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CONVERGENCE FIELDS OF REGULAR MATRIX
TRANSFORMATIONS 2

PAVEL KOSTYRKO

ABSTRACT. Let A = (ank) be a regular matrix and S(A) be the set of all se-
quences = = (z,) such that the series ) 77 ;| angxy converges for eachn =1,2,...
It is shown that the convergence field F'(A) of the matrix A is a o-porous set in the
linear metric space S(A) endowed with the Fréchet metric. This result improves
the result of the paper [Ko].

1. Introduction

Let (ank) (n,k =1,2,...) be an infinite matrix of real numbers. A sequence
(zx)] of reals is said to be A-limitable (limitable by method (A)) to a real
number ¢, if lim,, . t,, = t, where

oo
tn:tn(x):Zankxk, n=12,...
k=1

If v = (z1) is A-limitable to the number ¢, we write A-lim z; = ¢. The symbol
F(A) denotes the set of all A-limitable sequences. The set F'(A) is called the
convergence field of the method (A) or of the matrix transformation A (see [Pe]).
The method (A) defined by the matrix A is said to be regular provided F'(A)
contains all convergent sequences and limg_ o, x = A — limxy. If the method
(A) is regular then the matrix A is called a regular matrix. It is well-known that
the method (A) is regular if and only if the matrix A fulfils the following three
conditions ([Co, p. 79]; [Pe, p. 8]):

(i) There exists ¢ > 0 such that for each n =1,2,... we have Y o~ | |ank| < ¢;
(ii) lim,,— o0 ankr = 0 holds for each fixed positive integer k;
(iii) lim, oo D gy @nk = 1.
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Further, we will deal with the set s of all real sequences and with some of its
subsets endowed with the Fréchet metric

o0
oz, y) =) 2 Map — wel(L+ oe —wel) ™", o= (2), y=(we).
k=1

We will consider them to be a linear metric space. Operations of addition and
multiplication by a real number are defined in the natural way.

The notion of porosity has been introduced by L. Zajic¢ek [Za]. It is a suit-
able tool to describe the small sets in a metric space. Let (Y, o) be a metric space,
ZCY.LetyeY,d>0and B(y,d) ={z € Y:o(z,y) <d}. Weput y(y,0,2)=
sup{t > 0:there is z € B(y,d) such that B(z,t) C B(y,d) and B(z,t)NZ = 0},
If such ¢ > 0 does not exist, we put v(y,d,Z) = 0. The numbers p(y,Z) =
liminfs_o4 y(y, 6, Z)/6 and B(y, Z) = limsups_,o, (y,d,2)/6 are called lower
and upper porosity of the set Z at y, respectively. If we have p(y, Z) > 0 for all
y € Y, then Z is said to be porous in Y. Obviously, every set porous in Y is
nowhere dense in Y. The set W is said to be o-porous in Y, if W = Uzozl Zn
and each Z,, is porousin Y.

In [Ko] it is shown that in any space (5, 9), loc C S (lo-bounded sequences),
the set F'(A) is of the first Baire category in S for every regular matrix A. The
aim of the present paper is to show that the above result can be formulated in
a stronger form.

Notice that in a linear metric space (S, o) of sequences, i.e. S C s, the functions
fe: S =R, fr(z) =z, k=1,2,..., are continuous. It is easy to verify that in
(S, o) this holds if and only if the convergence in the sense of the metric ¢ implies

the pointwise convergence, i.e., if x = (zy), (" = (a:,(:)) € Sandp (aﬁ(’"), a;) — 0

(r)
k

as r — oo, then x, ’ — x, as r — oo for each kK =1,2,...

2. Results

To each regular matrix A = (a,x) we can assigne the set S(A) C s,

S(A) = {x €s:It=(ty)Vn:t, = Zankxk} ,
k=1
Le., for every x € S(A) the series >~ | ankzy is convergent for each n. Obviously,
(S (4), Q) is a linear metric space for each regular matrix A and I, C S(A). In
general, S(A) # |, and I, is not closed in S(A). The following example shows
this.
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EXAMPLE. Let C' = (c,x) be the Césaro matrix, ie., c,p = < for k < n and
cnr = 0 for k > n. Obviously, S(C) = s. Let (™) = (xém)), where xém) = k for
k <m and a;,gm) = 0 for k > m. Then ("™ € I, for each m, and o(z(™,z) — 0
as m — oo, where x = (x), zx, = k. Hence x € S(C) \ .

Further, we will use the following auxiliary result.

LEMMA. Let A = (ank) be a regular matriz. Then for each positive integer Q
there exist M > Q, u > Q and v > Q, such that ayn # Gunr-

Proof. Suppose that there is ) such that a,p = a,pr for each M > Q, u > Q
and v > Q. It follows from property (ii) of a regular matrix, that a,; = 0 for
every n > @ and k > . The property (ii) implies that for each sufficiently large

n we have
oo Q 1
Zank S Z |ank| < 5
k=1 k=1
This leads to a contradiction with (iii). O

THEOREM. Let A be a reqular matriz. Then the convergence field F(A) of the
matriz A is a o-porous set in S(A).

Proof. From the definition of F'(A) we have

F(A) = {x € S(A) : there exists lim ¢, = lim Z ankxk}

n— 00
k=1

- {a:eS(A) V(p>1)T(q> )Y (m > g)V (0> ) [tm — to] < %}

- ﬁ[j ﬂ ﬂqumm

p=1g=1m>qgn>q

where
> 1
Fpgmn = {33 € S(A): Z(amk — Qpp)Tg| < —} .
k=1 p
Put
K 1
Fpgmn(K) = {a: €S(A): Z(amk — k) x| < ];}
k=1
Then

Fpgmn C U m Fpgmn (K).
L=1K>L
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Due to the o-porosity of F'(A) in S(A) it suffices to show that for a given ¢ there
exist v > ¢ and v > ¢ such that H(L) = (x>}, Fpqus(K) is porous in S(A)
Then F,yu, € U5, H(L) is o-porous in S(A) and also F(A) = Mpe1 Ugzt Fras
where Fpq = (1,5, Nn>q Fpgmn i o-porous in S(A).

We choose y € S(A) and prove ﬁ(y, H(L)) > 0. First, suppose
y = (yx) € H(L).
Let the positive integers (), M, v and v have the meaning introduced in Lemma

and let Q > L. Put 6 = 1/2M~2 and define z = (2;) such that z, = y, for
k# M, and z); = A+ B, where

1 _ _
A:|yM|+1+<1+]—j> |aunr — aunr| 1 and B =2¢|ayy — avnr| !

(¢ > 0 is introduced in property (i) of a regular matrix). Obviously, z3; > 0.
Then

_ _ _ )

o(z,y) =27 My — 2m (U + Jyar — 2a]) 7 < 2 5 and  z€B(y9)
Using |zps| > A we have

M M-1

> (auk = aur)2k| > launr — avnl l2ar] = (auk — avk)Yr

k=1 k=1

1 1
> |auM—avM| (‘yM|+1)+1+Z—?—Z—? >1

and z ¢ Fyquw(M). Since M > L we have z ¢ H(L). Put n = 1/2M+1 The
inclusion B(z,n) C B(y, d) follows from the facts that n < 6/2 and o(y, z) < 6/2.
We show B(z,nm7) N H(L) = . Choose x € B(z,n) and put

P
Iprauk—avkxk, P:1,2,...
k=1
Then
Ing > \aunr — apnr| |zas| — Inve—1
> \auwns — avnmr| 201 = |@uns — aonr| |20r — 20| — Ina—1. (%)
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Since yp =z for k,1 < k< M — 1,

M-1
Iy = Z (Quk — Qo) T
k=1
M-1 M-1
< Z (Quk — avk)Yr| + Z (|auk\ + |avk|) 1<]£rie}\>/1<_1{|a:k - Zk|}
k=1 k=1 ==
1
<= — 2|}
=5 + 2c 15%%71“3% 2|}
For each £k =1,2,..., M we have
27k |z, — 2 (1+ |z — zk|)71 <o(z,z) <27M-1 and |zp — 2k < 1.

Hence Ipy—1 < % + 2¢. Consequently, (see(x))

1 1
Iy > |auM—avM|(\yM\+l)+1+5+20—|auM—avM|—z—)—2c>1.

Hence © ¢ Foquo(M) and B(z,n) N H(L) = 0.

Then
1 v(y,6,H(L)) _ 2M=2 1
’Y(yaé)H(L))Zn:Wa ; 22M+1=§>0
6, H(L
and ]ﬁ(y,H(L)) = lim sup M > 0.
0—0+ 5

Suppose y ¢ H(L). Since H(L) is a closed set, B(y,d) N H(L) = () holds for
all sufficiently small § > 0, and p(y, H(L)) = 1 in this case.
Consequently H(L) is porous and F(A) is o-porous in S(A). O
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