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A SIMPLIFIED EXPRESSION
OF SHARE FUNCTIONS
FOR COOPERATIVE GAMES
WITH FUZZY COALITIONS

RAJIB BISWAKARMA — SURAJIT BORKOTOKEY — RADKO MESIAR

ABSTRACT. In this paper, we discuss the notion of Share functions for cooper-
ative games with fuzzy coalitions or simply fuzzy cooperative games. We obtain
the Share functions for some special classes of fuzzy games, namely the fuzzy
games in proportional value form and the fuzzy games in Choquet integral form.
The Shapley Share and Banzhaf Share functions for these classes are derived.

1. Introduction

A cooperative game with transferable utility, or simply a TU-game, is a pair
(N,v), where N is a finite set of players and v, a characteristic function de-
fined on 2%V that assigns every subset (coalition) a real number called its worth
giving zero worth to the empty coalition. It is assumed that the players form
binding agreements and the worth is generated under cooperation by virtue of
this binding agreement. A solution to a cooperative game is an n-dimensional
vector of real numbers that assigns each player her payoff. A value function
for TU-games is a function that assigns a solution to every cooperative game.
A value function is efficient if the payoffs to the players add up to the worth of
the grand coalition. The Shapley value [I2] and the Banzhaf value [6] are
perhaps the most famous efficient and inefficient values, respectively. Share func-
tions for TU-games due to van der Laan and van den Brink [I6] are
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a type of solutions that assign to every game a vector whose components add up
to one. A Share function determines how much share a player can get from the
worth of the grand coalition and therefore is devoid of the efficiency requirement
as opposed to the other standard value functions. Therefore a Share function
simplifies the model formulation to a great extent. The Share function corre-
sponding to the Shapley value (Banzhaf value) is the Shapley Share function
(Banzhaf Share function). It is obtained by dividing the Shapley value (Banzhaf
value) of each player by the sum of the Shapley values (Banzhaf values) of all
players. Cooperative games with fuzzy coalitions or simply fuzzy games are gen-
eralization of ordinary TU-games in the sense that participation of the players
is considered here to be partial that ranges between 0 and 1, see [I]. A fuzzy
coalition is a fuzzy subset of the player set N that assigns a membership grade
to its members that represents player’s rate of participation in it.

In this paper, we propose the notion of Share functions for fuzzy games. A set
of axioms to characterize the Share function is proposed. Some interesting results
pertaining to a special class of fuzzy games, namely the fuzzy games in Choquet
integral and proportional value form are obtained. The Shapley Share function
for this class is derived as an illustration of the model.

The rest of the paper proceeds as follows. In Section 2, we compile the re-
lated definitions and results from the existing literature. Section 3 discusses the
Share functions for fuzzy cooperative games. In Section 4, we discuss the Share
functions for games in proportional value form followed by the Share functions
for games in Choquet integral form along with their corresponding examples.
Section 5 concludes.

2. Preliminaries

In this section, we compile the related definitions and results from [9)], [T4]-{17]
relevant to the development of the paper for ready reference. Let the player set N
be fixed. A TU-game (NN, v) comprises of the player set N and the characteristic
function v: 2 — R such that v(()) = 0. If there is no ambiguity on N, we denote
the TU-game (N, v) by its characteristic function v only. Let Go(N) denote
the class of all crisp TU-games with player set N. The game v € Go(N) is
superadditive if for each S, 7 C N, SNT =0, v(SUT) > v(S) + v(T). Players
i,j € N satisfying: v(K Ui) = (K Uj) for every K C N \ {i,j} are called
symmetric players. The axiomatization of the Share function makes use of the
notion of a carrier of a coalition which is defined as follows.

DEFINITION 1. Let v € Go(N) and K € 2V, A coalition S C K is called a carrier
in K forvif v(SNT)=v(T), VT e 2K
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The set of all carriers in K for v denoted by C'(K|,) is therefore given by
C(K|,)={SCK|v(SNT)=v(T), VI CK}.
Similarly, the null player is defined as follow.

DEFINITION 2. Given v € Go(N). Player ¢ is called a null player of v if for any
T CN\i,o(TUi) =v(T).

For any S C N, we denote by N(S), the set of players i € N \ S such that
v(TUi) = v(T) whence T'C S. Thus for any T C N(5), we have v(T) = v(SUT).

A solution of an n-person TU-game is an n-dimensional vector representing
a distribution of payoffs. A value function on a subset C' of Go(NN) is a function
that assigns a solution to any game in C. A value function @ is efficient on C' if
S ®;(N,v) = v(N) for all (N,v) € C.

The Shapley value ®7" of player i with respect to a game v € Go(N)
and for all K C N is a weighted average value of the marginal contributions
v(T) — (T \ i) of player i in all combinations. It is given by

_ [K]!
{T:ieTCKe2N}

The Banzhaf value ®2 of player i with respect to a game v € Go(N) and for all
coalitions K C N is a weighted average value of the marginal contributions
v(T) —o(T \ i) of player i alone in all combinations, which is given by

1 .
P (Kv) = Y W[U(T) — (T \ )]
{TieTCKe2N}
In what follows next we define the Share functions for a class of crisp games
followed by the definitions of the corresponding Shapley and Banzhaf Share
functions.

2.1. Share functions on the class of crisp games

Let u: Go(N)— R be a function assigning a real value to any game v € Go(N).
Then p is positive on C CGo(N) if p(v) >0 for all ve C, and zero on C CGy(N)
if p(v)=0 for all v € C. We call p additive on C' C Go(N) if for every pair of
games v,w € C such that v +w € C it holds that p(v + w) = p(v) + p(w).
w is linear on C' if it is additive on C' and for every v € C and a € R such
that av € C it holds that pu(av) = au(v). Finally, we call g symmetric on C
if for every v € C, every pair of symmetric players i,j € N and every E C N;
E > {i,j}, such that the subgames (E\ {i},vp\(i3) and (E\ {j},vp\(5y) are
in C, it holds that ,u(E \ {Z},UE\{Z}) = ,LJ,(E\ {j},UE\{J})

In the following, we introduce the Share function with respect to a function
w: C'— Ron a class C of crisp games along the line of [I5] which is both specific
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to the game and the coalition. Note that a Share function assigns to each player
his share in the payoff v(K) of the coalition K C N, i.e., a Share function on
a class C' C Go(N) of games is a function that gives player ¢ her share in the
value v(K) of the coalition K C N. The formal definition goes as follows.

DEFINITION 3. Let u: C — R be given. A Share function on a set of games
C C Gy(N) is a function W that assigns to every game (N,v) € C' an n-di-
mensional real vector (N, v) such that the following axioms hold.

Axiom S;: If v € C and K € 2V and T € C (K]|,,) then,

S UK ) = 1
€T
and
UHKv) = 0, i¢T.

Axiom Sy: If v € C and K € 2V, 4, j € K and v(SU{i})= v(SU{j}) holds for
any S C K\ {i,j} then U}(K,v)= ¥ (K,v).

Axiom Sj3 (p-additivity): For any pair v,w € C such that v +w € C, it holds
that p(K, v+ w) V¥ (K, v+ w) = p(K,v)¥ (K, v) + pu(K,w) V4 (K, w).

The following theorem is due to [16].

THEOREM 1. Let u: C' — R be a positive function on C. Then on the subclass C'

there exists a unique Share function W*: C' — (R+ U{O}) satisfying the axioms
S1 — S3 if and only if u is additive on C'.

Note that a Share function is always dependent on the given additive function
p: C — R and therefore unless p has a specific form as can be seen in the
following theorems, we call it a p-Share function. In the following we state the
existence theorems of the Shapley and the Banzhaf Share functions for crisp
games without proof.

THEOREM 2. Let C C Go(N) and ps: C — R be defined by ps(K,v) = v(K).

oMK
Then the Shapley Share function ¥Hs (K, v) = %
v

function satisfying the Axioms S1 — Ss on the class C'.

18 the unique ps-Share

THEOREM 3. Let C C Go(N) and pp: C — R be defined by pup(K,v) =
PB(K,
> scx 2IS|=|K|)v(S). Then the Banzhaf Share function VFE (K, v) = ( v))

pe(K,v
is the unique pp-Share function satisfying the Azioms S1 — S3 on the class C.
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2.2. Fuzzy cooperative games

In this section,we make a brief description of a cooperative game with fuzzy co-
alitions or in short a fuzzy cooperative game. We call x = (zy,x2,...,2,),
x; € [0,1], the fuzzy coalition variable, and denote x/ = {y|y; = 2; or y; = 0
for each i € N} the set of fuzzy coalition variables created by x. The level set
of x is L(x) = {z;]i € A}. The n-tuple s = (s1, S2,. .., S,) is called a fuzzy coali-
tion, here s; is a constant which denotes the participation level of player ¢ in
the coalition s. Thus following the same nomenclature as of xf we have s/ =
{t|ti = s; ort; =0 for each ¢ € N}. Let L (IV) denote the set of fuzzy coalitions.
The empty coalition in fuzzy setting is e = (0,0,...,0). A crisp coalition is
given by e° = (s1,82,...,58,) satisfying s; = 1 when ¢ € S and s; = 0 when
i € N\S, with S € 2V, It corresponds to the situation where the players
within S fully cooperate, that is, they have participation level 1, and the play-
ers outside S are not involved at all, i.e., they have the participation level 0.
eV = (1,1,...,1) is called the grand coalition. We denote the singleton fuzzy
set el by e’. Let T C N, the fuzzy coalition variable x7 corresponding to T
is denoted by x7 = Y, T e®. Thus under this notation any fuzzy coalition s
can be denoted by s = Y, - ske®. Denote by Supp(s) = {i € Nls; > 0} the
support of a fuzzy coalition s. A cooperative game with fuzzy coalitions on N
or a fuzzy game in short, is a function v: L(N) — R, U {0} = {r € R|r > 0}
such that v(e?) = 0. The class of all fuzzy games with player set N is denoted
by FG(N).

DEFINITION 4. A fuzzy game v € F'G(N) is convex if v(s V t) + v(s A t) >
v(s) + v(t) for all s,t € L(N), where s V t = (max{s1,t1},...,max{s,,t,})
and sAt = (min {s1,t1},..., min {s,, tn}), respectively.

DEFINITION 5. Given s € L(N), let s? = {i € N|s; = p} for any p € [0,1].
A game v € FG(N) is said to be in proportional value form if it can be repre-

sented as,
v(s) = Z v(sP).p forall se L(N).
pe[():l]

The set of all fuzzy games in proportional value form is denoted by F'G), (V).
DEFINITION 6. Given s € L(N), let Q (s) = {s;|s; > 0,7 € N} and let ¢ (s) be
the cardinality of @ (s). We write the elements of @ (s) in the increasing order
as hy < -+ < hy(s). Then a game v € FG (N) is said to be a fuzzy game with
Choquet integral form if,

q(s)

v(s) :Zv([s}m) (hy — hi—1) for any s € L(N), where hg=0.

=1

The set of all fuzzy games with the Choquet integral form is denoted by

FGe (N).
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The next four theorems are of the existence and uniqueness of the Shapley
and Banzhaf functions for the classes FG,(N) and FG¢(N), respectively.

THEOREM 4 ([I0]). Let ve FG, (N) ands€ L (N), a function ®5": FG,(N)—
(R)EWN), defined by

5" (s.v) — Y iercey LU b0 (T) — o(T\ i)}, ifi€s?, pe(0,1]
! ’ 0, elsewhere

is the unique Shapley function in s for v € FG,(N), where |sP| is the cardinality
of sP.

THEOREM 5. Let v € FG,(N) and s € L(N), A function ®: FG, (N) —
(R?)EDN), defined by

95(s.0) = {ZZETQS,, s {u(T) —o(T\ i)}, ifies?, pe(0,1]

0, elsewhere
is the unique Banzhaf function in s for v € FG, (N).

THEOREM 6 ([I5]). Letve FGo (N) ands€ L (N). A function ®5": FGo(N)—
(R)EW), defined by

q(s)
@Sh (s,v) Z@’Sh hssv (hl —hi—1)

is a Shapley function in s for v € FGo(N), where

AT[=D!(|[s]n, |=1TD! . p s
&' ([s]p,, v) = 2ierClsly, “l]hjﬂ {o(T) —v(T\ i)}, ific s,
7 1)

0, elsewhere
s the Shapley function of the crisp game v.

THEOREM 7 ([I4]). Letve FG¢o (N) and s€ L (N). A function ®B: FGo(N) —
(R’}r)L(N), defined by

q(s)
P (s,v) = > P ([s]n,,v).(h — i)

=1

is a Banzhaf function in s for v € FGo(N), where

2 ieTCls, W{U(T) —o(T\i)}, ifi€ sl

q)éB ([S]hz ) U) =
0, elsewhere.
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3. Share functions for fuzzy games

We now extend the notion of a Share function to the class FG(N) of fuzzy
games with player set N. Following its crisp counterpart we assume here also
that the Share function assigns to each player her share in the payoff v(s) of
the fuzzy coalition s € L(N). Similar to the crisp formulations we provide the
following definitions for their fuzzy counterpart.

DEFINITION 7. A real valued function p: L(N)x FG(N) — Ris called f-additive
if for s € L(N) and any pair v1,ve € FG(N) such that v; +vo € FG(N), it
holds that

,LL(S, v1 + UQ) = ,LL(S, Ul) + M(S7 UQ)'
DEFINITION 8. A real valued function p: L(N) x FG(N) — R is called f-linear
on the class FG(N) of games if it is f-additive and if for any v on FG(N) and

s € L(N) it holds that u(s,av) = au(s,v) for any real number « such that
av € FG(N).

DEFINITION 9. A real valued function p: L(N) x FG(N) — R is called positive
if u(s,v) >0Vwv e FG(N),s € L(N).
DEFINITION 10. Given v € FG(N), s € L(N), based on s, a fuzzy coalition

s’ € s/ is called a carrier of s in v if for any t € s/, v(t) = v(t A's).

The set of carriers of s in v is denoted by Sc(v,s). Let i € N, and s € L(N).

Take the fuzzy coalition s’ = (s{,s5,...,s},..., s} ) satisfying s = s; when i = j

and s; = 0 otherwise.

DEeFINITION 11. Given a function pu: L(N) x FG(N) — R, a p-Share function
on FG(N) is a function U#: FG(N) — (R%)LMY) that satisfies the following
axioms, i.e., Axiom FS;—FS3 along with Axiom FS4 or Axiom FSs.

Axiom FS; (f-Efficiency): For s € L(N) we have, Y,y V¥ (s,v) = 1, and
U¥(s,v) =0, for each i & Supp(s).

Axiom FSy (f-Carrier): If s’ € s/ is a fuzzy carrier for s in v, then

V(s v) = Uk (s, v), for all i€ N.
Axiom FSj (f-Symmetry): If for 4,5 € N and t € s/ with t; = ¢; = 0, we have
v(t vs') =v(t vs?), then

U (s,v) = (s, v).

Axiom FS, (fp-additivity): For any pair v1,ve € FG(N) such that v; + vy €
FG(N), it holds that
p(s, v1+v2) U (s, v14v2) = p(s, v1) W (s, v1)+u(s, v2) P4 (s, v9), forall ie N.
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Axiom FSs (fp-linearity): For any pair vi,ve € FG(N) such that vy + vy €
FG(N), it holds that u(s,avy 4 bve) W¥;(s,avy + bva) = ap(s,v1)P4(s,v1) +
bu(s, v2) ¥l (s, v2), for any pair of real numbers a and b such that avy + bvy €
FG(N) for all i € N.

It follows from the above definition that for any v € FG(N) and the func-
tion p, a Share function U gives a payoff U (s,v) to player i when she is
involved in the fuzzy coalition s and satisfies the aforementioned axioms. In the
following we define a Share function for a specific class of fuzzy games, namely
the games in proportional value form and Choquet integral introduced by [10].

4. Share functions on two special classes of fuzzy games

We discuss two particular classes of fuzzy games namely, fuzzy games in pro-
portional value form and in Choquet integral form, respectively, and obtain their
corresponding Share functions.

4.1. Share functions for fuzzy games in proportional value form

To discuss the existence and uniqueness of the Share function for fuzzy games
in proportional value form we have to use some classical results from [I2]. Recall
that given a coalition T € 2%, the unanimity game wr is defined as follows.
wr(R) =1if T C R and wr(R) = 0 otherwise. For any T' € 2V, v € Gy(N) can
be expressed as

v = ( Z CT(U)wT> ,
Te2N
where
er(v) = Z (=1D)ITI=1Ely(R).
RCT

THEOREM 8. For any v € FG,(N) we have

v= ( Z CT(U)’LLT> )

Te2N

N cr(v) are given above and ur is given by

ur(s) = Z wg(sP) - p forall se L(N).

pe[O,l]

where for any T € 2
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So with the help of above theorem, v(s) can be re-written as follows:

o) =| 3 erur)| | 2 (cer@)ur(s)

Te2N Te2N
cr(v)>0 cr(v)<0

Following theorem extends a similar theorem in [16] to the class F'Gp(N).

THEOREM 9. Let j1: FG,(N)—R be a real valued function. There exists a uni-
que p-Share function U*: FG,(N)— (Ri)L(N) that satisfies the axioms of f-ef-
ficiency (F'S1), f-carrier (FSs), f-symmetry (F'S3) and fu-additivity (FSy) if
and only if p is f-additive on FG,(N).

Proof. The proof proceeds in the line of [I6]. First we suppose U satis-
fies f-efficiency and fu-additivity. It follows that U# is p-additive on Go(N).
Thus we have

p(s,u+v) Z\Ilf(s,u—kv)
iEN

— (s, u+0) [Whls,ut o) e+ Wl (5,04 v)|

= (s, u) Z U, (s,u) + p(s,v) Z U, (s, v)
ieN iEN
for any u,v € FG,(N) such that u+v € FG,(N). f-efficiency then implies that
u(s,u+v) = p(s,u) + u(s,v). Hence p is f-additive.
Secondly, we will show that we can have at most one Share function ¥* :
FG,(N) — (R?)L™) satisfying the four axioms. Let UF: FG,(N) — (R7%)L()
be a function satisfying the four axioms. For a positively scaled unanimity game

aur € FG,(N), @ > 0 and consequently a fuzzy carrier s’ € s/ for aur €
FGp(N), we obtain,

(i) W¥(s,aup) = ﬁ when s} # 0.

(i) U¥(s,qur) = 0 when s} = 0.
Again for aup, o > 0 from (i) and (ii) clearly ¥* satisfies all the four axioms.
Thus it follows that for any aus, a > 0 the function ¥* given by (i) and (ii) is
the Share function satisfying the axioms of f-efficiency, f-carrier and f-symmetry
if and only if u is f-additive.

The uniqueness of U#(s, v) follows immediately. We next show that W#(s,v)
satisfies the four axioms for an arbitrary v. The assumption of f-additivity of
1 ensures f-efficiency as in the case of crisp games. Consequently, the f-carrier
axiom also follows. Third, for any t € L(N) with t; = 0, t; = 0, v(t V') =
v(t vV s7), then cgi(v) = cg(v), whereas for any other t € s/ with non-zero
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weight ¢ (v), i and j either both have nonzero memberships in s or both have
zero memberships in s. Hence it follows that W}'(s,v) = W/(s,v) = 0 when
S; = 0, Sj = 0.

Next for s; # 0, s; # 0,

“SU:# SCTUUTé— S—chuTé—
\Ili ( ’ ) N(S, U) _T€ZC+ ILL( ? ( ) ) ‘Supp(s)‘ TEZC_ :LL( ) ( ) ) ‘Supp(s)| | 9
MSU:;- SCT’UUT;— S—chuT¥_
\I/j( ’ ) /,L(S,U) _TEZC+ :u( ’ ( ) )\Supp(s)\ TEZ(77 /J’( ’ ( ) )‘Supp(s)|_ .

So ¥ satisfies the symmetry (FSs) axiom. Finally, for any two games u,v €
FG,(N) we have that (u+v)(t) =3 peon (cr(u)+er(v))ur)(t). Following f-ad-
ditivity of p this implies p(s, u+v) UH(s, u+v) = p(s, u) (s, u) + p(s, v) (s, v)
and hence U* is fu-additive. O
THEOREM 10. For given positive numbers wy, k=1,2,...,n andi€sP, pe(0,1],
let the function u be defined by
pe(s,v) :Z Z wi M7 (s,v) = W(v),
i€EN ieTCsP
where M (s,v) = {v(T) —v(T \ i)} and k = |T|. Then the Share function U/,
defined by 4
EieTgsP wr M7 (s, v)
W (v)
is the unique Share function satisfying the axioms of f-efficiency (FSy), f-carrier
(FSsy), f-symmetry (FS3) and fu“-additivity (FS4) in FG,(IN) whenever p® is
positive.

Proof. By definition, 4% is f-additive. Hence the existence and uniqueness of
the Share function follows from Theorem [@ We show that ¥# satisfies the four
axioms with respect to u® on the class F'G,(N) of p“-positive games. Next we
show that W} satisfies the above four axioms. The f-efficiency and f-null player
axioms are direct consequences of their crisp counterparts. Now if s; # 0, s; # 0
and any t € L(N) with ¢; = 0, t; = 0, v(t Vs") = v(t Vs’/) then we have
that Mi(s,v) = Mi(s,v) for T C s, p € (0,1]. Tt follows that M7 iy (s,0) =
M%U{j}(s,v) for all T C sP, p € (0,1] whenever s; = 0, s; = 0 and Mi(s,v)
= M%U{j}\{i}(s,v) for all T C s, p € (0,1] whenever s; # 0 and s; = 0.
Following the fact that wy depends only on the size of T, the symmetry axiom
holds. Finally we have p* (s,v) W¥ (s,0) =, cqpce WM (s, v). Since for all i
and T, it holds that M (s,au + bv) = aMk (s,u) + bM% (s,v) it follows that
Uk is p¥-additive. g
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4.2. Examples of Share functions on fuzzy games
in proportional value form

In this section, we give the Shapley and Banzhaf Share functions for fuzzy
games in proportional value form.

DEFINITION 12. The Shapley Share function ¥#s on the class FG(N) is defined

by
(I)Sh
TES (s,0) = ﬁ forall ie N.
DEFINITION 13. The Banzhaf Share function U#2 on the class FG(N) defined
by
OB
whte (s,v)z%@’;), for all € N.

THEOREM 11. Let the function pg be defined by ps(s,v) = v(s) = W(v).
Then the Shapley Share function W*S is the unique Share function satisfying
the azioms of f-efficiency, f-carrier, f-symmetry and fug-linearity on FG,(N).

Proof. For T CsP, p e [0,1] with |T| = k, take wy, = w Then from
Theorem [I0] we have u* as follows

w(s,v) :Z Z WMk (s,v) = v(N) = ps(s,v).

i€N i€TCsP

Further, the Share function W* as defined in Theorem [I0lis given by

ZiETQsP wi M (s,v)

U (s,0) =
i) b s.0)
(k= D! (s’| = ) .
ZiETQsP ‘Sp“ MS (va)
B .U’S<S>U>
B 7 (s,v)
o u(s)
=T (s,v), ieN
This completes the proof. O

THEOREM 12. Let the function pp be defined by pp(s,v) = W(v). Then the
Banzhaf Share function WHB is the unique Share function satisfying the azioms
of f-efficiency, f-carrier, f-symmetry and fupp-linearity on FG,(N).
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Proof. For T C s? p € [0,1] with |T| = k, take wy = W’% Then, we have
that p as defined in Theorem [I0]is given by

u’(s,v) :Z Z WML (s,v) = pp(s,v) = W (v).
i€N i€TCsP
Further, the Share function W* as defined in Theorem [I0]is given by,
EieTgsP wi M (s, v)

e (s, v)
1 )
Y ieTCsr g1 Mr (s,v)

U’B(Sav)
o (5,0)
 W(v)
= UhB(s,0), i€ N.

\Ijgi (Sv U) =

0

In the following example we obtain the numerical values of the Share functions
for a fuzzy game in proportional value form.

EXAMPLE 1. Let N = {1,2,3} and s = (0.5,0.5,0.3) € L(N). The crisp
game v € Go(N) is defined as follows. v(1) = 120, v(2) = 150, v(3) = 180,
v(1,2) = 450, v(1,3) = 480, v(2,3) = 480 and v(N) = 840. With s given as
above, we obtain the worth of s under a fuzzy game in proportional value form
namely v(s) = 279. After some computations, the Shapley share is given by
UHs(s,v) = (0.37,0.43,0.20). In a similar way we get W (v) = 121.5, conse-
quently the Banzhaf share is found to be W#5 (s,v) = (0.25,0.31, 0.44).

4.3. Share functions on fuzzy games in the Choquet integral form

Following similar procedure as in Theorem [I0] we can have for v € FG¢(N),

v = ( ZCT(U)ZT> ,

Te2N
where
er(®) = (<17 Fly(R)
RCT
and

q(s)
zr(s) =Y wr([sln,) - (i —hi—1)  forall se L(N).
=1
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It follows from the above discussion that v(S) can be re-written as

v(s)=| Y. cr@er(s)| = | D (—er)zr(s)

Te2N Te2N
cr(v)>0 cr (v)<0

THEOREM 13. Let p: FGo(N) — R be a real valued function on the class
FGc(N). There exists a unique p-Share function WF : FGo(N) — (R%)LM)
that satisfies the axioms of f-efficiency (FSy), f-carrier (FSz), f-symmetry (FSs)
and fu-additivity (FSy) if and only if u is f-additive on FGo(N).

Proof. The proof is similar to Theorem [ and hence omitted. O

THEOREM 14. For given positive numbers wy with k =1,2,...,n, let the func-
tion u® be defined by

q(s)

pE(s0) =0 0 > WM (s,0) p (= b)) = W (),

1eEN I=1 \i€TC[s]y,

where M (s,v) = {v(T) —v(T \ i)} and k = |T|. Then the Share function U
defined by

?isl){ziETg[s]hl wi M (s,v) } (hy — hi-1)
W(v)

\Ijgz (Sv U) =

is the unique Share function satisfying the axioms of f-efficiency (FSy), f-carrier
(FS2), f-symmetry (FS3) and fu“-additivity (FS4) on FG¢(N) wherever p® is
positive.

Proof. The proof is similar to the proof of Theorem [[2 and hence omitted. [
4.4. Examples of Share functions on fuzzy games

in Choquet integral form

In this section, we discuss the Shapley and Banzhaf Share functions for fuzzy
games in Choquet integral form.

THEOREM 15. Let the function pg be defined by ns(s,v) = v(s) = W(v).
Then the Shapley Share function W*S is the unique Share function satisfying
the azioms of f-efficiency, f-carrier, f-symmetry and fus-linearity on FGo(N).
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Proof. For T C [s|, with |T| = k, take wy = W
S|h, |*
that u* as defined in Theorem [I1] given by l
q(s) ‘
i) =308 D S0 M (s,0)f (hy— hia) = o(N) = ps(s, ).

ieN | 1=1ieTCls]p,

. Then, we have

Further, the Share function W#s as defined in Theorem [lis given by

{Zgg ZieTg[s]hl wp M (s,0) } (hy — hu—1)

A EEN
q(s k—1)! Slhy| — k! i
_ li1) {ZieTg[s]hl ( )[S}[m]lh' | ) M7 (S,U)} (hy — hi—1)
ps(s,v)

o5 (s,v)
= S0 s € N.
oS 19 (s,v), i€

0

THEOREM 16. Let the function pp be defined by pp(s,v) = W(v). Then the
Banzhaf Share function WHB is the unique Share function satisfying the azioms
of f-efficiency, f-carrier, f-symmetry and fppg-linearity on FGc(N).

Proof. For T C [s],, with |T| = k, take wy, = ﬁ Then, we have that p*
Pl

as defined in Theorem [l is given by
a(s) 4
(s, v) :Z Z Z wiMp (s,v) ¢ (hy — hi—1) = pp(s,v) = W (v).

€N I=1 | i€TC]s,
Further, the Share function W#2 defined in Theorem 11 is given by
?isf{zz‘eTg[s]hl wkMg‘ (s, U)}(hl — 1)

Vi (50) = pe (s, v)
R DY I hi—h
Zlil {ZZGTQ[S];LL 2“5]’” |_1 T <57 U)} ( l l—l)
1B (s, v)
B (s,v)
=1 L — B , ¢ N.
W) 1P (s,v), i€

0

Following example computes the Shapley and Banzhaf Share values for a fuzzy
game in Choquet integral form.
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EXAMPLE 2. Let us keep N ={1,2,3} and s =(0.5,0.5,0.3) € L(N). The co-
alitional values of the associated crisp game v € Go(IN) are given as follows.
(1) = 120, v(2) = 150, v(3) = 180, v(1,2) = 450, v(1,3) = 480, v(2,3) = 480
and v(N) = 840. When v € FG¢(N), i.e., fuzzy game in Choquet integral form
we obtain v(s) = 342. Consequently the Shapley share is given by U#s(s,v) =
(0.35,0.38,0.27). Similarly, taking W (v) = 621.25 the Banzhaf share is found
to be WHE(s,v) = (0.33,0.37,0.3).

5. Conclusion

We have discussed Share functions under fuzzy environment. The Shapley
Share function and Banzhaf Share function are obtained for the class FG, (N)
and FG¢ (N) of fuzzy games in proportional value form and Choquet integral
form, respectively. The characterizing properties are studied. In the future, Share
functions for other classes of fuzzy games will be investigated.
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