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CAN BUSINESS CYCLES ARISE IN A
TWO-REGIONAL MODEL WITH FIXED EXCHANGE
RATES?

PETER MALICKY — RUDOLF ZIMKA

ABSTRACT. The two-regional five dimensional model describing the devel-
opment of income, capital stock and money stock, which was introduced by
T. Asada in [A Two-regional Model of Business Cycles with Fixed Exchange
Rates: A Kaldorian Approach, Discuss. Paper Ser., No. 44, Chuo University,
Tokyo, Japan, 2003] is analysed. Sufficient conditions for the existence of one
pair of purely imaginary eigenvalues and three eigenvalues with negative real
parts in the linear approximation matrix of the model are found. Theorem on the
existence of business cycles is presented.

1. Introduction

T. Asada, T. Inabaand T. Misawa developed and studied in [2] a two
regional model of business cycles with fixed exchange rates, which consists of five
dimensional discrete time system. T. Asada introduced and analysed in [I]
the continuous time version of this model describing the dynamic interaction of
two regions which are connected through interregional trade and interregional
capital movement. In the whole paper we preserve the notations of [I] with minor
changes.

i/i :ai(Ci+Ii+Gi+Ji—Yi), a; > 0,
K; =1
Ml - plAla 1= 1a27 (1)
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where
C; = ¢;(Y; = T;) + Co;, 0<c <1, Cop >0,
T; = 7;Y; — To, 0<m <1, Tp =0,
Ii = Ii YtivKiv i)y 07 07 07
T Koo 1) v, ~ oK, =" or S
M; 0L; oL;
__Liytiaiy >07 <07
Di (¥ari) Y; or;
8J1 8J1 aJl
Jp = J1(Y1,Y5, F — <0 — >0, —>0 2
1 1( 1,12, )7 8Y1 < ) aYQ > U, 8E> ) ()
E¢c - FE
Q1_5<7“1—7“2— i )7 B >0,
Al = Jl +Q17
0= p1J1 + Epa o,
0= p1Q1 + Ep2Q2,
M = Ml +EM27
and the subscript i, ¢ = 1,2, is the index number of a region. The mean-

ings of symbols in ([Il) and @) are as follows: Y;—real regional income, K;—
—real physical capital stock, M;—mnominal money stock, L,—money demand,
C;——consumption, T;—taxes, I;—mnet real private investment expenditure on
physical capital, G;—real government expenditure (fixed), p,—price level, r;—
—nominal rate of interest, F—exchange rate, E°—expected exchange rate, J;—
—balance of current account (net export) in real terms, (;—capital account in
real terms (net capital inflow), A,—total balance of payments in real terms,
a;—adjustment speed in goods market and S—degree of capital mobility.

In this paper we assume as well as Asada in [I] fixed price economy with
fixed exchange rates. Therefore we can suppose, normalizing the price levels of
two regions, that p; = ps = 1, E = E*° Further we suppose that nominal interest
rate r;, ¢ = 1,2, adjusts instantaneously to keep money stock M; and money
demand L; in equilibrium. Under these assumptions taking into account (2)) and
supposing that r; is implicitly determined by the relations M; = L;(Y;, r;), i=1,2,
model () takes the form

Vi =y {cl(l —m)Y1 +ca1To1 + Co1 + G

+ I (Y1, K1, m(Ye, My)) + J1(Y1, Y2, E) — Yl}a
Kl = Il (Yvilvrl(YlaMl))a
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Yo = s lcz(l —72)Y2 + T2 + Co2 + G2

M — M 1
+IQ (YQ,KQ,TQ (YQ; T1>> - EJl(Yl,YQ,E) — YQ‘|,

. M- M
KQ :IQ (YQ,KQ,TQ (YQaT1>>’ (3)

. M — M
My =J(M,Y2,E)+ 7 T1> :

r1 (Y1, My) — 7o <Y27

In the whole article we suppose that:

(i) model ([B) has a unique equilibrium point (Y10, K10, Y20, K20, M1p) with
positive coordinates, to an arbitrary triple of positive parameters (o,

a?vﬂ)‘

(ii) all functions in model ([B]) are linear with respect to their variables except
the functions I; and r;, i = 1,2, which are nonlinear in Y; of type C® in
a small neighbourhood of the equilibrium point.

Remark 1. The analysis of the existence of an equilibrium of model ([B]) was
performed by Asada in [I]. The requirement on the functions in (3] to be of
type C% with respect to Y; enables to transform model (@) to its partial normal
form on invariant surface and to use theorem on the existence of closed cycles

(see, e.g., [4]).

Asada found in [I] sufficient conditions for local stability and instability of
the equilibrium point. He also discussed the existence of closed orbits around
the equilibrium. His results about stability enabled him to give verbal reasons
for the existence of such a value ayg of parameter oy at an arbitrary fixed value
Bo of parameter 8 and a sufficiently small fixed value aizg of parameter as, that
the linear approximation matrix of the model has at the triple (a9, @20, 5o) €i-
ther one pair of pure imaginary eigenvalues and three eigenvalues with negative
real parts (Case 1) or two pairs of pure imaginary eigenvalues and one negative
eigenvalue (Case 2). Asada came to a conclusion that in the Case 1 the exis-
tence of such a value ayg guarantees the existence of closed orbits around the
equilibrium at some values a1 which are close enough to the value a19. We would
like to add to this assertion the following. The existence of a triple (a1, @20, 5o)
with above mentioned properties does not guarantee in both cases the existence
of closed orbits. Its existence is only necessary condition for the arising of closed
orbits. If they arise or not at some value «; from a small neighbourhood of the
value o, it depends on the smoothness of the functions in the model and on the
types of the first nonzero resonant coefficients in the normal form of the model.
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In the present paper the question of the existence of a triple (aag, 20, o) at
which the linear approximation matrix of model (3] has at the equilibrium one
pair of purely imaginary eigenvalues and three eigenvalues with negative real
parts is treated analytically. Theorem [ gives sufficient conditions for the ex-
istence of such a triple. Theorem 2l says about the existence of business cycles
under the assumption of the existence of the bifurcation equation of model (3]).

2. The analysis of model (3]

Let us write model (@) in the shorten form

é: 5(5;0617062,5)7

where £ = (Y7, K1,Y3, Ko, My). After the translation of the equilibrium point
&0 = (Y10, K10, Y20, K20, M1g) to the origin via the coordinate shift y = £ — &
model [B) becomes

) = E(?J‘f’fO;OélvOéQ;ﬁ)-
Its Taylor expansion at y = 0 gives

y:A(Oél,()dg,ﬂ)y‘f'Y(y;Odl,Odg,ﬂ), (4)

where Y (y; a1, a9,8) = O(||y||2) and the linear approximation matrix A(aq,

ae, f) is

a1Gn a1Giz oqGas 0 a1Gis
Fy G2 0 0 Gis
Alon, 00, 8) = | aaG3 0 oGss aaGsa Gss |, (5)
0 0 Fy3 Gy G35
F51(B) 0 Fs3(B) 0 Fs5(8)
where
o 811 811 87”‘1 8J1
Gllfa—yl'f'a—rla—yl— 1_01(1_7—1)_8—}/1 )
oL
Gl? — 8—.[(1 Oa
0.J;
Giz = Y, 0,
8[1 87“1
G15 87”1 8M1 07
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G31——%g—£>0,
G33—§—g+g—7{zg—z— 1_02(1_72)+%g_}=]/; :
G34—§—II(22<0,
F43—§—g+g—fzg—z,
F51(B)_g_£+ 2—;11,
F53(ﬂ)—g—£— g—;z,
Fad) = 8 [ g+ 222 <o,

while all derivatives are evaluated at the equilibrium &g.

AssSUMPTION 1. As in [I] we assume that the values of 81613(50) and 81623(,50) are
so large that G171 > 0 and Gz > 0 at the equilibrium &g.

ASSUMPTION 2. Parameter 8 can be considered arbitrary large comparing its
value with the values of parameters a; and as.

Remark 2. Assumption [I coincides with the standard hypothesis of Kaldo-
rian business cycle model (see [5]). This assumption automatically implies that
F51 > 0 and Fy3 > 0. Assumption Pl also coincides with economic theory.

DEFINITION 1. A triple (a9, 20, Bo) of parameters «, g and S in @) is called
the critical triple of model () if the matrix A(a1g, @20, Bo) has the eigenvalues
)\1’2 =d4iwy,i=+v—-1, Re )\3’4’5 < 0.

The characteristic equation of A(aq, ag, ) is

N ai A+ ap\t + az\? + ag) +as = 0, (6)
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where

ai

az

as

aq
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ai(or, az, f) = —trace A = —a1G11 — G12 — @2G33 — G34 — F55(0),

az (a1, as, ) = sum of all principal second-order minors of matrix A

o Gi11 G2 L ala Gi1i Gis ta Gn 0
Y P Gao 2 G Gas 10 Gaa
Gn Gis G2 0 G2 0
to F51(B)  Fs5(B) ‘ R G3 + ‘ 0 Gsa
G2  Gis Gzz Gas Gs3 G3s
+ ’ 0  Fs5(B) o Fiz Gz ’ o F53(8)  Fss5(8)
n G3s  Giss 7
0  Fss(8)
as(a1, a2, ) = —sum of all principal third-order minors of matrix A
Gi11 Gi2 Gia Gi11 G2 0
—aiaz| For Gia 0 —a1| Fo1 Gio 0
G G2 Gis Giui Gis 0
—ay Fy Gi2  Gis —aroe| Gz1 Gzz Gsg
Fs1(8) 0 Fss(8) 0 Fuz3 Gz
G Gis Gis Gn 0 Gis
—arae | G G33 G3s — o 0 Gzs  Gss
F51(B)  Fs3(B)  Fs5(B) F5i(B) 0 Fss5(P)
G12 0 0 G12 0 G15
—a2| 0 Gsz Gsg |—az| O Gs3 G3s
0 F43 G34 0 FSS(B) FBB(ﬂ)
Gi2 O Gis Gsz Gsa  Gss
—| 0 Gz Gss —az| Fuz Gizs G35 |,
0 0 Fss(8) Fss(B) 0 Fss(B)

as(a1, a2, ) = sum of all principal fourth-order minors of matrix A

Gii Gi2 Gis 0
o1 Gio 0 0

e Gz1 0  Gszz Gsa
0 0 Fi3 Gz
G G2  Gis Gis
Fo G2 0 Gis
+a1as

G 0 Giss Gss
Fsi(B) 0 Fs3(B) Fss(B)
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G111 G2 0 Gis
Fo Gi2 O Gis

Tt 0 0 Gzs Gss
Fsi(B) 0 0  Fs5(8)
G Gis 0 Gis
taio G31 Gszz Gsa  Gss
12 0 Fys3 Gzs  Giss
Fs1(B) Fss(B) 0 Fss(B)
G12 0 0 G15
ta 0 G33 G34 G3s
2l o Fus Gzs  Gss ’
0 Fs53(B) 0 F55(5)
as = as(ar,a2,8) = —det A

Gi1 G2 Gis 0 Gis
Foq G2 0 0 Gis
= —aiaz2| Gz 0 Gzz Gz Gss
0 0 Fy3 Gzs  Gss
F51(8) 0  Fs3(B) 0  Fs5(0)

= —o1a2G12G34F55(8) [(Gn — F51)(G3s3 — Fu3) — G13G31] .

On the base of Assumption 2lwe will arrange the coefficients of characteristic
equation (B) as polynomials with respect to parameter §, expressing explicitly
only their terms of the highest order. In these relations we use the following
notations:

87“1 1 87“2
d = il
1 <8M1+E8M2> >0,
dy = —di(Gi2+ G3q) >0,
8T1
ds = diG Gi5—
3 1G1 + 158Y1>0’
Ory

di = diGs3 — G35 oY, >0,

ds = diG12Gag >0,
de = d3Gzq—diGi2(Fo — Grr),
d7 = d1G34(Fu3 — G33) — dsGa,

dg = ds(Fo1 —G11) >0,
dy = ds(Fu3—Gs3) >0,
dio = di1G12Gs4|(Fo1 — G11)(Fus — Gs3) — G13Gs1] > 0,
diy = dadg — dzds — dids,
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G = [G15G34(F43 — Gs3) + G12G13G35]

GY [G12G35(F21 Gu)+ G15G31G34]

—d1 [G12G33(F21 — G11) + G11G34(Fas — Gs3) + G13G31(G12 + G34)]7

15
H = di(G11Gs3 — G13G31) — TQ(GBG% — G15G33)
0
8;? (G15G31 — G11G3s).

The coefficients a; (o1, a2, 8), j =1,2,3,4,5, are given by the relations:

ai(ar, az, B) dif + fi(aq, az),

as(o, 9, 8) = (do —dgaq —ds)f + falou, o),

as(ay,an, ) = (ds+deay —drae + Hajao)B + fa(ar, as), (7)
as(ar, a0, B) = (dgay + doas — Gagas)B + fa(ar, as),

as(ar,az,8) = dioazf,

where f;(a1,a2), j = 1,2, 3,4, are polynomials with respect to parameters aq, s
not higher order than two.

The following theorem gives sufficient conditions for the existence of a critical
triple of model ().

THEOREM 1. If parameter as is sufficiently small and parameter 8 is sufficiently
large, then there exists a critical triple (a9, 20, Bo) of model ().

Before the proof of Theorem [I] several lemmas will be introduced. First we use
the following lemma from [6].

LEMMA 1. Characteristic equation (@) has a pair of pure imaginary eigenvalues
A2 = tiw and three roots A;, j = 3,4, 5, with a negative real part if and only if

Ay = a1 >0,

Ay = ajas —ag >0,

As = a3y +ai(as —ajaqg) >0, (8)
Ay = asAz—asasAg + as(aras —as) =0,

as > 0,

where aj = a;(on,00,3), 7 =1,2,...,5 are the coefficients of equation ([@l).
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Using the form of a; from (7l) we can express A, j =1,2,3,4, as follows:

Ai(ar, a2, B) = di + g1, a2) > 0,

As(an, az, B) = di(da — dsay — dya2) 3% + ga(, a2, B),

As(an, oz, B) = Tdy (dods + dyion — dsdga? + ha(ay, a2)) 8%, (9)
+ g3(a1, az, B),

Ay(ar, az, B) = dy (dadsdson + dsdiiad — dsdgdsal + ha(an, az)) B,
+ ga(a1, oz, B),

where h3 and hy are polynomials with respect to a1, as not of higher order
than five with the property hj(ai,as) = ashj(ai,az), j = 3,4, and g; are
polynomials with respect to aq, as, 8 with the property

hm gj(alv a9, B)

6*}00 I82 = 0’ j = 172’ 37 4’

for arbitrary fixed a; and as.

LEMMA 2. If parameter as > 0 is sufficiently small, and parameter 8 > 0
sufficiently large, then there exists cy > 0 such that

A4(Od]_,0&2,ﬂ) =0. (10)
Proof. Instead of £ introduce v = % Put

1
F(041,Oé277) = ’Y4A4 <a1, Q, ;)

We have
F(Oél, 0, 0) = d1d8a1 (d2d5 + d11a1 — d3d6Q%> .

So, consider equation

dgdsa% — dllal — d2d5 =0. (11)
The value of dg may be positive or zero or negative. If dg¢ = 0, then the root
of (I is
dod
Oégl) = - ;115 > 07

because dy1 = —dsds — d1ds < 0. If dg # 0, then equation (II]) has roots

a(1,2) _ di = \/d%l + 4d2d3d5d6
! 2dsd; '




PETER MALICKY — RUDOLF ZIMKA

These roots are real, because discriminant D in (I2) is positive. If dg > 0 it this
obvious. If dg < 0, then

D = (dydg — dsds — didg)? + Adydsdsds
= (dods + dsds)? + 2dydg(dzds — dadg) + (didg)?
> 0.

If dg > 0, then the roots have different signs, because
agl)af) =—-———<0.

In this case

di1 + \/d3, + 4dadsdsds

(1)
pr— O
“ 2dsds -
di1 — +/d?, + 4dadsdsd,
a§2):11 Vi + 2dsdsds _
2d3dg
If dg < 0 then both roots are positive, because
1) (2 dads
a(1 )a(1 ) = ~dads >0

and
2) _ dinn_ dads — dzds — dadg

_ 0.
dads dads =

04(11) + 04(1

In this case

di1 — \/d?; + 4dad3dsds di1 + \/d3, + 4dadsdsds

(2) (1)
— f— O-
“ 2dadg =N 2dsdg >
We have
F (agl), 0,0) =0

and

oF ()

o (al ,0,0) £0.

By the implicit function theorem there are § > 0, ¢ > 0 such that for any
as € (0,9) and v € (0,0) equation

F(OH;OQ;'V) =0

has a root a; € (agl) —¢, agl) —l—s) which depends continuously on a and . O

The root agl) of equation ([I]) from the previous proof plays an important
role in the following two Lemmas.

132



CAN BUSINESS CYCLES ARISE IN A TWO-REGIONAL MODEL...

LEMMA 3. If as > 0 is sufficiently small, B > 0 sufficiently large and a; is

sufficiently close to chl), then As(aq, ae, §) > 0.

Proof. It is sufficient to prove that do — dgoz(ll) > 0. If dg = 0, then we have to

prove
—dads

11

dy — d30(§1) =dy —ds > 0,

which is equivalent to
dg(—d3d5 — dldg) + dodsds < 0.

The last inequality is satisfied because —d;dadg < 0. Let dg > 0. Then we have
to prove

di1 + /3, + 4dadsdsds
2dsdg

do — d30(§1) =dy —d3 > 0,

which is equivalent to

VB + ddadsdsds < 2dads — duy. (13)
Note that
2dods — di1 = 2dadg — (dodg — dsds — didg) = dadg + dsds + dyidg > 0.
Therefore inequality ([I3)) is equivalent to
d2, + 4dodsdsds < Ad3d: — Adydedyy + d3,
and
dsds < dadg — (dodg — dsds — dqdg),
which is satisfied because didg > 0. Let dg < 0. Then we have to prove

di1 + /d3, + 4dadzdsdg
2d3ds

do — d30(§1) =dy —d3 > 0,

which is equivalent to

2dads — diy < \/d3; + Adadadsds. (14)

If 2dads — d11 < 0, then the last inequality is satisfied. In the opposite case it is
equivalent to
4d3d% — dodgddyy + diy < d3) + 4dadzdsds
and
dods — (da2de — d3ds — didg) > dzds,
which is satisfied because didg > 0. Il

LEMMA 4. If as > 0 is sufficiently small, 8 > 0 sufficiently large and oy is
sufficiently close to agl), then As(ay, asg, 8) > 0.
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Proof. Consider as > 0 sufficiently small and 8 > 0 sufficiently large. Arrang-
ing a4 As, asasAs and as(ajaq — as) from Ay in ([8) as polynomials with respect
to 3, we find out that a4As and asas Ay have degree 4, while as(ajaq — as) has
degree 3. It means that asAs and asas Ay have the same sign for sufficiently
large 8 whenever Ay(ay, s, 8) = 0. By Lemma [3] Ay(a, a2, 8) > 0. From ()
we see that

a2(041,042;ﬂ) > 0, 614(041,042,@ >0 and 615(041,04275) > 0.

Therefore
Asz(ar,az,5) >0

for sufficiently small ay and sufficiently large f. O

Proof of Theorem1. Take sufficiently small ay > 0 and sufficiently large
8 > 0. By Lemma [ there exists a; > 0 such that Ay(a1,a0,8) = 0. By
Lemmas [Bl and @

AQ(OQ,O[Q,,B) >0 and A3(a1,a2,ﬂ) > 0.

The condition Aj(ay,as, ) > 0 is satisfied for sufficiently large 5. The co-
efficient a5 is positive whenever so are aq, as, 8. Therefore the conditions in
Lemma [T] are satisfied. O

Take now an arbitrary critical triple (ag, a0, 8o) of model {), fix agy and
Bo and investigate model ({]) with respect to parameter ay € (19 — 0, g0 + 9),
where § > 0. Suppose that the first resonant coefficients 4; and s in the partial
normal form on invariant surface of model (B]) are nonzero (see, e.g., [3]). Then
using polar coordinates the bifurcation equation of model (8] is

ar’ +be =0, a=Redy, b=Red;, &= —ai.
Utilizing the results from the bifurcation theory (see, e.g., [4]) we can formulate
the following theorem.
THEOREM 2. Let the coefficients a, b in the bifurcation equation exist. Then

(1) Ifa < 0, then there exists a stable limit cycle for every small enough e > 0,
if b is positive and for every small enough € < 0, if b is negative.

(2) If a > 0, then there exists an unstable limit cycle for every small enough
e <0, if b is positive and for every small enough € > 0, if b is negative.
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