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A HERGLOTZ THEOREM IN ORDERED VECTOR
SPACES WHICH ARE NOT A LATTICE

MiLosLAV DUcHON — PETER MALICKY

ABSTRACT. A generalization of the Herglotz theorem is established for a mono-
tone o-complete partially ordered vector spaces. Some version of this theorem may
be proved without the assumption of the monotone o-completeness.

1. Introduction

The classical Herglotz theorem states that a sequence (aj)7> _ . of complex
numbers is the sequence of the Fourier-Stieltjes coefficients of a non-decreasing
function g defined on the interval (0, 27) if and only if the sequence (a)72 _  is
positive definite. Recall that a; = fo% e~ * dg(t) is said to be the kth Fourier-
Stieltjes coefficient of a function g (with bounded variation defined on the interval
(0,2m)). A sequence (ay)72 _ . of complex numbers is said to be positive definite
if and only if

n n
0< Z Z CjCLak—;

j=—nk=—n

for any finite sequence of complex numbers (cj)?zfn. A generalization of Her-

glotz theorem for vector lattices was given in paper [1]. The present paper gener-
alizes this result for a sequence (2;)72 _ ., elements of which belong to the com-
plexification of a monotone o-complete partially ordered vector space, namely
Theorems 5.6, 5.7 and 5.8. We also recall in Theorem 5.9 that some kind of
the Herglotz theorem may be proved without the assumption of the monotone
o-completeness.
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2. Monotone o-complete partially ordered vector spaces

In the whole paper the symbol Y denotes a real monotone o-complete par-
tially ordered vector space and Z the complexification of Y. A real partially
ordered vector space is said to be monotone o-complete if any increasing se-
quence (a,)22; of elements of Y, which is bounded above, has a least upper
bound \/,_, a, , see [5].

PROPOSITION 2.1. Let Y be a real monotone o-complete partially ordered vector
space. Then

(i) Any decreasing sequence (an)oq, which is bounded below, has a greatest

lower bound A ap and \/ (—a,) =— A an.
n=1 n=1 n=1

(ii) Y s Archimedean, i.e., for any positive y € Y the sequence (ny)ye ., is
(o]
unbounded above and )\ %y =0.
n=1

(iii) For any positive y € Y and any decreasing sequence ()5, of reals with

o0
lim o, =0 we have A\ a,y =0.
n—0oo n=1

(iv) For any increasing (decreasing) sequences (a,)5%, and (b,)22 1, which are
bounded above (below)

\/ (@ +b2) = \/ an+ \/ bu.
n=1 n=1

n=1

(resp. /\ (an +by) = /\ an + /\ br).
n=1 n=1 n=1

DEFINITION 2.1. Let Y be a monotone o-complete partially ordered vector
space. We say that a sequence (y,,)o2; of elements of Y converges to y € Y if
there is an non-increasing sequence (a, )5 ; such that

o0
/\an:() and —a, <y,—-y<a, foralln.

n=1

We write lim y, =y in this case.
n—oo

PROPOSITION 2.2. Any sequence of a monotone o-complete partially ordered
vector space can have only one limit.
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Proof. Assume that y and ¢’ are limits of a sequence (y,)5>; of elements of

a monotone o-complete partially ordered vector space Y. then there are non-
increasing seqeunces (a, )22 ; and (b,)$2; such that

oo oo
/\anzoa/\bnzoa_angyn_ygan
n=1 n=1

and
~b, <yn—19y <b, forall n.
It means
—ap —b, <y—y' <a,+b, foral n.

Since

oo

/\ (an +b,)=0,

n=1
we have y — 3y’ <0Oand ¢y —y <0, ie.,y=1v". O

The following example shows that monotone o-complete partially ordered
vector space need not be a lattice.

ExAMPLE 1. Let H be a Hilbert space (real or complex, finite or infinite di-
mensional) and Y be the set of all bounded self-adjoint linear operators. Then
Y is a monotone o-complete partially ordered vector space under the nat-
ural operations and the ordering A > B, if and only if (Az,z) > (Bzx,x)
for all x € H, see [4, pp. 261-263]. We shall show that Y is not a lattice
whenever dimH > 2. If A > 0, ie., (Az,z) > 0 for all z € H, then we
have |(Az,y)|?> < (Az,z) (Ay,y) for all z,y € H, see [4, p. 262]. Particularly,
(Az, Az)? < (Az,z) (A%z, Ax) for all x € H. It means that for A > 0 we have
Ker A = {x € H : (Az,z) > 0}. Equality Ker A = Im A" is valid for any self-
adjoint A and Im A = Ker AL is true whenever Im A is closed, particularly for
dim (Im A) < oco. Let A > 0 and dim (Im A) = 1. Since Im A = Ker A+, it is
easy to see that Az = (x,a)a for some nonzero a € H. Now, let A > B > 0
and dim (Im A) = 1. Then Ker A C Ker B and Im B C Im A, which is possible
only if B = aA. Since A > B > 0, we have 0 < o < 1. Let e1,eo € H be
such that ||e1|| = |le2|] = 1 and (e1,e2) = 0. Put A;x = (x,¢;)e; for i = 1,2,
By = Ay + Ag and Box = 2 ((z,e1) e1 + (z,e2) e2) + V2 ({z,e1) e2 + (z,e2) €1).
We shall show that B; and By are minimal upper bounds of the set {4, A5}.
Since By — A1 = Ay and By — Ay = Ay, By is an upper bound of the set
{Al,AQ}. Let C be such that B > C > ALQ. Then C — Al = Oé(Bl —Al) =
aAs with 0 < a < 1, because dim (Im (B; — 4;)) = dim(ImA4y) = 1. We
have C = A; + aAs. Inequality C > A, is possible only if o = 1, i.e., if
C = By. Since Box— Az = 2 (x,e1) e1 4+ (2, e2) ea+v2 ((x,e1) ea + (,e2) 1) =
<.’L‘, \/561 + €2> (\/561 + 62) and BQQ? — AQ.’L‘ = <33, \/562 + €1> (\/562 + 61), we
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have By > Ay and dim (Im (By — Ay 2)) = 1. If By > C' > A; 5 for some C,
then C—Al = Oé(BQ—Al) with 0 < a< 1, i.e., C = Al —|—O£(B2—A1) =
(1 —a) Ay + aBsy. Similarly, C = (1 — ) A + By for 0 < 3 < 1. Since A;, A
and B, are linearly independent, we have § = o« = 1 and C' = Bs. Sosup{ A4, 4>}
does not exist. It follows that Y is not a vector lattice.

3. Riemann-Stieltjes integral

Take a continuous real function f, non-decreasing Y -valued function g defined
on the interval (a,b) and a partition

M={a=20<z1 < <xp_1 <zp=">0}

of the interval (a,b). Put

n

faga Zm] $_]—1)) and S(f,g,H) = ZM](g(x]) _g(xj—l))a
j=1
where
= i d M, = .
T ey rj>f (@) an ! xe&?fmf (=)

PROPOSITION 3.1. There is a unique element I € Y such that

s(f,g, 1) <1 < S(f,9,10)
for any partitions II' and I1 of the interval (a,b).

Proof. The inequality s(f,g,II') < S(f,g,1I) is obvioub For any natural n and
0<i<2"put z,; =a+i(b—a)2™" and II, {xn z} . Obviously,

\/ s(f.9,10 /\ (f,9, 10
n=1 n=1

Now, the element

=\ s(f,9:1) = A\ S(f,g,11
n=1 n=1

has the required properties.
b
The element I will be denoted by [ f(x) dg(z) and is said to be the Riemann-

-Stieltjes integral of f with respect to g on the interval (a,b). O
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4. Positive linear maps

We denote by symbol T the quotient space R/27Z which may be identified
with the unit circle {¢ : [¢| = 1} of the complex plane. The set of all real
continuous functions on the space T will be denoted by C(T) and the set of all
real (complex) continuous 27-periodic functions on the real line by Cs,(R) (by
Ca-(R, C)). Clearly, the formula ¢(elt) = f(t) defines one-to-one correspondence
between the sets C(T) and C,(R). A linear map ® : Co(R) — Y is said
to be positive if ®(f) > 0 for f > 0. Obviously, any non-decreasing function
g : (0,27) — Y defines a positive linear map ® : Co,(R) — Y by the formula
O(f) = O% f(x) dg(x). We shall show that it is sufficient to consider only
functions g which are left o-continuous at any z € (0,27), i.e., \/o—; g(z,) = g(x)
for any increasing sequence (x,)52; converging to x € (0, 2m).

Recall that Y-valued Baire measure m on a compact X is a Y-valued function
defined on Baire subsets of X such that

m(0) =0, m(A) >0 and m (U J= 100Aj) = \/ Zm(Aj)
n=1j=1

for any sequence (A; )‘]";1 of pairwise disjoint Baire subsets of X. For more details

see [5]. We will consider a Baire measure m on the interval (0,27), which is
noncompact. Clearly, it is a Baire measure on (0, 27) such that m ({27}) = 0.

THEOREM 4.1. The formulas
27

3(f) = / f(x) dg(z)

0

o) = [ 1) dme)

(0,2m)

and

g(x) = m(0,x)) forxze(0,2m)

define one-to-one correspondence between the sets of all positive linear maps
®: (9 (R) — Y, Y-valued Baire measures m on the interval (0,27) and
non-decreasing functions g : (0,2w) — Y which are left o-continuous at any
z € (0,2m) and g(0) = 0.

Proof. Let ®:Cy:(R) — Y be a positive linear map. For f € Cy,(R) put
P(e") = f(t) and  V(y) = (f).
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Obviously, we have a positive linear map ¥ : C(T) — Y. By [5, p. 687 |, for
such a map there is a unique Y-valued Baire measure p on T such that

— / $(C) du(©)

For a Baire subset A C (0,27) put m(A) = u({e' : t € A}). Then

/ f(t) dm(t) for any f € Cor(R).

(0,27)
Now, put g(t) = m({0,t)), for t € (0,2x). Then g(0) = 0 and the function g is
left o-continuous at any ¢ € (0, 27). Obviously,
(g1 < [ (0 dm(t) < S(f.9.10)
(0,27)

for any partitions II" and II of the interval (0, 27). It means

27
[ 10 amie) = [ 516) gt = a(5)
(0,2m) 0
and the proof is complete. O

Take a function h : (a,b) — Y of the form h(t) = > ¢;(t)y;, where
=1

j
@; : (a,b) — R are continuous and y; € Y. Then the integral

b b

n

[rwa=3"{ [eio at)u,

a J=1 \G

b
is correctly defined and [ h(t) d¢t > 0 whenever h(t) > 0 for all ¢ € (a,b).

Clearly, any linear map ® : Cy,(R) — Y may be extended onto a linear map
®: C5:(R,C) — Z by the formula ®(f +i g) = ®(f) +iP(g). For any integer j
put x,(t) = e~ For a linear map @ : C2 (R, C) — Z the element z; = ®(y;)
is said to be the jth Fourier coefficient of ®. For a function f € Cy,(R,C)
put fs(t) = f(s —t) and define a function ¢(s) = ®(fs). The function ¢ is a
2m-periodic Y-valued function. It will be denoted by ® * f and is said to be a
convolution of ® and f. Obviously, ®* f > 0 whenever f > 0 and ® is a positive
map.
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5. Fourier coefficients of a positive linear map

Now, we give a characterization of a positive linear map ¢ : Cy(R) — Y
in terms of its Fourier coefficients. The main result, Theorem 5.7, uses only the
following easy lemmas and is independent of Theorem 4.1.

Let z = ( ])]* [e%}
be positive definite if

be a sequence of elements of Z. The sequence z is said to

n n
0< Z Z CjCrZk—;

j=—mnk=—n
for any finite sequence (c;)7__,, of complex numbers. The sum
- ( il
> (1= 5l ) we
Pyt N+1

is denoted by on(z,t) and is called the Cesaro sum of the sequence z. The sum

N .
Z <1 || )eijt _ Sm2(N+1t) ‘
Pt N+1 (N +1)sin®(3¢)
is denoted by Fix(t) and is called the Fejer kernel.

LeEMMA 5.1. Let @ : Cor(R) — Y be a positive linear map. Then the sequence
z = (2;)52_ of the Fourier coefficients of  is positive definite and oy (z,t) > 0
for all real t and natural N.

Proof. Let (¢;)% be a sequence of complex numbers.

Put ’
n n n
= Z cje’t and g(t) = ‘f(t)|2 = Z Z c;epelURt,
j=-n j=—nk=—n
Then
0< (g Z Z CjiCLZk—j-
j=—nk=—n

So, the sequence z is positive definite. Clearly, the Cesaro sum ox(z,t) is the
convolution of ® and the Fejer kernel Fy. Therefore oy (z,t) > 0. O

LEMMA 5.2. Let a sequence z = (ZJ)J,_OO of elements of Z be positive definite.
Then

(i) on(z,t) >0 for all real t and natural N.
(i) 0< z €Y, z_p, = Z,, £ Re(z,) < 20 and £1Im(z,) < zo for any integer n.
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Proof.
(i). Put ¢; = e79t for 0 < j < N. Then

N N

N
0< Z CiCrip—; = Z (N +1—j])z;€9" = (N + 1)on(z,t).
§=0 k=0 j=—N

Put ¢o =c¢, =1and ¢; =0 for 0 < j < n. Then

n n
0< Z chékzk,j =220+ 2n+ 2_n.
=0 k=0
It means that Im(z,, + z_,,) = 0 and — Re(z, + z_,) < 2zg. Replacing ¢,, by —1,
we obtain Re(z, + z_,) < 2z9. Put ¢, = =i, then we have +1Im(z,) < 2y and
Re(z, — z—y) = 0. Therefore z_,, = Z,,, £ Re(z,) < 2p and +1Im(z,) < z. O

LEMMA 5.3. Let z = (z;)%2 be a sequence of elements of Z such that z; =0

]700

m
for |j| >m. If > 2;€t >0 for allt, then the sequence z is positive definite.

j=—m

Proof. Put

= el gt) =[O =Y. > ciepelH!

j=—n j=—nk=—n
and
n .
h(t) = Z zje?t
j=—n
Then
1 2m n n
<5 [aOr@ d= 3 Y e,
0 j=—mnk=—n
U
LEMMA 5.4. Let a sequence z = (2;)52_., of elements of Z be such that

on(z,t) > 0 for all real t and natural N. Then £Re(z;) < 2z and £Im(z;) <
229 for any integer j.
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Proof. Fix an integer N > 0 and put

¢ = (—%)zj for [j| <N +1
’ ¢ =0 otherwise.

Since oy (z,t) > 0 for all ¢, the sequence ((;)32_ ., is positive definite by Lemma
5.3. Now, Lemma 5.2 implies £ Re((;) < (o and £Im((;) < (o for —N —1 <
j < N + 1. It means

+ < - %) Re(zj) < zp and =+ < - L) Im(z;) < 29

for —N —1 < j < N + 1. Now, for any integer j take N = 2|j| — 1. Then
+Re(z;) <229 and £1Im(z;) <22

for any integer j. U

LEMMA 5.5. For any function f € Cor(R) there are decreasing and increasing

sequences ()22, and ()02 of trigonometric polynomials converging uni-

formly to the function f.

Proof. It is well known, see [3, Theorem 2.12] , that the convolutions % f*Fy
are trigonometric polynomials which converge uniformly to the function f. So,
for any natural n there is a trigonometric polynomial f, such that

fn=2""< f< fn+27"
Put
Yo=fn+3-27" and ¢, =f,—3-27"
Then
Ung1 = fop1 4327 < 4427 < 4274427 = f, 4327 = 0,
and

Prg1 = fop1 =327 > 427 > f, 27427 = f, 327 = .

So, we obtain the required sequences of trigonometric polynomials. O
THEOREM 5.6. Let a sequence z = (z;)5_ ., of elements of Z be such that

on(z,t) > 0 for all real t and natural N. Then there is a positive linear map
® : Cor (R) — Y for which the sequence of the Fourier coefficients is the sequence
Z.

Proof. Take a trigonometric polynomial

ft)= z": cje’t and put ®(f) = z”: Ciz_j.

J=—n J=n
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Linearity of ® is obvious, we want to prove positivity of ®. So, assume f(¢) > 0.
We have to prove that
n
Z CjZ_j Z 0.

j=-n

Since f(t) > 0 and on(z,t) > 0 for all ¢, we have

27
1 - '
0< %/f(t)UN(Zat) dt= Cj( —NLJlJ Z_j,
0

j=—n

whenever n < 2N + 1. Denote

n

S = Z cjz—j and Sy = Z c;j <1—N|‘:|_l>z_j.

j=—n j=—n

Then

- 1 - 1
SZS—SN:Z CjN+1Z_j:;2Re CjN+1Z_j s

j=-n

because the elements c;,c_; and z;, 2_; are conjugated. Let ¢; = a; +1ib;, where
aj and b; are real, and z; = u; +iv;, where u;,v; € Y. Then

. ~_J
Z—j :u] —Z'Uj and S Z 2; N——H(a] u] +b] U])

Lemma 5.4 implies +u; < 229 and £v; < 2z. The inequalities +a; < ¢y and
+b; < ¢p follow from Lemma 5.2. Therefore

n . 4 1
S > —82 J Cozp = —MCOZ().
j=1

N+1 N+1

It means

> dn(n+1)
S > ——— L yz9 = 0.
_J\>£1 N+1 0%

So, @ is positive. Now, take an arbitrary f € Cy,(R). By Lemma 5.5, there exist
non-increasing and non-decreasing sequences (1,,)5% 1 and (¢,)22; of trigono-
metric polynomials converging uniformly to the function f. We have

@n S Pn+1 Sf Swm—&-l Sq/)m

for any integers m and n. Therefore

P(pn) < 2(nt1) < P(Yimt1) < P(Ym)
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which implies ®(¢,) < ®(¢,,) for any integers m and n. It means

\ @(en) < @(¢hm) and \/ (n) < \ ®(¥m).

n=1 =

Now, consider the sequence (1, — ¢, )52 ; which is non-increasing and converges
uniformly to zero. Denote

Then
0= /\ Oén(I)(l) = /\ <I>(Oln) > /\ <I>(7/)n - @n) = /\ <D(1/}n) - \/ (I)(Qpn)
n=1 n=1 n=1 n=1 n=1

which means

n=1 n=1
Therefore

\/ (I)(Qpn) = /\ q>(7/)n)

n=1 n=1

So, neither \/ ®(y,) nor A ®(1,) does not depend on the choice of non-
n=1 n=1

increasing and non-decreasing sequences (, )22 ; and (1,)22; of trigonometric
polynomials converging uniformly to the function f. Put

®(f) =\ @len) = /\ ®(wn).
n=1 n=1
Then we have the required positive linear map ® : Co,(R) — Y. g

From Lemmas 5.1, 5.2 and Theorem 5.6 we get

THEOREM 5.7. For any sequence z = (Zj)(j)'ifoo of elements of Z the following
properties are equivalent.

(i) There is a positive linear map ® : Car (R) — Y for which z is the sequence
of the Fourier coefficients.

(ii) The sequence z is positive definite.
(iii) The Cesaro sums on(z,t) are nonnegative for all natural N.

The following theorem describes directly a positive linear map trough its
Fourier coefficients.
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THEOREM 5.8. Let @ : Cor(R) — Y be a nonnegative linear map and

z = (Zj);?ifoo

be a sequence of Fourier coefficients of ®. Then for any ¢ € Car(R)

R j
B(p) = lim (1 — n|+|1> ciz_j

j=—n
where
27
cj = i/gp(t)e_ijt dt
J 2 '
0
Proof. Put

n .
J ij
©n = Z <1—n|+|1>0j6‘7t.

j=—n
The sequence (¢n,)5%, converges uniformly to .
Denote
U, = Sup max m(t) — (t)] .
sup [ (1) = (1)
Obviously,
j=n
]
o= 5 (1)
and

—un(I)(l) < CD(‘PH) - q>(‘10) < unq)(l) )
which means

B(p) = lim D(py) = lim ]i <1— ] >cjz_j.

n—00 n—00
Jj=—n

O

Now, let Y be arbitrary partially ordered vector space, (possibly with a trivial
ordering, however in this case the results are also trivial). We denote again
by Z the complexification of Y and by Tb.(R) the set of all trigonometrical

polynomials. In paper [2] we have proved the following result.

THEOREM 5.9. For any sequence z = (2;)52_ ., of elements of Z with
T 2
O —
0<z€Y and N/}lNO

the following properties are equivalent.
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(i) There is a unique positive linear map ® : Tor(R) — Y for which z is the
sequence of the Fourier coefficients.

(ii) The sequence z is positive definite.

(iii) The Cesaro sums on(z,t) are nonnegative for all natural N.
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