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ASYMPTOTIC PROPERTIES OF TRINOMIAL
DELAY DIFFERENTIAL EQUATIONS

JozEF DZURINA — RENATA KOTOROVA

ABSTRACT. New criteria for asymptotic properties of the solutions of the third
order delay differential equation

<%y’/(t)) - p(t)y’(t) —+ g(t)y(T(t)) -0,

by transforming this equation to its binomial canonical form are presented.

We consider the third order delay differential equation

(%m(t)) —p(t)y'(t) + g()y(r(t)) =0 1)
and the corresponding second order differential equation
( Z,((tt))> = p(t)o(t). )

We always assume that
(H1) r(t), p(t) and g(t) € C([to,oo)), p(t) >0, r(t) >0, g(t) > 0;
(H2) 7(t) € C([to,0)), 7(t) <t and 7(t) — 00 as t — oo;
(H3) ftzo r(s)ds = co.

The particular case of (Il), namely differential equation without delay

y"' () = p()y'(t) + g(t)y(t) = 0 (3)

has been investigated in earlier papers [I} 3, [4} [7} 10, 12} [17] and [20]. In these
papers the following structure of nonoscillatory solutions is presented:
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LEMMA 1. Let y(t) be a nonoscillatory solution of [Bl). Then there exists t1 > to
such that either

y(t)y'(t) <0 (4)

y()y'(t) =0 (5)
fort > t1 and moreover if y(t) satisfies @), then also
(—D'y(0)y () >0, 0<i<3, t>t. (6)

It is known that equation (3) always has a solution satisfying (6]). For the next
considerations we say that (B has property (FPp) if every nonoscillatory solution

of ([B) satisfies ().

Lazer presented a sufficient condition for property (Pp) of [B]) (see [I7]).
This result has been improved by several authors (see, e.g., [6, 10, 12, [19] and
[20]). We denote

1
Doy =y, Dyy=(Doy), Day= ;(Dly)/; D3y = (Day)".

We say that (I]) has property (Fp) if every nonoscillatory solution y(t) of ()
satisfies

(—=D'y(t)Diy(t) >0,  0<i<3. (7)

where v(t) is a positive solution of ([2).

Proof. Straightforward computation shows that

w3 (5[5 ]) = () -(5) %= (o) o
g

COROLLARY 1. If v(t) is a positive solution of [2)), then equation (d)can be

rewritten as
(“— () ) +ogy(r(®) =0. 3)

T (%
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We shall study properties of trinomial equation (IJ) with help of its binomial
form (B]). The properties of canonical equations are well known. For this reason it
is useful for () to be in the Canonical form. The equation (§)) is in the canonical

form if f o Tz((tt)) dt = oo and ft t)dt =

LEMMA 3. FEquation(2)) possesses the following couple of solutions

v(t) >0, V'(t) <0 and (ié?) >0 9)

and

o(t) >0, '(t)>0 and (ig;)lzo, (10)

for all t large enough.

We say that a solution v(¢) of (2] is of degree 0 if it satisfies (@), on the other
hand v(t) is said to be of degree 2 if it satisfies (0.

LEMMA 4. Let (H3) hold. If v(t) is a solution of degree 0 of [2), then
/ r(t) dt = 0.

2(1)

to

Proof. It is easy to see that v(t) satisfies ¢ > v(t), eventually which implies
assertion of the lemma. O

A solution v(t) of degree 0 is the key solution of (). If it satisfies the condition

oo
/v(t) dt = oo, (11)
to

then equation ([Il) can be represented in the canonical form (8]).

We present sufficient condition for every solution of degree 0 of @) to sat-
isfy (). Let us denote P, ( (t) [ p(s) ds (we suppose that ft s)ds <o0).

LEMMA 5. Assume that

/e Jig Br(9)ds g4 — o, (12)
to

Then every solution of degree 0 of [2)) satisfies (L1]).

Proof. Let v(t) satisfy ([@). Integrating (2)) from ¢ to oo, one gets

oo

0= 28— [opis)as

r(t) /
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where ¢ = hm U((tt)) We claim that hm U((t)) = 0. If not, then hm l;((f)) =/,

l < 0 Then v ( ) < Lr(t). Integratlng from t; to t, we have v(t) < v(ty) +
4 ft t)ds — —oo as t — oo. This is a contradiction. Thus we conclude that

oo [oe]

—'(t) = r(t)/p(s)v(s) ds < v(t)r(t)/p(s) ds = v(t)P.(t).

Then integrating from t; to ¢, we have
L~
v(t) > v(ty) e Jiy Pr()ds

Integrating from t to co we get the desired property. O

To simplify our notation, we set

1 v2
Loy=vy, Liy= ;(Loy)/; Loy = 7(L1y)/; Lay = (Lay)'.

We present structure of nonoscillatory solutions y(t) of (8), where (§) is in
canonical form (see, e.g., [9] or [14]).

LEMMA 6. Let (8) be in canonical form. Every positive solution of () satisfies

either

Loy(t) >0, Liy(t) <0, Loy(t) >0, Lsy(t) <0 (13)
or

Loy(t) >0, Liy(t) >0, Loy(t) >0, Lsy(t) <0 (14)
for large t.

Remark 1. It follows from Lemma (@) that if (8) is in canonical form, then
the set of nonoscillatory solutions of ([I]) has the same structure as those of (2)).
That is

y(B)y'(t) <0

y(®)y'(t) >0,

where y(t) is a nonoscillatory solutions of (IJ). Note that the corresponding in-
equality (B is sharp for ().

LEMMA 7. If v(t) is a positive solution of degree 0 of [2l) satisfying (1)), then
a positive solution of [8) satisfies (A3) if and only if it satisfies ().

Proof. Wehave Loy =y > 0, L1y = %y’ < 0, eventually. From this we know
that Doy > 0 and D1y = y'< 0. From equation (1) we see that D3y = (%y")/< 0.
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So Doy is of constant sign. If we admit Doy < 0, then D1y = 3’ is decreasing so
y'(t) < y'(t1) = £ < 0. Integrating from ¢, to t we get

y(t) <y(ty) +L(t1 —t) — —o0 as t— oo.
A contradiction with the positivity of y(t). So we conclude Doy > 0 and y
satisfies (7).
Now, Doy > 0 and D1y < 0 implies Loy > 0 and Ly < 0. It follows from (g])

that Lsy < 0. Then Loy(t) is decreasing. If we admit Loy(t) < 0 for ¢t > ¢, then
L1y(t) < ¢ < 0 and integrating from ¢; to ¢ one gets
t
y(t) <y(tr) + E/v(s) ds - —oc0  as t— .
t1

O

Following Kiguradze [13] we say that (8) has property (A) if every its
nonoscillatory solution is of degree 0. Lemma [7] can now be formulated in the
form:

THEOREM 1. If v(t) is a positive solution of degree 0 of ([2)) satisfying (I,
then ([{l) has property (Po) if and only if (&) has property (A).

THEOREM 2. Let v(t) be a positive solution of degree 0 of (2)) satisfying (LTI).
Let

7'(t) > 0. (15)
If the differential inequality

CHONPRY o |
( ) z (t)) + v(T(t))T (t)t/v(s)g(s) ds z(T(t)) <0 (16)

has no positive solution, then ([Il) has property (Py).

Proof. Assume that () has not property (Fp). It implies from Theorem [II
that (8) has not property (A). Consequently a solution y(t) exists that satis-

fies (I4).

Integrating (§)) from ¢ to oo, we have

oo

Loy(t) =c¢ —l—/v(s)g(s)y(T(s)) ds, (17)
where ¢ = tlgglo Loy(t). Since t

y(t) = y(t) + / o(@)Liy() de,

75



JOZEF DZURINA — RENATA KOTOROVA

then it implies from (7)) that

o0 7(s)
Loy(t) Z/U(s)g(s) /v(x)Lly(x) dz | ds.
t t
We may assume that 7(¢t) > ¢1, so
0o 7(s)
Loyy(t Z/U / x)Liy(x) dx ds.
t (1)
After changing the order of integration we get

Loy(t) Z/U(:l;)Lly(x) / v(s)g(s) dsdx —/Lly(:z;)G(x) dz,
(t) T (z) (t)
where o0
G(o) = vla) [ o(s)gls) ds
71(2)
and 771(t) is the inverse function to 7(¢). Integration from #; to t leads to

o0

L) = Layten) + [ 5% [ Lay()6(a) d (15)
t1 7(s)

Let us denote the right hand side of (I8) by z(¢). Then z(t) > 0 and

- mzl / T ()’ m,z' / 7)) )z (T
= (r(t) (t)) +Liy(r(t)G(r(t))7'(t) = (r(t) (t)) +G(r ()7 (1) (7(t))

so z(t) is a positive solution of (I). A contradiction. O

COROLLARY 2. Let v(t) be a positive solution of degree 0 of ([2)) satisfying (II)).
Let ([I3) hold. If the second order differential equation

o

(%z’(ﬂ) [ /v ds] z(r(t)) =0 (19)

t

is oscillatory, then (Il) has property (FPy).

It is known that (19) is oscillatory if and only if (I6]) has no positive solution
(see [9], [14]).
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THEOREM 3. Let v(t) be a positive solution of degree 0 of @) satisfying (II).
Let ([I3) hold. If

7(t) ) oo
. r(s) , 1
hgg}f t/UQ(S) ds /v(T(x))T (x)z/v(s)g(s) dsdz | > 1 (20)

then equation () has property (Fp).
Proof. Condition (20) guaranties oscillation of (I9) (see, e.g., [8, 9] or [14]). O

EXAMPLE 1. Let us consider delay differential equation

(% y”(t)) — t%y/(t) + g(t)y(At) =0, 0< <1 (21)

Now v(t) = 1 is a solution of degree 0 of equation (%)/ = % v(t). Moreover,

it satisfies (II]), then follows from Theorem 3 that (2I)) satisfies (Fp) if

o0

lim inf )\4154/@ In E\ ds > % (22)
—00 S
t

THEOREM 4. Let all assumptions of Theorem [3 hold. Moreover, if

/OOU(SQ) 7% /Oov(so)g(so) dsgds; dsz = oo, (23)

to S2 S1

then every nonoscillatory solution of () tends to zero as t — co.

Proof. Let y(t) > 0 be a solution of (). From Theorem [3 it follows that y(t)
satisfies (), so y'(¢) < 0. There exists lim;oo y(t) = £ > 0. If £ > 0 then
y(T(t)) > (. Integrating (§)) twice from ¢ to oo and then from ¢; to ¢, we have

t

olt) =(t0) ~ [ots2) [ 2 [otsolatson(rs0) doo s ds

ty

[ee]

51

r(s
<y(ty) — E/U(SQ)/v2((;)) /v(so)g(so)dso dsy dsg — —o0 (24)
1
to S2 S1
as t — 0o. Therefore, lim;_,o y(t) = 0. O

ExXAMPLE 2. We consider a differential equation

1 1 ' 1 / a
—_ R + — =0 0 ] 0. 25
<3t Yy (t)) t3 Yy (t) t4y()\t) s < A < 5 a > ( )
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It follows from Theorem [ that (E3) has a property (Fp) and from Theorem [
that every nonoscillatory solution of (20l tends to zero as t — co.

Now we recall the following result (see, e.g., [9] or [14]), which enables us to
deduce property (A) of delay equation from that of equation without delay:

THEOREM 5. Assume that v(t) is a solution of degree 0 of () satisfying (LTI).
Let (IT) hold. If

(“r(fff (v ) ) O =T NICE ST

has property (A), then so does (8).

When we combine Theorem [I] and Theorem Bl we get:

THEOREM 6. Assume that v(t) is a solution of degree 0 of () satisfying (II).
Let (IB) hold. If ([26) has property (A) then () has property (Pp).

Applying Theorem [ to (26]), we get

THEOREM 7. Assume that v(t) is a solution of degree 0 of ([2) satisfying (IT).
Let ([IB) hold. Then (??) has property (A) if and only if

N N G Q) G )
(T@)y <t>) (0 + e T

has property (Pp).

y(t) =0 (27)

Finally Theorems [0 and [7] provide:

THEOREM 8. Assume that v(t) is a solution of degree 0 of @) satisfying (LII).
Let (IX) hold. If 7)) has property (Py), then so does ().

Remark 2. Our results here present easily verifiable criteria for studied prop-
erties of (I). We have reduced properties of general delay trinomial equation
to oscillation of the corresponding second order differential equation. Moreover,
using Mahfoud [I§] types of comparison theorems, we can examine properties
of delay trinomial equation with help of that without deviating argument.

REFERENCES

[1] BARTUSEK, M.—CECCHI, M.—DOSLA, Z.—MARINI, M.: On nonoscillatory solu-
tions of third order monlinear differential equations, Dynam. Systems Appl. 9 (2000),
483-499.

[2] BELLMAN, R.: Stability Theory of Differential Equations. Internat. Ser. Pure Appl.
Math., Vol. XIII, McGraw-Hill Book Company, New York, 1953.

78



ASYMPTOTIC PROPERTIES OF TRINOMIAL DELAY DIFFERENTIAL EQUATIONS

[3] CECCHI, M.—DOSLA, Z.—MARINI, M.: On the third order differential equations with
property A and B, J. Math. Anal. Appl. 231 (1999), 509-525.

[4] CECCHI, M.—MARINI, M.—VILLARI, G.: On the monotonicity property for a certain
class of second order differential equations, J. Differential Equations 82 (1989), 15-27.

[5] CHANTURIJA, T. A—KIGURADZE, I. T.: Asymptotic Properties of Nonautonomous
Ordinary Differential Equations. Nauka, Moscow, 1990. (In Russian)

[6] DZURINA, J.: Asymptotic properties of the third order delay differential equations, Non-
linear Anal. 26 (1996), 33-39.

[7] DZURINA, J.: Asymptotic properties of third-order differential equations with deviating
argument, Czechoslovak Math. J. 44 (1994), 163-172.

8] DZURINA, J.: Comparison Theorems for Functional Differential Equations. EDIS, Zilina,
2003.

[9] DZURINA, J.: Comparison theorems for nonlinear ODE’s, Math. Slovaca, 42 (1992),
299-315.

[10] ERBE, L.: Ezistence of oscillatory solutions and asymptotic behavior for a class of third
order linear differential equation, Pacific J. Math. 64 (1976), 369-385.

[11] HARTMAN, P.: Ordinary Differential Equations. John Wiley & Sons, New York, 1964.

[12] JONES, G. D.: An asymptotic property of solutions y""' + p(z)y’ + q(z)y = 0, Pacific J.
Math. 47 (1973), 135-138.

[13] KIGURADZE, 1. T.: On the oscillation of solutions of the equation ‘é:% +
a(t)|u|"signu = 0, Mat. Sb. 65 (1964), 172-187. (In Russian)

[14] KUSANO, T.—NAITO, M.: Comparison theorems for functional differential equations
with deviating arguments, J. Math. Soc. Japan 3 (1981), 509-532.

[15] KUSANO, T.—NAITO, M.—TANAKA, K.: Oscillatory and asymptotic behavior of so-
lutions of a class of linear ordinary differential equations, Proc. Roy. Soc. Edinburgh
Sect. A 90 (1981), 25—40.

[16] LACKOVA, D.: The asymptotic properties of the solutions of n-th order neutral differ-
ential equations, Arch. Math. (Brno) 39 (1981), 179-185.

[17] LAZER, A.C.: The behavior of solutions of the differential equation y'"4+p(z)y+q(z)y= 0,
Pacific J. Math. 17 (1966), 435—466.

[18] MAHFOUD, W. E.: Comparison theorems for delay differential equations, Pacific J.
Math. 83 (1979), 187-197.

[19] PARHI, N.—PADHI, S.: On asymptotic behaviour of delay differential equations of third
order, Nonlinear Anal. 34 (1998), 391-403.

[20] SKERLfK, A.: Integral criteria of oscillation for the third order linear differential equa-
tions, Math. Slovaca 45 (1995), 403—412.

[21] TRENCH, W. F.: Canonical forms and principal systems for general disconjugate equa-
tions, Trans. Amer. Math. Soc. 189 (1974), 319-327.

[22] TRENCH, W. F.: Eventual disconjugacy of linear differential equation, Proc. Amer.
Math. Soc. 83 (1983), 461-466.

Received September 16, 2008 Department of Mathematics
FEI Technical University of Kogice,
Letnd 9
SK-042-00 Kogice
SLOVAKIA
E-mail: jozef.dzurina@tuke.sk
renata.kotorova@tuke.sk

79



	REFERENCES

