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ABSTRACT. The aim of this paper is to provide integral polynomials irreducible
over Z which are reducible over ), for every prime p. In particular, we show that
certain composed products of integral polynomials are reducible modulo p for all
primes p.

1. Introduction

Let f,g € F4[x] be two monic polynomials over the finite field of ¢ elements.
Brawley and Carlitz [3] studied various forms of composed products of the two
polynomials, denoted by f¢g. Among them are the composed products induced
by the field multiplication and field addition on the algebraic closure of F,.
In particular, let aq,...,a,, and B,..., B, be all the roots of f and g, respect-
ively, in an algebraic closure of F,. The composed addition of f and g is given by

ﬁﬁ(ﬂﬁ— (i +85)) s

i=1j=1

and the composed multiplication of f and g is given by

H H(x — Oéiﬁj) .

i=1j=1

Among other results, they prove the following theorem
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THEOREM 1.1. Let f,g € Fylz] be monic polynomials with degf = m and
degg = n. Then f o g is irreducible if and only if both f and g are irreducible
and ged(m,n) = 1.

The majority of the remaining results from their paper deal with decomposing
polynomials and the properties of such decompositions.

The additive decomposition of polynomials over unique factorization domains
has been studied in [2].

In this paper, using composed multiplication, we provide additional integral
polynomials irreducible over Z which are reducible over F, for every prime p.
Let R be a commutative ring. We recall that the resultant of two polynomials
f,g € R[z], denoted by Res,(f,g), is the determinant of their Sylvester matrix.
In [I], Ayad shows that if the monic polynomials f,g € Z[z] satisfy certain
additional properties, then the polynomial

Res, (f(y),9(z —y)) € Z[z]

is irreducible over Q but reducible over F, for all primes p. This polynomial is
related to the composed addition of f and g by

[T (=~ (01 + 87)) = Res, (£(u). 9(x — v)).

where aq,...,a, and B,..., 0, are all the roots of f and of g, respectively,

in C.

2. Preliminaries

Throughout the paper, let R and S denote two integral domains. Consider
g =bpx"+ by 12"+ F bz + by € Rlx] with b, #0.
The homogenization of g, denoted "g¢(y, x), is the polynomial defined by
"oy, ) i= bpa™+ bp_12™ Ly + -+ by boy™.
It is a homogeneous polynomial in R[z,y| of degree n = deg g such that
hg(1,) = g(a).
Direct comparison shows that

y"g(z/y) = bpa™+ b1z Yy + -+ by boy™ = Mgy, 2).
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If aq,..., 04, and Bq,..., B, are all the roots of f and g, respectively, in an
algebraic closure of the field of fractions of R, and if C'y and Cj, are the respective
leading coefficients of f and g, then we obtain

crom 1] — i) = 3 IT { ercy I (/i - 85)
i=1 j=1

i=1j=1 i—

= CF [ (a?g(w/en))
= Res, (f(y),y"9(z/y))
= Resy (f(v),"9(y, @)

This motivates the following proposition
PROPOSITION 2.1. Let f,g € R[z]|. The composed product of f and g is given by
(f 0 9)(x) = Res, (f(y),"g(y, ).

The composed product is an associative and commutative binary operation
on R[z]. This is routinely verified by considering the roots of polynomials in a
given algebraic closure of the field of fractions of R. The operation then inherits
commutativity from the commutativity of the products of roots in the algebraic
closure. Associativity follows from both f o (goh) and (f ¢ g) < h being equal to

d deg h ~d deg h ~d d
cyerodestogestacan el ass T (z — apy),
B,y

where the «, 3, and ~ run over all roots of f, g, and h respectively. It is clear
from the definition that if f = f; © fo, then

_ deg f deg f
C’f—C’f1 2-Cf2 L

This property is paralleled with the constant terms of the polynomials. Indeed,

let
Gg=bpx" +bp_1x" N+ bz + b € RJx]

and let f € R[z] be of degree m. If by # 0, then
(f ©9)(0) = Resy (f(y), "9(y, 0))
= Resy (f(y), boy")
= (=1)""Resy (boy", f(y))

= (=1)""bg" £(0)",
and if by = 0, then

(f©9)(0) =Res, (f(y),"9(y,0)) = Res, (f(y),0) =0.
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Thus,
(f09)(0) = (=1)™"f(0)"g(0)™.

The set R[z] is closed under the composed product binary operation. It is
of interest then to determine the units, if any, with respect to this operation.
The polynomial ¢ := x — 1 € RJz| is the identity under ¢. Indeed, for any
f € Rx], we have

(€0 f)(z) = Res, (£(y),"f(y,2)) = "f(L,2) = f(z)

and

(f o O)(x) = Resy (f(y), z — y) = (~1)**8 Res,, (y — z, f(y)) = f(2).
If u,v € R[z] are inverses of one another, then
1 =degl =deg(uov) =degu-degv

so that degu = degv = 1. Let u = w1z 4+ up and v = vz + vg. We have

x—1=L(z) = (uov)(z) =uviz — Uguo ,

from which we obtain wyv; = wgvg = 1. That is, u; and wy are units, and
v = u; "t + ug~L As the composed product is associative on R[z], it is also
associative on the subset of linear polynomials. So, we summarize as follows

THEOREM 2.2. The group G, of units of R[x] under o consists exactly of the

linear polynomials u = uirx +ug with uy,ug € R*, and the inverse of any such u

is given by uy ~'x 4+ up L

ProprOSITION 2.3. Let G, be the group of units of R[x] under o. Then

Go~R*® R™

Proof. Let (R,+,%*) be induced from the ring (R,+,-) with multiplication
instead defined by z *y := —(z - y). The map ¢ : R — R defined by ¢(x) = —x
is a ring isomorphism. Since R ~ R as rings, we obtain R* ~ R* as groups.
Defining the map ¢ : G, — R* @ R by ¥ (uix + ug) = (u1,up), we have
GOZRX@EX:RX@RX. O

DEFINITION 2.4. Let f € Rz]. If there exist fi, fo € R[z]\ G, such that
f = f1 ¢ fa2, then we say that f is multiplicatively decomposable. Otherwise, we
say that f is multiplicatively indecomposable. If f only admits decompositions
of the form f = f; ¢ fo with either f; or fo linear, then we will say that f is
nearly indecomposable over R.
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3. Indecomposable polynomials

The nearly indecomposable polynomials will be sufficient for the purposes
of this paper, but we make here a few comments about indecomposable polyno-
mials. Every indecomposable polynomial is nearly indecomposable by definition,
and the two notions coincide over a field. When applicable, the following results
can be used to determine when certain nearly indecomposable polynomials are
indecomposable.

LEMMA 3.1. Let f € R[z] be nearly indecomposable over R. If the leading coef-
ficient and constant term of f both lie in R*, then f is indecomposable over R.

Proof. Wehave that f is nearly indecomposable, so we write f = fiofo with f;
linear without loss of generality. If the leading coefficient Cy of f and f(0) both
lie in R*, then

Cr = C}.Cy,
F0) = (fuo f2)(0) = (=1)" f1(0)" £2(0)

show that Cy,, f1(0) € R* as well. Thus f; = Cr,x + f1(0) € G, so f is inde-
composable. O

and

THEOREM 3.2. Let f € R[z] with deg f =n>1. Suppose that f(0) € R* and Cy
s prime. If f is nearly indecomposable over R, then f is indecomposable over R.

Proof. Suppose that f is nearly indecomposable. Writing f = f; ¢ f5 for some
f1, f2 € R[x], we may assume without loss of generality that f; linear and f5 is
of degree n. We have

£(0) = (fr o f2)(0) = (=1)" f1(0)" f2(0) .

As f(0) is a unit, f1(0) is a unit, and as Cy is prime, Cy is irreducible.
From Cy = C% Cy,, we deduce that C'y, or Cf, is a unit.

If Cy, is a unit, then f is indecomposable as fi(0) is also a unit. If C, is a
unit, then €% = C’fC’f_21 implies that Cy divides Cy,. Put Cy, = Cra, a € R,
so we have

(Cra)"Cy, = Cy,

and then C?_la”Ch = 1. In the case n > 2, we deduce that Cyo is a unit,
so that Cy, is as well, and f is indecomposable. In the case n = 1, we de-
duce that Cy, is a unit, and as f>(0) is also unit, we conclude that f is again
indecomposable. O
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4. Nearly indecomposable polynomials

We begin this section by presenting two classes of nearly indecomposable
polynomials.

THEOREM 4.1. If f € R[x] has degree p a prime, then f is nearly indecomposable
over R.

Proof. Suppose that f = f; o fo for some f1, fo € R[z] of degrees m and n,
respectively. Since p = deg f = mmn, it follows that either f; or fs is linear. [

THEOREM 4.2. If f € R[z] with deg f > 1 has leading coefficient p a prime,
then f is nearly indecomposable over R. Moreover, the leading coefficient of any
linear decomposition factor lies in R*.

Proof. Suppose that f = f; o fo for some f1, fo € R[x] with respective de-
grees m and n. We have p = C’;}l C’JZ’;. Suppose without loss of generality that p
divides C}ll. Then p divides Cy,, and writing Cfy, = pa with a € R yields
p = p"a”C{, s0 0 = p(p"~'a"CP — 1) implies that p"~'a”CP = 1. Then
p"~! divides 1, which is impossible unless n = 1. We conclude that deg fo = 1
and aCy) = 1. (]

Note that if a polynomial f € R[z] is nearly indecomposable and written as
f = fio---of, then at most one composition factor is not linear. Indeed, if there
are at least two non-linear polynomials f; and f; among the composition factors,
then we can write f = f;o(f;0g) with g being the composition of any remaining
composition factors. This would contradict f being nearly indecomposable.

If a polynomial is not nearly indecomposable, then one might ask about a
possible decomposition into some nearly indecomposables.

THEOREM 4.3. Let f € R[z]. Then f = fi o foo - -0 f. for some nearly
indecomposable polynomials f; € Rlx].

Proof. The case where f is itself indecomposable is trivial. Let us then suppose
that f is decomposable and proceed by induction on the degree of f. Since
every linear polynomial is nearly indecomposable, the result clearly holds when
deg f = 1, so we assume as induction hypothesis that the result also holds for all
polynomials of degree less than or equal to the degree of f.

Since f is assumed decomposable, we may write f = f; ¢ fo for some f1, fo €
R[z]\ G,. If it is only possible to write f = f1¢ fo with either f; or f; linear, then
f is nearly indecomposable by definition. If we have a decomposition in which
deg f1 < deg f and deg fo < deg f, then by hypothesis fi = g1 ¢--- ¢ ¢+ and
f2 = gt+1 © g, for some nearly indecomposable polynomials g; € R[z]. Then
f=g910---0g, as required. g
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A ring homomorphism ¢ : R — S can be naturally extended to a ring homo-
morphism from R[z] to S[z] by amz™ + -+ + ap = o(am)z™ + --- + o(ag).
If o : R[x] — S|x] preserves the degrees of f, g € R[x], then

J(Resm(f, g)) = Res, (0o f,09)

since Res,(f,g) is a polynomial in the coefficients of f and of g. This leads us
to the following result

THEOREM 4.4. Let 0 : R — S be a ring homomorphism, and let f € R[x] be
such that f(0),Cy & kero. If f = f1 ¢ fo over R, then of = of1 ¢ o fs over S.
Moreover, deg o f1 = deg f1 and deg o fo = deg f5.

Proof. We naturally extend o to a ring homomorphism from R[z,y] to S[z,y].
By assumption, o does not map Cy nor f(0) to zero. Denote the respective
degrees of fi and fz by m and n. Then Cy = CF C%) implies that

0# 0(Cr) =a(Cp)"o(Cp)™,
while f(0) = (=1)™"f1(0)" f2(0)™ implies that

0 # o (f1(0))" o (f2(0))".
Since o does not map the leading coefficients nor the constant terms of f; and

f2 to zero, it preserves the degrees of these two polynomials as well as those
of " f1(y,z) and " fo(y, x). Thus,

o(fro f2) = o (Res, (F1(). "F2(y,))) = Res, (0/1(y), "0 oy, ) = oy o0 o
0

THEOREM 4.5. Let 0 : R — S be a ring homomorphism, and let f € R[x] be
such that f(0),Cy & kero. If of is nearly indecomposable over S, then f is
nearly indecomposable over R.

Proof. By Theorem 3] we write f = f; o --- ¢ f., where each f; € R[z] is
nearly indecomposable over R. Then of = o f; ¢---© o f, is nearly indecompos-
able over S, so all but one of the of; are linear, say f; with ¢t € {1,...,r}.
It follows from deg f; = dego f; = 1 that f; is linear for each i € {1,...,r}\ {t}.
Setting fl = f1 St O ft—l and £2 = ft+1 Gt O fr yields f = 61 < f1 < 62.
Thus, f is nearly indecomposable. (]

The proof of the main result requires a lemma, which follows immediately
from the definition of composed multiplication:

LEMMA 4.6. Let K be the field of fractions of the integral domain R. Let f, fi,
f2 € R[z] and let f = C¢F, fi = Cy, Fi, and fo = Cy, Fy, where Cy,Cy,,Cr, € R
and F, Fy, F» € K[z] are monic. Then f = fiof2 over R if and only if F = F1oF,
over K and Cy = C’}lfngC}l;gfl.
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5. Main result

THEOREM 5.1. Let m be a mazimal ideal of R such that the residue field R/m
is finite, and let f € R[z] be a polynomial of degree at least 2 whose leading
coefficient and constant term do not lie in m. If the image of f modulo m is
irreducible over R/m, then f is the multiplicative composition of at most w(deg f)
nearly indecomposable polynomials of degrees at least 2 over R, with w(n) being
the number of primes appearing in the unique factorization of the integer n.

Proof. Suppose that f = f; oo f. where each f; € R[z] is nearly indecom-
posable of degree at least 2 over R. Define 0 : R — R/m by a — a (mod m) and
extend it to a polynomial ring homomorphism.

Suppose that r > w(deg f). The leading coefficient and constant term of f are
not zero modulo m, so each deg f; = degof; divides deg f = dego f by Theo-
rem It follows from the pigeonhole principle that at least two of the deg o f;
share a prime factor of deg o f, say deg o f1 and deg o fy without loss of generality.
Set og:=0fs0---00f.sothat of =0of¢0g.

We assume that the polynomials o f; and og are monic, otherwise we simply
divide by their leading coefficients and the relationship remains by Lemma (.6l
By assumption, of is irreducible over R/m, so we must have ged(dego fi,
degog) = 1 by Theorem [T which contradicts the two degrees sharing a prime
factor. Thus, we conclude that r < w(deg f). O

COROLLARY 5.2. Let f1, fo, ..., fr € Z[z] all have degrees at least 2. If

w(deg f1---deg f,) <7,
then f1o---o f. is reducible modulo p for all primes p not dividing its leading

coefficient and constant term.

Proof. Foreachi € {1,...,r}, we decompose the composition factor f; in the
form f; = fi10---¢ fix, for some k; > 1, where f; ; is a nearly indecomposable
polynomial of degree at least 2 for each j € {1,...,k;}. Set

= (O::uti) = (O::1<>§L1fi,j)~
Since w(deg(f1)---deg(f;)) < r by assumption, it follows that

r r r k;
k::Zkizr>w<Hdegﬁ>=w HHdegfi,j = w(deg f).
=1 =1

i=1j=1

Then w(deg f) is strictly less than the number k of non-linear nearly inde-
composable polynomials in its decomposition. For any prime p not dividing
f(0) and Cf, the assumption f irreducible modulo p would yield k£ < w(deg f)
by Theorem B.1} a contradiction. (]
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ExAMPLE. The following polynomials are irreducible over Z but reducible over IF,,
for all primes p:

(1) 22— 2194328 + 420 4+-32* + 222 +1 = (22 + 1) o (2% + 2+ 1) o (22 + 22+ 1),
(2) 28 +2x +22+1=(2*+1)o (@t +2+1),

(3) 2+ (a®> = 2)2?2 +1= (22 + 1) o (22 + ax + 1) when a ¢ {0, £2},

(4) 2* + (a®> +2)22 + 1= (22 + 1) o (22 + ax — 1) when a # 0.

The examples given above can all routinely be verified as irreducible over Z
by brute force or by use of a computer algebra system. Note that the polynomial
f o g will not always be irreducible over Z. For example, the polynomials

f=22+1 and g=2a%+z—2
verify the conditions of Corollary [£.2] but the polynomial
fog=(@*+1)o(x*+z-2) =2 +52° +4 = (22 +4)(2® + 1)
is reducible over Z.

ExAMPLE. Examples obtained from Theorem [5.] can be used to produce some
weaker statements about the reducibility of polynomials over finite fields.
For example, it is well-known that the polynomial % +1 is irreducible over Z but
reducible over every IF,,. We show a weaker statement holds for the more general
polynomials % + (a2 + 2)2% + 1 with a # 0, by using the ring homomorphism

f:Z[X]) — Z/pZ[X].

The polynomials
ot 4+ (@ —2)22 +1 with a #0

are irreducible over Z but reducible over I, for p = 2 and p = £1 (mod 8) and
the polynomials
4+ (@ +2)2% +1 with a #0

are irreducible over Z but reducible over F), for p = 2 and p = 1 (mod 8) or
p =3 (mod 8). It follows that the polynomials

ot (@ —2)2% +1 with a #0
are reducible at least over Fj2 for every p = +1 (mod 8) and the polynomials
4 2 2 .
x4+ (a®+2)z"+1 with a#0

are reducible at least over Fj2 for p=1 (mod 8) or p =3 (mod 8).
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