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DISCRETE-TIME COHEN-GROSSBERG NEURAL
NETWORKS WITH TRANSMISSION DELAYS AND
IMPULSES

SANNAY MOHAMAD — HAYDAR AKGA — VALERY COVACHEV

ABSTRACT. A discrete-time analogue is formulated for an impulsive Cohen-
-Grossberg neural network with transmission delay in a manner in which the
global exponential stability characterisitics of a unique equilibrium point of the
network are preserved. The formulation is based on extending the existing semi-
discretization method that has been implemented for computer simulations of neu-
ral networks with linear stabilizing feedback terms. The exponential convergence
in the p-norm of the analogue towards the unique equilibrium point is analysed
by exploiting an appropriate Lyapunov sequence and properties of an M-matrix.
The main result yields a Lyapunov exponent that involves the magnitude and
frequency of the impulses. One can use the result for deriving the exponential sta-
bility of non-impulsive discrete-time neural networks, and also for simulating the
exponential stability of impulsive and non-impulsive continuous-time networks.

1. Introduction

Numerical (or computer) simulations of continuous-time neural networks gov-
erned by differential equations involving transmission delays (i.e., discrete or
fixed delays, time-varying delays and distributed delays) have been developed
steadily over the years [14]-[21], [23]-[34]. These simulations are produced by
discrete-time analogues formulated from semi-discretization method, in a man-
ner in which the dynamical characterisitcs—such as the sets of equilibria and
their stability characteristics—of the networks are preserved. The successful im-
plementation of the analogues is largely due to the presence of feedback terms
and denominator functions that correspond to the linear stabilizing feedback
terms of the continuous-time networks. With a similar architectural design, the
method has been applied further by Akga et al. [I], Covachev et al. [7],
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Gopalsamy [II] and Mohamad [22] for simulating the dynamical charac-
teristics of continuous-time neural networks that are subject to impulsive state
displacements at fixed moments of time.

Cohen-Grossberg neural network [6] and its various generalizations with
or without transmission delays and impulsive state displacements have been the
subject of intense investigation recently [2} [4] 5], 27, 31, [32]. In a Cohen-Grossberg
neural network model, the feedback terms consist of amplification and stabiliz-
ing functions which are generally nonlinear. These terms provide the model with
a special kind of generalization wherein many neural network models that are ca-
pable for content addressable memory such as additive neural networks, cellular
neural networks and bidirectional associative memory networks and also biolog-
ical models such as Lotka-Volterra models of population dynamics are included
as special cases.

Despite the generality, the nonlinear feedback terms of the networks are not
cohesive with a direct extension of the existing semi-discretization method for
obtaining the corresponding discrete-time analogues. In pursuance of the exten-
sion, a systematic approach of the semi-discretization method is given in this
paper for obtaining the corresponding analogue of a Cohen-Grossberg neural
network with distributed transmission delays and impulsive state displacements
at fixed moments of time. The dynamical characteristics of the analogue in the
general norm || - ||, (p > 1is a real number) are subsequently investigated by ex-
ploiting an appropriate Lyapunov sequence and properties of a monotone matrix
(i.e., M-matrix), and this leads to obtaining a Lyapunov exponent expressed in
the form of a relation involving the magnitude and frequency of the impulses.
A corollary is given to demonstrate the effectiveness of the main result.

2. Impulsive continuous-time Cohen-Grossberg neural
network

The impulsive continuous time neural network consists of m elementary pro-
cessing units (or neurons) whose state variables z; (i = 1,m) are governed by

dx(it(t) =a; (il?z(t)) l—bz (.I‘Z(t)) + Z Cijfj (ZE]‘ (t — Tij))
+ Zdij/Kij(s)gj (zjt—s))ds+IL;|, t>to, t#te, (1)
=t

Ax;(ty) = Tik(ibi(t;)), i=1,m, keN={1,23,...},
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with initial values prescribed by piecewise-continuous functions z;(s) = ¢;(s)
which are bounded for s € (—o0,tg]. In () a;(z;) denotes an amplification
function; b;(x;) denotes an appropriate function which supports the stabilizing
(or negative) feedback term —a;(x;)b;(x;) of the unit ¢; f;(z;), g;(x;) denote
activation functions; the parameters c;;, d;; are real numbers that represent the
weights (or strengths) of the synaptic connections between the jth unit and the
7th unit; the real constant I; represents an input signal introduced from outside
the network to the 7th unit; 7;; are nonnegative real numbers whose presence
indicates the delayed transmission of signals at time ¢ — 7;; from the jth unit
to the unit ¢; and the delay kernels K;; incorporate the fading past effects (or
fading memories) of the jth unit on the ith unit; Ax;(tx) = x; (t;) —x;(ty,)
denote impulsive state displacements characterized by the nonlinear functions
Tik (:l;,(t,;)) at fixed moments of time ¢, k € N. Here it is assumed that xz; (tz) =
lim, z;(t) and z;(t;) = lim,_,, - x;(t), and the sequence of times {tj}7°
satisfies tg < t1 < tg < -+ <t - o0 as k — oo and Aty = tp — tp_1 > 0,
where 6 > 0 denotes the minimum time interval between successive impulses. In
other words, the value 8 > 0 means that the impulses do not occur too often,
but § = oo means that the network (I)) is free of impulses.

The assumptions that accompany the impulsive network (Il) are given as
follows:

A1: The amplification functions a;: R — R* are continuous and bounded in
the sense that

0<a; <ai(u) <a; for weR, i=1,m.

As: The stabilizing functions b;: R — R are continuous and monotone increas-
ing, namely,

bi(u) — bi(v)

u—"v

0<d < for u#v, uw,veR, i=1m.

Aj: The activation functions f;,g;: R — R with f;(0) = ¢;(0) = 0 are Lip-
schitz continuous in the sense of

fi(w) = f;(v)

u—7v

gj(u) — g (v)

, LY =sup for w,veR, i=1,m,

szsup
J I e

uFv

where L}C , L? denote positive constants.

Ay: For the impulse functions r;;: R — R there exist positive numbers ~;

such that
rik(w) — 7 (v
'Yik:SupM for w,veR, keN, i=1,m.
u#v Uu—v
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Aj: The delay kernels K;;: [0,00) — [0, 00) are piecewise continuous functions
that satisfy

/Kij(s) ds = k;; and /Ki'(s)e”oS ds < oo,
0 0

where k;; denote nonnegative constants and vy is some positive number.

Under these assumptions and the given initial conditions, there is a unique
solution of the impulsive network (). The solution is a vector

2(t) = (w1(t), 22(t), ..., 2 (1))T

in which z;(t) are piecewise continuous for ¢ € (to, 5), where 8 > t( is some pos-
itive number, possibly oo, such that the limits ; (¢ ) and x;(t; ) exist and z;(t)
are differentiable for ¢ € (tx_1,t;) C (to,8). An equilibrium point of the impul-
sive network () is denoted by x* = (x%,z5,..., 2% )T whereby the components
x; are governed by the algebraic system

bz(.’ﬁ:) = Zcufj(aj;‘) + Zdl]m]g](x;‘) + Ii, 1= l,m, (2)
j=1 j=1

and satisfy the equalities

rik(x;) =0, keN, i=1m. (3)

3. Formulation of an impulsive discrete-time analogue

For a non-impulsive neural network model with linear stabilizing feedback
terms given by —I;ixi(t), that is, the terms are obtained from () by letting
a; (xz(t)) =1 and b; (xz(t)) = i)ixi(t), where b; are positive constants, the appli-
cation of the existing semi-discretization method [25] yields a discrete-time ana-
logue with corresponding feedback terms given by e~?"x;(n), where h denotes
a fixed time-step of the discretization. These ter%n}s together with the associ-

l—e i

ated denominator functions given by @Z(h) == provide the analogue with

features that are conducive for preserving the dyLnamical characteristics of the
continuous-time model, without requiring to restrict the magnitude of the time-
step and introduce additional restrictions not envisaged in the continuous-time
models.

Till now, the semi-discretization model has not been exploited for obtaining
a discrete-time analogue of Cohen-Grossberg neural network mainly due to the
nonlinearity of the feedback terms —a;(z;)b;(x;). An appropriate extension of the
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method is presented here. We begin by rewriting the differential system in ()
as

dx(it(t) = — Bizi(t) + Bixi(t) + a; ('fvz(t)) l—bi (xl(t)) + Z ciifj (xj(t _ 7—1.].))

o0

m

+ > dij / Kij(s)gj(zj(t —s)) ds + 1,

Jj=1 0

) i:17m7t>t07t7étk7

(4)

where 3; = a;b; > 0. Let the value h € (0,0) be fixed, and ng = [%2], n = [£],
0ij = [TTJ} and { = [%], where [r] denotes the greatest integer contained in
the real number r. On any interval [nh, (n + 1)h) not containing a moment
of impulse effect ¢ the equation (@) can be approximated by equations with

constant arguments of the form

dx(;t(t) = —Bizi(t) + ﬂm([ﬂ h)

D89 B -5

+;1 dij [ E]llcz‘j ({E] h) 9gi (f’f'j ({—] h — {E] h)) +Li|, i=1m, (5)
with
Elh = nh = L7 PR 51— th o
[E}hnh t, [ A }ha,]h Tijs {h]hﬁh s,

(3 (o[ 1) — oo

(%]=

for a fixed time ¢t as h — 0. Moreover,

AZ: The delay kernels KC;;: N — [0,00) (i,j = 1, m) satisfy
Z’C”(Z) = Kij and Z,Cij(f)elwh < 00,
=1 =1

where the positive real number v = v(h) for a given h € (0,6) is related
to the positive number vy (cf. assumption Ajs) by v — vy (from below) as
h — 0.
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For simplicity, we write system (&) as

T = - ﬁzxz(t) + ﬂzxz(n)
+ai (xz(n)) —bz(xz(n)) Z+Zcijfj (x](n — (Tij)) (6)
+ Z dij Z ]Cij (ﬁ)gj (.%‘j (7’L — 6)) + I;
j=1 =1

fori=1,m,t € [nh, (n+1)h), t # tg, n = ng,ng + 1,..., wherein the nota-
tion w(n) = w(nh) has been adopted. Upon integrating (@) over the interval
[nh, (n+ 1)h), one obtains a discrete analogue of the differential system in ()
given by

zi(n+ 1) = e Piha;(n) 4+ i (k) { Bizi(n) + a; (xz(n)) [—bi (xz(n)) (7)
+> cifi(ain—oy)) +>_dig Y Kij(0g; (z5(n—0) + 1
j=1 j=1 =1

for i = 1,m, n > ng, n # ny, where ¥;(h) = T;Bih denotes the associated
denominator function. Observe that 0 < v;(h) < é for 0 < h < 0 and 9;(h) =
h + O(h?) for small h > 0.

The analogue () is supplemented with an initial vector sequence ¢(f) =
(p1(£), 2(0), ..., (bm(ﬂ))T for £ = ng,np—1,n0—2,...and is subject to impulsive
state displacements characterized by the map

xi(n,j):xi(n,:)—ﬁ—nk(xi(n,;)), i=1m, keN (8)

The iterations involved in (7) and (8) are described as follows: The notations
n; and n, denote the same integer ny for which the values z;(n;; ) generated by
system (7)) at time n = ny — 1 are mapped impulsively by (8)) to give the values
z;(n}). The mapped values z;(n;’) together with the past values z;(¢) for £ =
nk — 1,ng — 2, ... are then supplied back to system () as initial values required
for the next successive iterations of z;(n+1) for n = ng, ng+1,...,ngr1—1. The
existence of a unique solution z(n) = (z1(n), z2(n),. .., xm(n))T of the impulsive
analogue (M), [8) for n > ng is therefore justified.

The impulsive map (8) was introduced in [22], wherein the impulse functions
rir, were defined linearly by 7, (zi(ny ) = =6k (zi(ny ) —a}) fori =T,m, k€N
with d0;; denoting real numbers. An iteration scheme similar to (1), ([8) was
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introduced in [§]. This map, for a given h € (0,60), differs from the impulsive
state displacements described by difference equations of the form

xi(nk—}—l):xi(nk)+rik(azi(nk)), i=1,m, keN,

considered in [I} [7, [11]. However, in the limit A — 0, both characterizations oper-
ate in a similar manner in accordance with the continuous-time characterization
(@ at the impulse moment ¢ = ty.

4. Exponential stability of equilibria

One can verify that an equilibrium point z* = (z%,23,...,2%,)7 of the im-
pulsive analogue (7)), (8) satisfies the same algebraic system (2)) and (3) under
the assumptions A;—Ay4, Al for any given value h € (0,6). To prove the global
exponential stability of the point z* we will need the following definition and
lemmas.

DEFINITION 1 ([33]). A real matrix A = (@;j)mxm is said to be an M-matrix
if a;; < 0 for 4,5 = 1,m, ¢ # j and all successive principle minors of A are
positive.

LEMMA 1 ([3]). Let A = (aij)mxm be a real matriz with non-positive off-diagonal

elements. Then A is an M -matriz if and only if one of the following conditions
holds:

(1) There exists a vector & = (&1,&2,...,6m)T with & > 0 such that every
component of £T A is positive—that is, Y v, &ai; >0, j =1, m.

(2) There exists a vector & = (&1,&2,...,&m)T with & > 0 such that every
component of A€ is positive—that is, Z;n:l ai;& >0, ¢ =1,m.

For more details about M-matrices the reader is referred to [9] [13].

LeEMMA 2 ([10]). A locally invertible C° map H: R™ — R™ is a homeomorphism
of R™ onto itself if and only if it is proper.

In fact, this assertion is due to Hadamard [12]. A mapping is proper if the
pre-image of every compact is compact. In the finite-dimensional case it suffices
to show that ||H(x)| — oo as [|z| — occ.

Our first task is to prove the existence and uniqueness of the solution x* of
the algebraic system (2]).

THEOREM 1. Let p > 1 be a real number, the value h € (0,0) be fized and the
assumptions A1 -Ay, AL hold. Suppose the matriz

(1]

-1
o= By — ”T(c;; + Dj) — =(CoL! + DyLY) (9)

1
p
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is an M -matriz, where

By = diag(by,by,---:bp):  Co = (Icij)mxm, Do = (|dij|Kij)mxm,

Cy = diag [ > leyy|LI> eas LD e |L] ]
j=1 j=1 j=1
m m m

DS = dlag Z|d1j‘l€1j[/?,z|d2j‘l{2jL?,...,Z‘dm”/ﬂmjll? 5
j=1 j=1 j=1

f = diag (L{,Lg,...,LL), L9 = diag (L{,Lg,...,Lg).

Then the algebraic system () has a unique solution z* = (z%,23,...,25)T.

Idea of the proof. Define a mapping F : R™ — R™ by

F(z) = (Fi(x), Fa(@),. .., Fn(x))" for z€R™,

where
m

Fi(w) = =bi(w:) + Y cijfiws) + Y dighijgs(a;) + L, i=T,m.
Jj=1 J

= i—=1

The space R™ is endowed with the norm |z|, = 3., |xi\p)1/p. Under the
assumptions Ay, Az, F(x) € C° It is known that if F(z) € C° is a homeomor-
phism of R™, then there is a unique point z* = (a3, z5,...,2%)7 € R™ such
that F(z*) =0, that is, Fi(z*) =0, i =1, m.

To demonstrate the one-to-one property of F, we take arbitrary vectors x,y €
R™ and assume that F(z) = F(y). From

bi(wi) = biyi) = Y eij(fi(x) = fi(y5)
j=1

m
+ ) dijrii(95(25) — 95 (y5)), i=T1,m,
j=1
one obtains
bilws —yil <Y lei| Ly = ys| + Y \diglmisLley — yyl,  i=Tom,
j=1 j=1

under the given assumptions. Multiplying both sides of the last inequality by
|z; — y;|P~1 and applying the inequality

_ p—1 1
77? 1772 < 77711) + ];nga M, 72 > 07 p > 17
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we derive

m
bilzi = wil” <> lei 1L i — vl Py — )
j=1

m
+ ) Ndi i L — il P~ g —
j=1

" p—1 1
< Z!CiﬂLf( 5 Ixi—yi|p+]—9!xj—yj|p>

m
p—1 1 .
+Z|dz‘j!ﬁz‘jL§< » !xi—y¢|p+§|ﬂf‘j—yﬂp)v i=1,m,
which can be expressed as

- T
:0(’1‘1 —yilP |z —vol?s . |2 — ym|p) <0.
The assertion z; = y;, i = 1, m, follows by virtue of Zy being an M-matrix. Thus
F(z) = F(y) implies x = y.
Finally, we show that ||F(z)||, — oo as ||z||, — o0o. According to Lemma [2]
F(x) € C° is a homeomorphism of R™. Thus there is a unique point z* € R™

such that F(x*) = 0. The point represents a unique solution of the algebraic
system (2)). O

The next task is to investigate the global exponential stability characteristics
of the unique equilibrium point z* of the impulse analogue (@), () for a fixed
time-step h € (0, 0). Upon introducing the translations

ui(n) = zi(n) —zi, @ill) = ¢i(0) — i, ai(ui(n)) = ai(ui(n) + i),

bi(ui(n)) = b (us(n) + z7) — bs(z]), Fi(ui(n)) = £ (us(n) + z5) = f;(x),
3i(uj(n)) = gj(us(n) + 25) — gi(x3),  Fax(ui(ny ) = rix (ui(ng ) + 27) + wi(ny ),
one obtains

ui(n 4 1) = e Piluy,(n) (10)

+ w(h){ﬂiui(n) + a; (ui(n)) {—Bi (zi(n)) + Z cii fi (uj(n — 045))

+Zd”2,c’](£)§](x](n_£)):|}7 7;:1,7’77,, nan, n#nka
=1

j=1

ui(ny) = Fir (ui(ny,)), i=1,m, keN.

153



SANNAY MOHAMAD — HAYDAR AKCA — VALERY COVACHEV

This system inherits the assumptions A;—Ay4, Ag given before. In particular,

7ix(0) =0 for i=1,m, keN

and

[Tk (w)] < (14 vik) |ul for 1=1,m, keN, ueR, (11)

where ;. denote positive real numbers.

Due to the equivalence between the systems ([I0) and (), (&), it suffices to
examine the exponential stability characteristics of the trivial equilibrium point
u* = 0 of the impulsive analogue (I0). The main result is given by the following
theorem.

THEOREM 2. Let p > 1 be a real number, the value h € (0,60) be fized and the
assumptions A1-Ay, AL hold. Suppose the matriz

=)= B~ L2 (¢ + D) - ~(G1L + DiLY) (12)
b b
is an M -matriz, where
By =diag (a;by,a5by,...,a,,b,,), C1 = (Gilcij|)mxm, D1 = (@l|dij|Kij)mxm,
m m m
Cik = dlag 261‘01”.[/;, Zﬁﬂ@ﬂLf, ceey ZE,—AC,—,@‘L? 5
j=1 j=1 j=1

m m m
DI = dlag 261‘d1j|f€1jL§, 252|d2j‘52jL?, cey de|dmj|/<;mjL?
j=1

j=1 j=1

Suppose, further, that there exist positive numbers A > 1 and p satisfying % <
@ < v for which

14+ <A for i=1,m, keN. (13)

Then the impulsive analogue [I0) is globally exponentially stable with a Lyapunov

exponent p — %, namely,

i—1 {<mno

m 1/p m 1/p
lZmz(n)p] < Qe—(u—h’e/\)h(n—no) lz sup |%(£)|p] (14)

forn > ng, where & > 1 denotes a constant.

Sketch of the proof. The property of the M-matrix Z; lends itself to-
wards ascertaining that =y is an M-matrix. Thus the existence and uniqueness
of the equilibrium point z* is assured by Theorem [II
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On applying the given assumptions to (10,
[ui(n+1)] < e u;(n)]

+ i (h {Zaz|cz]|L [uj(n — ngj) (15)

+Zﬁi|dij\ ZICij(ﬁ)Lﬂuj(n - E)}, 1=1,m, n>ng, n# ng.
j=1 =1

h

Recall that 8; = a;b; > 0 and ¢;(h) = 1_?51 > 0. From the M-matrix
=1 and the property (1) of Lemma [I] one has that there is a positive vector
5 = (517527 crey é‘m)T for which

p—1 no
b, __Zgla,\c”w . Z@aiumﬁg

— = Zgja]\c],w Zgja]\dﬂmﬂL >0, i=1m.

j=1

Let us introduce a perturbation u = p(h) for a fixed value h € (0,6) such that
O<pu< mm{ml —Tom Bis u} and

(=B _ &
e P _ f ou(oi;+1)h
+ ai|ci | Ly et
Yi(h) p j; 5L
_ 1 m oo
+ PN @dy |19 Ky (e D (16)
Pi3 =1
1 m
41 Z $3 oo LT st DI
P&
1 m
; Z |yl LY Z’C (et <o, i=Tm.
p =1
Further, let
X;(n) = 7m0k |y ()] for i=1,m, nez, (17)
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into the system (I5)). We obtain
Xi(n+1) < eW=Bhx;(n)

Holn {Z ilcij |Lfeu(o”+1)hX (n—0ij)

j=1

+ ) dldig) > Kij (0 Lt T X (n — 6)}7

j=1 =1

which can be rearranged as

AX»L(TL) < e(,u'fﬁi)h — 1

Xi n
Yi(h) = i(h) ()
+ ZEi|cij\L§e“(UU+1)hXj(n — O'ij) (18)
j=1
+ Z @i |di; | Z Kij (O LIe" DX (n — 0),
{=1

Define a Lyapunov sequence by

V(n) Z &yt (R)XP (n)

+Z§ Zazm | L et thn Z XP(0) (19)

L=n—o;;

+ Zgz Zaz|d”|Lg Z/c (0)erErDn Z XP(r), nez

r=n—~

One observes that the value

V(no) < mlax {57/) (h)+Z§JCb]|CJz|Lf H(GJL-H)h i

=1

+Z§Ja]|d]1|LgZIC K)e”(“_l)hf} Z sup X7 (r)

—1 'r<'n,0

is finite since > ;7| K;i(£)e! "¢ < oo by virtue of the assumption A} in which
0 < pu < v for a fixed h € (0,0) and sup, -, X (r) < oo due to the boundedness

7
of the initial sequence ¢(r) = ¢(r) — z* for r = ng,ng — 1,9 — 2, ...
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Now we estimate the forward difference AV (n) = V(n+ 1) — V(n) along the
solutions of inequality (I§), thus

n) =Y &y, (WAX?(n)

i=1

+ Z& ZailciﬂL;e#(gijJﬂ)h (Xf(n) — Xf(n — O'ij))

i=1  j=1

+Z€zZaz|d”|LqZK (0 (XP(n) — XP(n - 0))

e(h=Bih m

< Zf pXI7 () {WXW Z @ileis |L e X (n — o)

+ Zaz-ldile? Z/Cz-j (O TN (n — é)}

j=1 =1

+ Zfz Zailcij|L£eH(GU+l)h (Xf(n) - X7 (n— Uij))

i=1  j=1
+Z&Zaz|d”|mz;@](4 HEEDM (XP(n) — XP(n — 0))
=1 j=1

m elrh=Bi)h _ 1
§ 7)(5’(”)

pt (h)

f (‘71 +1)h ..
E az|ClJ|L i ( » Xp() pX;?(n_O'U))
-1 1

3" @ldi |L0 S Ky (0)er D <p—Xf n) + - X7 n—E)

E._ | JIJEEZ1 i(0) - (n) - 5 ( )

. 1 1
+ '|cz'j|L§€”( i+ R (EXf(n) - EXf(n_mj))

'MS

~
I
-

Ms

_ (e+1)h (1 1
a|d”|LgZIC (0)e" <5X§’(n)—5X§’(n—€)>}

=1

(n=Bi)h _ m
e Fonlo+1)h
ip E ilci L J
{ Yi(h) i

.
I
-

|
.Eﬂg

1

-1 y
e ZazidngZK (e 4 Z”f—]aychL{e“W”h
J =1

7

3

m|m

JldmL Zic i(0) “<“1>h}X”<n>

£=1

’UI»—*
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for n > ng, n # ng. By virtue of the condition () we find that AV (n) <0 for
n > ng, n # ng. This means that

Vin) <V(nj_,) for np_1 <n<ng, keN (20)
Next,
XP () < (14 i) "X () < APX (my )
for k=1,2,3,..., which implies
V(n;ll) < APV(n,;l) for keN. (21)
From the statements (20) and (2I)) it follows that
V(n) < A*F=DPY () for np<n<ng kel (22)

Since
h(n —mng) > (k—1)60 for ng<n<ng keN,
from ([22]) we derive

h(n—ng)

V(n) < AP " V(ng) = ep%h("fno)V(no) for n>mng.

This estimate together with (I7) and (I9)) leads to
S et (n)P < V(n) < POV (ng)
i=1

for n > ng, from which

m m
3 Jus ()P < QueP(r= B0 N7 up (g (0)]
i=1 i=1f<no
for n > ng, where the constant
m
= max{ﬁlwz_l(h) + Z£j6j]cji]L{e"("ﬂ“)haji

1=1m J=1

+ > Galdl L ’Cji(f)e“(“l)hf}/mii{&%l(h)}
j=1 =1

i=1,m

satisfies 1 < Q7 < oo. The statement (I4) will follow subsequently and this
completes the proof. O
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COROLLARY 1. Suppose the assumptions and conditions in Theorem[ are sat-
isfied with (I2) replaced by

p—1& P-1¢
a;b; — —— Zailciju/; - Zai’dijmijl’?
m

J 1 .
— 5 Z Ej]cji|LZf — 5 Z Ej]djimjiLf > 0, i =1,m. (23)
j=1 j=1

Then the impulsive analogue [I0) is globally exponentially stable in the sense
of ().

In fact, the inequalities (23) imply that =; defined in (I2]) becomes an M-matrix.
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