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ABSTRACT. The problem of computing xn efficiently, such that x and n are
known to be very interesting, specially when n is very large. In order to find
efficient methods to solve this problem, addition chains have been much studied,
and generalized to addition-subtraction chains. These various chains have been
useful in finding efficient exponentiation algorithms. In this paper, we present a

new method to recover all existing exponentiation algorithms. It will be applied
to design a new fast exponentiation method.

1. Introduction and background

Let n be a positive integer and x an element of a multiplicative group
(resp. additive group). The exponentiation of x to the n denoted xn (resp. nx)
is defined as follows

xn = x× x · · · × x︸ ︷︷ ︸
n times

and nx = x+ x+ · · ·+ x︸ ︷︷ ︸
n times

.

Exponentiation is a key operation. It is good to investigate techniques for doing
such operation, specially when n get large. Finding fast exponentiation methods
gain interest. The best known tool is the addition chains.
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���������� 1.1� An addition chain for a positive integer n is a set of integers
{a0 = 1 < a1 < a2 < · · · < ar = n} such that every element ak can be written
as sum ai + aj o f preceding elements of the set.

Example. The sequence {1, 2, 4, 5, 10, 20, 40, 41} is an addition chain for 41.

And we can compute x41 with 7 multiplications, instead of 41 as stated in the
definition.

x, x2, x4 = (x2)2, x5 = x4 × x, x10 = (x5)2, x20, x40, x41 = x40 × x.

���������� 1.2� The integer r is called the length of the chain.

���������� 1.3� We define �(n) as the smallest r for which there exists an
addition chain

{a0 = 1 < a1 < a2 < · · · < ar = n} for n.

A chain for n of length �(n) is called a minimal chain for n.

There exist several methods to compute addition chains. A very popular one
is the fast exponentiation method which is based on the binary expansion of n.
We will describe it later. The problem of finding a minimal addition chain is
known to be NP-complete [3, 7, 9]. We will present other methods that can be
faster than the binary method.

Euclidean algorithm is a polynomial algorithm used to obtain the continued
fraction expansion of a

b , a, b ∈ N. It is used in [4,5] to recover many of the known
ways of computing addition chains.

In this paper, we will use a variant of the Euclidean algorithm to generalized
the continued fractions and from that one, we will recover most of the known
ways of getting addition-subtraction chains.

	
����� 1.4� Let a and b be two positive integers. There exist a unique couple
(q, r) ∈ N× Z such that

a = bq + r with − b

2
< r <

b

2
.

We will then design a new fast exponentiation method.

This paper is structured as follows. In the next section, we will remind the no-
tion of addition (and addition-subtraction) chains. We will then explain the most
used methods to construct such chains. The next section will be devoted to the
continued fractions, a key tool in the development of our algorithm. The the-
ory of our approach will then be presented. Finally, we will compare several
strategies.
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1.1. Addition-subtraction chains

1.2. Definitions

We now define an addition-subtraction chain as follows:

���������� 1.5� A sequence {1 = a0, a1, . . . , al = n} is called an addition-
subtraction chain for an integer n if and only if

For every integer i ∈ [1, l], there exist j and k with 0 ≤ j, k < i such that

ai > 0 and ai = aj + ak or ai = aj − ak.

The integer l is called the length of the chain.

���������� 1.6� We define �−(n) as the smallest l for which there exists an
addition-subtraction chain

{a0 = 1 < a1 < a2 < · · · < al = n} for n.

Such chain is called a minimal addition-subtraction chain for n.

Example. The sequence

{1, 2, 4, 8, 16, 32, 64, 63}
is an addition-subtraction chain for 63.

Addition-subtraction chains can be shorter than addition chains. There give
shorter minimal chains for infinitely many infinite sets of integers. For example,
there exist infinitely many integers n satisfying

�(2n − 1) = �(n) + n− 1 < n+ 1 = �−(2n − 1).

1.3. Some methods of finding addition-subtraction chains

There are many ways of computing addition-subtraction chains for a positive
integer n. In this section, we will give some of them.

1.3.1. The binary method (double-and-add)

Let n =
∑t

i=0 εi2
i be the binary expansion of n, then

xn =

t∏
i=0

xεi2
i

=

t∏
0≤i≤t;εi �=0

xεi2
i

,

so, the total number of operations (steps) is

N = t+ ε0 + · · ·+ εt = �log2(n)�+ v(n)− 1,

where v(n) = ε0+ · · ·+ εt is the Hamming weight of n (which corresponds to the
number of “1”s in the binary expansion of n).
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Here is an example of computing addition chain for n using the binary method.

Example.

(1) n = 13 = (1101) = 8 + 4 + 1.
An addition chain for 13 using the binary method is {1, 2, 3, 6, 12, 13}.

13 = 12 + 1

= (6 ∗ 2) + 1

=
(
(3 ∗ 2) ∗ 2)+ 1,

13 =
((
(2 + 1) ∗ 2) ∗ 2)+ 1,

then

x13 = x((((2+1)∗2)∗2)+1) = x ∗
((

x2+1
)2)2

meaning that we will successively compute

x, x2, x3, x6, x12, x13.

The binary method is also called the “double-and-add” algorithm. We will
better illustrate it with the following example.

(2) Let n = 53. Its binary expansion is 110101. We will read the bits from left
to right. There will be a doubling every time, and a +1 every time when the
bit is equal to 1.

• a0 = 1 and a1 = 2a0 = 2, the second bit is 1(110101) so a2 = a1+1 = 3,
and

• a3 = 2a2 = 6, the next bit is 0 (110101) leading to a4 = 2a3 = 12.

• The following bit is 1 (110101) so a5 = a4 +1 = 13 and a6 = 2a5 = 26.

• The next one is 0 (110101) so a7 = 2a6 = 52.

• The last bit is 1 (110101) so a8 = a7 + 1 = 53.

Finally, the corresponding addition chain is {1, 2, 3, 6, 12, 13, 26, 52, 53}.
Again again

53 =

(
2
(
2
(
2(2(2 + 1))

)
+ 1

))
+ 1.

1.3.2. The non-adjacent form

���������� 1.7� A w–non-adjacent form (w-NAF) of length r for an integer n
is a sequence of digits (dr−1 · · · d0) with |di| < w such that

n =

r−1∑
i=0

dib
i and di · di+1 = 0 ∀i.
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It has been proved in [7] that each integer has exactly one 2-NAF represen-
tation. More importantly, it’s proved that the 2-NAF minimizes the Hamming
weight among all the binary signed-digit representations. That gives to the NAFs,
the particularity of being suitable for fast exponentiation.

Example. Let us illustrate the 2-NAF with the following two examples.

(1) Let us start with n = 2k − 1 for some k. The binary representation is
11 · · ·1. But its non-adjacent form is

100 · · ·01̄ = 2k+1 − 1.

To get the non-adjacent form of any integer, the same process of replacing
the group of 1s in the binary expansion will be used.

(2) For
n = (11101)2 = 24 + 23 + 22 + 20,

we get

2-NAF(n) = (1001̄01)2̄ = 25 − 22 + 20.

(3) For
n = 22453 = (101011110110101)2

= 214 + 212 + 210 + 29 + 28 + 27+ 25 + 24 + 22 + 20,
we get

2-NAF(n) = (101̄01̄00001̄01̄0101)2̄

= 215 − 213 − 211 − 26 − 24 + 22 + 20.

The addition-subtraction chain for an integer n using its non-adjacent form can
be obtained by the same techniques than in the binary method. We will read
the bits from left to right. There will be a doubling every time, and a +1 if the
bit is equal to 1 and −1 if we have 1̄. Let us give some examples.

Example.

(1) Let n = 127. Its non-adjacent form is 10000001̄ and the corresponding
addition chain is

{1, 2, 4, 8, 16, 32, 64, 128, 127}.

(2) Let n = 22453. Its non-adjacent form is (101̄01̄00001̄01̄0101)2̄ and
the corresponding chain is

{1, 2, 4, 3, 6, 12, 11, 22, 44, 88, 176, 352, 351,

702, 1404, 1403, 2806, 5612, 5613, 11226, 22452, 2245}.
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1.3.3. The window method

���������� 1.8� An addition chain {a0, a1, . . . , ar} is obtained using the win-
dow method of length k when it satisfies

∀i ∈ [1, r], ∃j ∈ [1, i[, such that ai = 2aj or ai = aj + a with a ∈ Dk,

where Dk is a set of integers that have length k in their binary representation.

The integer k is called window length. One can remark that the binary method
can be seen as a window method of length k = 1.

Example. Let us choose k = 4 and D4 = {5, 6, 9, 12}. A first chain which
contains all the elements of D3 is {1, 2, 3, 5, 6, 9, 12}. We can then construct a
window chain of length 3 for 103 as follows

C = {1, 2, 3, 5, 6, 9, 12, 18, 36, 41 = 36 + 5, 50 = 41 + 9, 100, 103}.

2. Our use of the continued fractions

We will define the continued fractions as follows

���������� 2.1� Let n be an integer and k ∈ {2, 3, . . . , n − 1}. A continued
fraction expansion of n

k , where subtraction is allowed, is in our case

n

k
= ar +

br−1

ar−1 +
br−2

. . . +
b2

a2 +
b1

a1
,

where bi ∈ {1,−1}.
We denote this generalized continued fraction expansion of n

k by

[b1a1, b2a2, . . . , br−1ar−1, ar].

Example. Let n = 927 and k = 365 be, we have

927

365
= 3 +

− 1

2 +
1

6 +
− 1

5 +
− 1

6
,

927
365 = [−6, −5, 6, −2, 3].
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���������� 2.2� Let [b1a1, b2a2, . . . , br−1ar−1, ar] be the continued fraction
expansion of n

k . We define the generalized semi-continuants Qi by:

Q0 = gcd (n, k), Q1 = Q0 · a1, Qi = Qi−1ai + bi−1Qi−2,

∀2 ≤ i ≤ r.

By construction, we can see that Qr = n.

P r o o f. Let’s prove by induction that, if Qo = gcd (n, k), then

Qr = n = Qo ·N and Qr−1 = k = Q0 ·K.

Let
n

k
=

N

K
= a2 +

b1
a1

,

then
N

K
=

a2a1 + b1
a1

and we know that

Q1 = a1 ·Q0 = Q0 ·K = k
and

Q2 = a2Q1 + b1Q0 = a2a1Q0 + b1Q0 = Q0 ·N = n.

Now, let us suppose that the relation holds until r − 1 and

n

k
=

N

K
= ar +

br−1

ar−1 +
br−2

. . . +
b2

a2 +
b1

a1
,

then
N

K
= ar +

br−1
n0

k0

,

and so
N

K
=

arn0 + br−1k0
n0

;

by induction, we can conclude that

n0 =
Qr−1

Q0
and k0 =

Qr−2

Q0
,

and it means that

n1 =
n

Q0
= ar

Qr−1

Q0
+ br−1

Qr−2

Q0
=

Qr

Q0
. �
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Example. Let us take a look at our previous example 927
365 = [−6, −5, 6, −2, 3].

Q0 = gcd(927, 365) = 1.

Q1 = Q0 ∗ a1 = 6.

Q2 = Q1 ∗ a2 + b1 ∗Q0 = 29.

Q3 = Q2 ∗ a3 + b2 ∗Q1 = 168.

Q4 = Q3 ∗ a4 + b3 ∗Q2 = 365.

Q5 = Q4 ∗ a5 + b4 ∗Q3 = 927.

2.1. Computing a chain for n which contains an integer k

Let C(d) be an addition-subtraction chain for d = gcd (n, k) and for i ∈ [1, r],
let Ci = C(ai) be some addition-subtraction chain for ai, where

n
k is denoted by

[b1a1, b2a2, . . . , br−1ar−1, ar].

Let’s define this new sequence of addition-subtraction chains Xi for all
i∈ [1, r]:

X0 = C(d), X1 = X0 ⊗ C1, and for all i ∈ [2, r].

Xi =

⎧⎨
⎩
(Xi−1 ⊗ Ci)⊕Qi−2 if bi−1 > 0,

(Xi−1 ⊗ Ci)�Qi−2 if bi−1 < 0,

where ⊗, ⊕ and � are defined as follows.

���������� 2.3�

(1) c1 = {a0, a1, . . . , ar} and c2 = {b0, b1, . . . , bl},
then

c1 ⊗ c2 = {a0, a1, . . . , ar, ar × b1, ar × b2, . . . , ar × bl};
(2) if c1 = {a0, a1, . . . , ar} and m ∈ c1,

then

c1 ⊕m = {a0, a1, . . . , ar, ar +m};
(3) if c1 = {a0, a1, . . . , ar} and m ∈ c1,

then

c1 �m = {a0, a1, . . . , ar, ar −m}.
By this definition, we can see that those three operations give new addition-

-subtraction chains.
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Remark 1�

(1) Notice that, in the above definition, we need that m always appears in the
chain c1.

(2) Xr is an addition-subtraction chain for n of length

�−
(
C(d)

)
+ r − 1 +

r∑
i=1

�−(ci).

(3) �(mn) ≤ �(m) + �(n) and �−(mn) ≤ �−(m) + �−(n),

where �− stands for the minimal length of addition-subtraction chains.

���������� 2.4� An addition-subtraction chain c for n is called a gcf-chain
when it exists an integer k such that the generalized continued fraction expansion
of n

k gives c using the method describe above.

Deciding if a given chain is a gcf-chain is difficult. We will give methods
to construct good and short gcf-addition-subtraction chains for any integer n.

2.2. Our algorithm

Our algorithm MinChain (n, γ) gives a gcf-chain for n using the strategy γ.

Algorithm 1: First algorithm MinChain (n, γ)

Require: n : integer, γ: a strategy
Ensure: a sequence of integers that is a gcf-chain for n

1 if (n = 2a) then
2 chain = 1, 2, 22, . . . , 2a

3 else
4 if (n = 3) then
5 chain = 1, 2, 3

6 else
7 choose k ∈ γ(n) such that Chain(n, k, γ) is minimal

8 chain = Chain(n, k, γ)

9 end if

10 end if

11 Return chain

The following algorithm Chain(n, γ) gives the gcf-chains of n based on the
minimal gcf-chains for Xi. Let us remind that Xr is a gcf-chain for n.
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Algorithm 2: gcf–chain for n

Require: n, k : integers, γ: a strategy
Ensure: a sequence of integers that is a gcf-chain for n

1 gcf = [u1, u2, . . . , ur] the generalized continued fraction expansion of n
k

2 Q0 = gcd (n, k); Q1 = |u1| ·Q0;

3 X0 = MinChain(Q0, γ); X1 = X0 ⊗MinChain(|u1|, γ)

4 for i = 0 to r do
5 Qi = |ui|Qi−1 + sign(ui−1)Qi−2

6 Xi = Xi−1 ⊗MinChain(|ui|, γ)

7 if (ui−1 < 0) then
8 Xi = Xi �Qi−2

9 else
10 Xi = Xi ⊕Qi−2

11 end if

12 end for

13 Return Xr

Let us take a look at an example:

Example.
927
365 =[−6, −5, 6, −2, 3].

C1=c(6)=[1, 2, 3, 6].

C2=c(5)=[1, 2, 4, 5].

C3=c(6)=[1, 2, 3, 6].

C4=C(2)=[1, 2].

C5=c(3)=[1, 2, 3].

Here, we obtain addition-subtraction chains Xi for all i ∈ [1, 5].

X0=[1].

X1=X0 ⊗ C1=[1, 2, 3, 6].

X2=X1 ⊗ C2 �Q0=[1, 2, 3, 6, 12, 24, 30, 29].

X3=X2 ⊗ C3 �Q1=[1, 2, 3, 6, 12, 24, 30, 29, 58, 87, 174, 168].

X4=X3 ⊗ C4 ⊕Q2=[1, 2, 3, 6, 12, 24, 30, 29, 58, 87, 174, 168, 336, 365].

X5=X4 ⊗ C5 �Q3=[1, 2, 3, 6, 12, 24, 30, 29, 58, 87, 174, 168, 336, 365,

730, 1095, 927].
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A fast scalar multiplication for use in elliptic curve cryptography can be
obtained from our method.

Example. Let E be an elliptic curve over a field of characteristic ≥ 3. Let P
be a rational point of E. If we want to compute 927P and 365P, we can use a
gcf-addition-subtraction for 927 which contains 365. It will then be based on the
continued fraction of 927

365 . The computation will be done as follows:

(1) Start by computing 2P, 3P, 6P.

(2) Then, compute 12P, 24P, 30P, 29.

(3) Next 58P, 87P, 174P, 168P.

(4) followed by 336P, 365P.

(5) Finally 730P, 1095P, 927P.

Later, we will investigate the computation of aP + bQ, where P and Q are
rational points of an elliptic curve.

2.3. On the strategies of choosing k

The choice of k is very important if we want to have short addition-subtraction
chains, and to our knowledge, there is no good heuristics known way to choose k,
this point remains mysterious. The known ways of choosing k are the strategies.

���������� 2.5� A strategy is a function γ that determines for every integer n
some non empty subset of {2, 3, . . . , n− 1}.
���������� 2.6� The floor function �� : x → �x� gives the integer part of x.

Let us list some interesting strategies to compute short addition-subtraction
chains.

Total Strategy:
t(n) = {2, 3, . . . , n− 1}.

Binary Strategy:
β(n) =

{⌊n
2

⌋}
.

The chains obtained with the binary strategy are exactly the classical bi-
nary chains. With the following modification, we have the chains obtained
using the Non-adjacent form.

Modified-Binary Strategy:

β2(n) =

{⌊n
2

⌋
if

n

2
is even,

⌊
n+ 1

2

⌋
otherwise

}
.
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Example. Let’s take n = 55, then β2(n) = 28 and the gcf is [−28, 2].
gcd (55, 28) = 1, then we have

Q0 = 1, Q1 = 28 and Q2 = 2 · 28− 1 = 55,

and after computing the sequence of addition-subtraction chain, we
obtained this last chain

{1, 2, 4, 8, 7, 14, 28, 56, 55}.
Another example:

Example.

[ 1, 2, 4, 8, 16, 32, 64,

128, 112, 120, 240, 224, 228, 456,

448, 450, 900, 896, 1792, 1790, 3580,

3578, 7156, 7154, 7155, 14310, 14308, 28616, 28615 ].

Factor Strategy:

π(n)=

{{n− 1}, if n is prime;

{n− 1, q}, otherwise, where q is the smallest prime dividing n.

Pi Strategy:
π(n) =

{⌊n
π

⌋}
.

Example.

[ 1, 2, 3, 6, 12, 24, 36, 42,

43, 86, 172, 344, 301, 298, 596, 894, 937 ].

Golden-ratio Strategy:

g(n) =

{⌊
n

φ

⌋}
.

with φ = 1+
√
5

2 is the golden ratio.

Example.

[ 1, 2, 4, 8, 9, 18, 27, 31, 62,

93, 84, 168, 252, 221, 442, 663, 579, 1158, 937 ].

Square-root Strategy:

sq(n) =
{⌊√

n
⌋}

.

Example.

[ 1, 2, 3, 6, 7, 10, 20, 30,

50, 51, 102, 112, 224, 275, 550, 662, 937 ].
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Seventh Strategy:

sevenTh (n) = k,

where k is the greatest power of 7 less or equal to n.

Ones Strategy:

ones(n) = max{ii, ii ≤ n < ii+1 and ∃k ∈ N : i = 2k − 1}.

3. Conclusion

In this paper, we have given a new method to compute short addition-
subtraction chains. It is recovering most of the existing methods. Our method
can be applied to design a fast scalar multiplication for use on elliptic curve
cryptography. It will be further investigated to see if it resists against the Side
channel attacks. The choice of k is key and we will investigate it more to see if
there can be an optimal strategy.
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