

(j) If f € CFE, then for each z and h we have f(x+h)+ f(z—h)—2f(x) =0
and f € J.

(k) If f € CFE is discontinuous, then the graph of f is dense in R x R
(Lemma G) and each its neighborhood is of the form R x R. It contains
a graph of any continuous function, hence f € K.
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(1) If f € CFE is discontinuous, (a,b) C R is an arbitrary interval and
p € R. If V is an open neighborhood of f(p), then from the density of
the graph of f in R x R it follows, that there is x € (a,b) such that
(z, f(z)) € (a,b) x V. Hence x € f~*(V). Consequently, f~!(V) is dense
inR, Clf~1(V) =R, IntClf~1(V) =R and p € IntCl1 f~1(V) = R, i.e.,
feL.

(m) The inclusion CFE C M follows from the part (1). It is sufficient to take
R =Int Cl f~1(V) C ClInt C1 f~*(V) into account.

(n) If f € CFE is discontinuous, then the closure of its graph is R x R and it
contains the graph of a continuous function.

(o) We show that there exist a discontinuous function f € CFE N O. Let
(Hp)5%, be such a decomposition of the Hamel basis H that each H,, has
cardinality ¢, i.e., H =2, H,, H,NH,, = 0 for n # m and card H,, = ¢
foreachn =1,2,... Let (I,,)22,; be a sequence of all intervals with rational
endpoints. For a fixed n, let ¢, : H, — R be a surjective map. For each
x € H, there is r, € Q, r, # 0, such that r,z € I,,. For x € H,, define
fn(x) = op(z)/ry. Let f: H — R be defined by f(z) = fn(z) for x € H,
and let F' be an additive extension of f on R. Let a < band y € R. Choose n
such that I,, C (a,b). There is x € H, such that y = ,(z) and r, € Q
with ryx € I,,. Then, F(ryx) = rp F(z) = rof(z) = rofu(x) = on(z) = v.
Hence, F((a,b)) =R and F € CFENO.

O

Remark 2. There are functions g: R — R such that g € CFFE \ O. If suffices
to define g on the Hamel basis of rational numbers.

Remark 3. There is a natural question: Is the inclusion CFE C Z in the proof
of Theorem [2 proper? The answer is affirmative. If follows from the fact that
the generalized continuities from Theorem ] are invariant with respect to the
vertical translation, i.e., if f € Z and a € R, then f+ «a € Z.

Let f: R — R be a discontinuous additive function and « # 0. Put f,(z) =
f(z) + a. Then f, is not additive (fo(0) = ) and f, € Z.
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