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ON THE EQUATION 22 4+ 22+ 22 + 22 =N
WITH VARIABLES
SUCH THAT 20052, + 1 IS AN ALMOST-PRIME

T. L. Toporova* — D. I. TOLEV**

ABSTRACT. We consider Lagrange’s equation x% —Q—x% + z% + IZ = N, where N
is a sufficiently large and odd integer, and prove that it has a solution in natural
numbers z1, ..., x4 such that xjxox3x4 + 1 has no more than 48 prime factors.

1. Introduction and statement of the result

In 1770 Lagrange proved that for any positive integer N the equation
vitatajtai=N (1)

has a solution in integers zi,...,x4 and later Jacobi found an exact for-
mula for the number of the solutions (see [6, Ch. 20]). Many researchers studied
the equation () for solvability in integers satisfying additional conditions. There
is a conjecture stating that if NV is sufficiently large and N =4 (mod 24), then ()
has a solution in primes. This conjecture has not been proved so far, but several
weaker statements have been established.

Greaves [B], Plaksin [I5], Shields [I6] and Kowalchik [I3] consid-
ered ([l) with two prime and two integer variables. Briidern and Fouvry [2,
Heath-Brown and Tolev [§], Tolev [I7], Yinhchun Cai [I§] stud-
ied () with multiplicative restrictions imposed on all of the variables—with
four almost-primes or with one prime and three almost-primes. (We say that
the integer n is an almost-prime of order r if n has at most r prime fac-
tors, counted with multiplicity. We denote by P, the set of all almost-primes
of order 7).
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Yinhchun Cai established in [I8] the solvability of () in:

— a1 prime and xo, 23, 4 € Pyo;
— x1 prime and x9, x3, x4 satisfying xoxszy € Pia;
— T1,%2,73,T4 € P13;

— T1, T2, T3, x4 satisfying xi1xox324 € Py.

We should also mention the result of Blomer and Briidern [I] which sta-
tes that every sufficiently large integer, satisfying certain natural congruence con-
ditions, can be represented in the form z? +x3+23 with integers z1, z2, 3 € Ps21.
Later Lii Guangshi [I4] considered the same problem, but with integers such
that z1x913 € Pss1. Obviously from these results one obtains information about
the solvability of (Il) in three almost-prime variables and one variable of any
nature.

Having in mind the results mentioned above one may consider the follow-

ing problem. For a given polynomial f € Z[zy,...,2z4] study the arithmetical
properties of the integers f(x1,...,x4), where zy,...,x4 are solutions of ()
and, in particular, study the solvability of (I) in integers x1,..., x4 such that
f(z1,...,24) is an almost-prime of a given order.

In the present paper we consider the polynomial f = xyxs2324 + 1 and prove
the following:

THEOREM 1. Suppose that N is a sufficiently large odd integer. Then the equa-
tion () has a solution in natural numbers 1, . ..,x4 such that x1xox3x4+1 has
no more than 48 prime factors. The number of such solutions is greater than

cN
Tog N for some constant ¢ > 0.

A similar result holds if N is even, but having a large odd divisor. (If N is
a power of 2 then, according to the Jacobi theorem [6, Ch. 20], the equation ()
has exactly 24 solutions in integers and in this case our method does not work).
Using the method of the proof one may study this problem with an arbitrary
polynomial f € Z[xy, ..., z4], satisfying certain natural conditions.

In the present paper we use the following notations.

We denote by N a sufficiently large odd integer. Letters a, b, k, [, m,n, v are al-
ways integers, ¢ is a natural number and p is always a prime number.
By (n1,...,nk) we denote the greatest common divisor of ny,...,ng. If ¢ € N
and a € Z, (a,q) = 1, then we denote by @ the inverse of ¢ modulo ¢, i.e.,
the solution of the congruence ax = 1 (mod ¢). If the value of the modulus is
clear from the context then we write @ for simplicity. If p' | m, but p'*! { m,

then we write p' || m. We denote by 7 four dimensional vectors and let

71| = max(|nal, ..., [nal). (2)
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For an odd ¢ we denote by (5) the Jacobi symbol. As usual u(q) is the Mobius
function, ¢(q) is the Euler function and 7(q) is the number of positive divi-
sors of g. Sometimes we write a = b(¢q) as an abbreviation of a = b (mod g).
We write Zx( 9) for a sum over a complete system of residues modulo ¢ and, re-
spectively, > (@) is a sum over a reduced system of residues modulo q. We also
denote e(t) = e,

We use Vinogradov’s notation A < B, which is equivalent to A = O(B). If we
have simultaneously A < B and B < A then we write A < B. By ¢ we denote
arbitrarily small positive number, which is not the same in different formulas.
The constants in the O-terms and <-symbols are absolute or depend on €.

2. Results about exponential and character sums and
integrals

Consider first some classical exponential sums.
The Gauss sum is defined by

Glgmm) =3 e <M> 3)

We denote also z (q) 9
G(g,m) = G(q,m,0). (4)

The Gauss sum has the following properties.
If (¢,m) = d, then

G(q,m,n) = {

For any ¢ we have

dG(%, o, %) if d|n,
0 otherwise.

14479

G(g, 1) = W\/@ (6)

If (¢,2m) = 1, then

Glamm) e (~22) () 6., ™)

q q
If 24 m and k > 2, then

G(25m,n) = {e(_m(g—iz) )2 % e(m. k) if 2] n,
Y Y 0

otherwise,

where

c(m, k) = .

L if 9 | k,
) if 21k

a5 9
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In particular, we have
c(m, k)* = —1. (10)

If p > 2 is a prime, then for any m we have
() -(eonw
* (@) p p p

The proofs of formulas (B)—(II]) are available in [3, Sec. 6] and [, Ch. 7].
For 7 € Z* we denote
4

G(g,m, i) =[] Glg,m,ny). (12)

7j=1
The Kloosterman sum is defined by

K(g,mn) =Y e <M> . (13)

x(q) 4

*

We use A. Weil’s bound
K (q,m,n)| < 7(g)q? (¢,m,n)?. (14)

A proof of ([[4) is available in [10, Ch. 11].
The Ramanujan sum is defined by

Cq(m) = K(q,m,O) (15)

and we have

=
ke

cq(m) = ( ) »(q), where d = (¢q,m). (16)

For a proof see [6, Ch. 16].

We need also an estimate for a special character sum. Suppose that p > 2
is a prime and f € Fp[z] is a polynomial of degree k, which is not of the form
cg?(x), where c is a constant and g € Fy[x]. Then we have

3 <M) < (k—1)\/p. (17)

) N P

For a proof we refer the reader to [10, Ch. 11].
Consider now some exponential integrals.

AS)
ke

We take the infinitely many times differentiable function

1 13
exp —>— for te (3,5),
wol(t) = (t-3)"-% (5:2) (18)
0 otherwise
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and define
J(y,u) :/wo(x) e(yz?+ ux) dx.
We have

J(v,u) < min <1, |fy|_%> )

A proof can be found for example in [II], Ch. 1].
For @ € R* we define

4
J(v, @) =[] 7(v.uy).

j=1
We specify the constant s by
» =/€(—7) J(7.0) dy.

(21)

(22)

Using the standard technique of the circle method (see for example [I1, Ch. 11])

one can establish that
x> 0.

If i € R* and |@| > 0 (see (@) for the definition of |i]), then we have
Syl < jare.

The proof of this estimate is available in [, Lemma 10].

3. Proof of the theorem

3.1. Beginning of the proof
We denote

P=+vVN

w(t) = wo <%> :

where wy(t) is defined by (IJ).
Suppose that n > 0 is a constant, which will be specified later and let

z=N", P(2) :Hp.

2<p<z

and let

(23)

(24)

(25)

(26)
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Consider the sum

D= > w@).. ws). (28)
z%+---+zi=N
(rr1222324+1,P(2))=1

If we prove the inequality

r (29)

>

log N
then we will establish that there is a constant ¢ > 0 such that the equation ()
has at least —<&_ solutions satisfying (x1x2x3x4 + 1,P(z)) = 1 and such that

log N
21292324 + 1 =< N2 We also note that 2 t z1xox314 + 1 because in the opposite
case we would have 2 { z; for all j which would imply 2 | N, but this contradicts
our assumption. Hence for every such solution the integer x1zox314+ 1 does not
have prime factors less than z and therefore this integer has at most 2/n prime
factors. So, to prove Theorem [Il we have to choose n = i — w, where w > 0 is
a sufficiently small constant, and to establish (29]).

To find the lower bound ([29]) we apply the linear sieve and that is why we need
information about the sums

F(N,d) = Y w@).. wx), (30)
zf+---+zi=N
z1zoz3ra+1=0 (d)

where d is squarefree and odd. Applying the Kloosterman form of the Hardy-
-Littlewood circle method, we find that for small d the sum (B0) can be approx-
imated by the quantity

M(N,d) = 3N a(N) ¥(N, d), (31)

where the terms in the right-hand side of (BI]) are defined as follows.
The constant s is given by ([22)).

Further
a(N)=]] <1 + %) (1 — ]ﬁ) , (32)

p>2
where &,(N) is the non-negative integer defined by

pr ™) | N. (33)

Next we have
_ a(N,d) L(N,d)

U(N,d) = ——— (34)
where
i\t 1\
(N, d) _g (1 + 5) (1 - m) (35)
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and where L£(N,d) is the number of solutions of the system of congruences
44 b2=N (modd),  bibobsby+1=0 (mod d). (36)
We denote by R(N,d) the error which arises when we approximate F'(N,d)
by M(N,d), that is
F(N,d) = M(N,d)+ R(N,d). (37)

To prove our theorem we have to study the arithmetic properties of the main
term and to estimate the error term.

3.2. An estimate for a special exponential sum
An important role in our analysis plays the exponential sum
V, = V,(N,d,v,b,)
<a(b%+---+bi—N)+au
= e
(

p ) G(q, ad?, 2adb + i), (38)

a(q)*
where b = (by,...,bs) € Z* Tt is analogous to the sum, considered in [2, Sec. 1].

To estimate V,(N,d, v, 5, i) we use the properties of the Gauss sum and the
Kloosterman sum and prove following:

LEMMA 1. Suppose that N,d,q € N, v € Z, 2 4+ Nd, p?>(d) = 1 and i =
(n1,...,n4) €Z* b= (by,...,by) € Z* Then we have

‘/;I(Na d,U, 57 ﬁ) < T(q) q% (qu)% (Q7 N — b% - bi)% (Q7d2)27 (39)
where the constant in the < -symbol is absolute. Further, if some of the conditions
(¢.d) [n;,  j=1,....4 (40)

do not hold, then V4 (N,d, v, b, ) = 0.

Proof. Suppose that (¢,d) { n; for some j. It follows from (f) that
G(q,ad? 2adb; +n;) =0

and having in mind (I2)) and (B8)) we see that V,= 0.
From this point onwards we assume that ([#0) holds and we begin the proof
of (39).
First we note that the sum V; is multiplicative with respect to ¢ in the fol-
lowing sense: If (¢, ¢"") = 1, then we have
Vg (N, d,v, b, )

=Vy (N, q"d,(q")y 21},5, ﬁ> 7% (N, q'd,,(q")g 21}, b, ﬁ) . (41)

We leave the routine calculations to the reader.
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Having in mind the identity (@I) we see that it is enough to estimate
Vps (N, Ad, Bu, b, i), where A, B € Z and p{ A.
Consider first the case p > 2, p1d. Applying (@) we find
G (p% aA*d®, 2aAdb; + n;)
4aA2d?n? + Adnjb; + ab?
—c (— LR (£ 6.
p* D*

Therefore, using (@), (I2)), ([I3) and B8)) we get
V,: (N, Ad, Bv, b, )

9% ( Ad(niby + - -+ + ngby)
=prel—
p?

> K (p%,—N,M), (42)
where
M = Bv — 4A2d2(n? +--- +n3) (mod p*).
Using ([I4)) and (#2)) we find
[Vpe (N, Ad, Bu, B, @)| < (s +1) (0)F (0 N)F for pi2d.  (43)
Consider now the case p | d. Since d is squarefree, we may write
d = pd, where ptd. (44)

If s = 1 then, using [@0), we see that G (p, aA?d? 2aAdb; —|—nj) = p and,
having in mind ([[Z), we find G(p, aA2d% 2a.Adb + i) = p* Therefore, from (I3)
and ([B]) it follows that

V,(N, Ad, Bv,b,7i) = p*K (p,b? 4+ --- + b2 — N, Bv) .
Noting that (p,d?) = p and using ([I4) we find
Vo(N, Ad, Bv,b,7)| < 2p% (p N =02 — - —03)? (p,d®)®  for p|d. (45)
In the case s > 2 we use the following observation. From (B it follows that
G (p% aA*d® 2aAdb; +n;) = 0

unless
(p, aA’d®) | 2aAdb; + n;.

Since p t aA?, we see that the later condition is equivalent to
(p%, d*) | 2aAdb; + n;. (46)

(The last formula implies, in particular, that p | n;, but we already know this
because of the assumption ([@Q)). Hence we may write

ng=pn;, nj;€L, 1<j<4 (47)

because otherwise V; = 0.

8
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Suppose that s = 2. Then from ([HG) it follows that p? | 2aAdb; + n;, hence

using (I2)) we get .
G(pz, aA?d?% 20 Adb + ﬁ) =p®.

Now we take into account (I3]) and (B8] to find
V,2(N, Ad, Bv,b, i) = p*K (p* b3 +--- + b3 — N, Bv).
Noting that (p? d?) = p? and using ([4) we find
\V,2(N, Ad, B, b,7)|

<3EHFEAN -3 -~ ) (R) for pld (48)
Consider now the case s > 3. Having in mind ({4)), (46) and ([@7) we denote
20 Ad'b; +n/;
7 J_per (49)
p

Using that (p® d?) = p? and applying (B we find
G(p®,ad’d® 2aAdb; + nj) = p® G(p* 2 aA*d? h;)
4qA%2d'?), .—2h?
=p’e <—( ¢ Jpz j) ( - )G(PSZ,U.

ps—2 ps—2

It is obvious that (M),:—2 = (M),: (mod p*~?) for any integer M with p { M.
Hence, using the definition of h; given by ([9), we find

G(ps, aA%d? 2aAdb; + nj)
) ( 4aA%d"?nf? + Hn;b‘j + ab?) < a
—pPe| -

) G(p*21),

- ps P2
where the inverses are already taken modulo p® Therefore, using (@) and (I2])
we find

G (p*, aA?d? 2aAdb + i)

ey (_W2§_1 n? +Ad Y nhby+a Y b§> |

pS
From this formula, [I3]) and B8] we find

Ad S nlh;
Z]_l ! ]> K(psa_NaM)a
ps

Vpe (N, Ad, Bu, b, i) = p**tie (—
where M = Bv — 4A%d"? Z?Zl n? (mod p*). Therefore, using ([4) we obtain
[V (N, Ad, Bu,B.7i)| < (s + 1)(p)F (0, N (pd?)” for pld, s>3. (50)

9
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Combining [@3), [@3), @8) and (G0) we see that for any prime p { 24 and for

any positive integer s we have
Vs (N, Ad, Bv, b, )|
S S\ 5 S 3 S 1 S 2
< TN P)F (BN =B — e = b7)F (0% N) 2 (7 %) (51)

Consider now the case p = 2. We have 2 { dN and suppose also that 2 t A.
We shall prove that for all positive integers s we have

[Vas (N, Ad, Bu,b,7)| < 4(s + 1) (2°)3. (52)

From (B8)) it follows that (52)) is obvious for s = 1. Suppose now that s > 2.
From (), (I2) and [B8) we see that Vas vanishes if 2 { n; for some j. Hence
we may assume that 2 | n; for all j, so we may write

n; = 2n}, where n}eZ, 1<j<4.
Using these formulas, as well as ([8) and (0], it is easy to verify that
G (2% aA*d? 2a Adb + )

— _92s+2, (_m(nlbl +- 4 n4b4)>
2.5'

» <_—aA2d2(n’12 +.-.+nf)> . (_a(b% +---+b?1))
2s 2s '

Hence using ([I3]) and [B]]) we find

Vae (N, Ad, Bu, b, i) = — 225%2 ¢ (_ Ad (nyby + - + n4b4)>

25
x K(2S, ~N,Bv— 2220+ + nﬁf)).

It remains to apply (I4]) and we prove (52).

From {I)), (5I) and (52)) we obtain ([B9) and the proof of the lemma is com-
plete. O

3.3. The error term
In this section we study the quantity R(N,d) defined by (7). Recall that
L(N,d) is the number of b = (b1, by, b3, by) € Z* satisfying

1 < by, bo,bg by <d,  bibybzby+1=0 (mod d), bi+b3+b2+b3 =N (mod d).
(53)
We prove the following

10
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LEMMA 2. Suppose that N is sufficiently large, d is squarefree, 21 dN and

1
< 1z,
Then we have d< N (54)

R(N,d) < L(N,d) Nite, (55)
Proof. We write the sum F(N,d) specified by ([B0) in the form
d) =Y ®(N,d,b), (56)
b(E3)

where the summation in (8] is taken over b satisfying (53) and where

(N, d,b) = Y wlm).. w(z) (57)

azf+-~-+mi:N
z;=b;(d), i=1,...,4

We express the sum (B7) as

®(N,d,b) /1 —Na) Ilsgb (58)
z
where the integration is taken over the interval Z = ((1+4[P])~% 1+ (1+[P])~?]
and
Sap(a) = Z w(z)e(az?). (59)
TEZL
z=b (d)

Using the properties of the Farey fractions (see [6, Ch. 3]) we represent Z as
an union of disjoint intervals in the following way:

T= U U £(q,a), (60)

g<P 1<a<gq
(a,q)=1

s = (-]
¢ qla+d) q¢ alg+q")
and where the integers ¢/, ¢” are specified by
P<q+d.q+q"<q+P, ad =1 (modg), a¢’=-1 (modgq). (61)
We apply ([B8)), ([60) and change the variable of integration to get

S(N, . 5) ZZ( ) Je mvnsdb (S45)as. ()

q<P a=1

where

(a,q)=1 M(q,a)
where —_ < 1 1 } )
qg,a) = - ) .
q(q+4q) qlq+4q")
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Working as in the proof of [8] Lemma 12], we find that for 8 € 9M(q, a) we have

P [ab? nb; nP
Sdb. -7 I gl gy - =
d’“( +ﬁ> dq* ( q )lngpf<dQ> (ﬁ ’ dQ>

x G(q,ad?2ab;jd +n) + O (P_A),
where G/(¢q, m,n) and J (v, u) are defined respectively by [Bl) and (I9), A is an ar-
bitrarily large constant, ¢ > 0 is arbitrarily small and the constant in the O-term
depends only on A and . We leave the verification of the last formula to the
reader.

Therefore we may write the integrand in (62)) in the form

4 2 g2
e(— 5N)df4 (a(b1‘|‘q ‘|‘b4)> Ze<n1b1+dq+n4b4>J(ﬁN’_d£;ﬁ>

|ii| <dPe

X G(q, ad? 2adb + ﬁ) +0 (PfA) ,
where G(q, m, ) and J(3, @) are defined respectively by (I2]) and (2I]) and where
the meaning of || is explained in ().

We substitute the above expression for the integrand in (G2), change the
variable SN =~ and use (63)) to find

O(N,d,b) = (N, d, b) + O(1), (64)

where

24 .42 - N
(N d b d4 Zq—4 Ze (a(b1+ +b4 )) Ze <n1b1+d +n4b4)
¢ il <dp ¢

q<P a=1

(a,q)=1
o - P
x G(q,ad” 2adb + 1) | e(—y)J | 7, —d—qn dvy (65)
N(g,a)
and where
N N
N(q,a) = (— , } . 66
(0) a(¢+4") " alg+q") (60
We note that from (61I)) and (G0) follows
P P P P
C N(g,a [——, —]. 67
( 2q’ 2q} (0.0 q 9 ®"
Therefore we may represent the expression in (63) as
(N, d,b) = ®'(N,d,b) + (N, d,b), (68)

L ] and, respectively,

where in ®'(N, d, b) the integration is taken over v € [ 247 53

in ®'(N,d, b) we integrate over v € N(q,a) \ [_2_1;7 2_1;].

12
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Consider first ®”(N,d,b). We change the order of summation over a and
integration over 7. Using (7)) we conclude that in the new expression for ®” the
domain of integration is % <[y < % and in the domain of summation over a
is imposed the additional condition 9(q,a) > ~. The later condition may be
expressed using the idea of Kloosterman [I2] and an explanation of this
method is available also in [7, Sec. 3].

There exists a function o (v, q,7), defined for ¢ < P, |y| < £, o 5 <v<d,
integrable with respect to ~, satisfying
o (v, 1) < (14 [v) ™! (69)
and also

av 1 if N(q,a),
Z e(?> J(v,q,'y)—{ ’YE. (g,a) (70)

0 otherwise.
—f<v<d

Hence using (7)) and (70) we may write ®” in the form

_ bi+ -+ naby P
@// N 4 nib _ _—
(N,d, b d4 E q E e< a7 e(—=y)J|( v, dqn

g<P  |d|<dP<

a 2 _
Z ( b3 N)) G(q,ad? 2adb—|—n)
ala)=

q

N\Q

( 1

(71)

Now we change the order of integration and summation over v and use (B8]
to get

q_ € — ) 7v7 _‘7ﬁ
¥(N,dB) = == 3t bt Vy(N, d,v, b
q

q<P |7 <dPe —i<v<d

x [e(=7)J <%—d£ o(v,q,7)dy. (72)

<|yI<

t\:l..u

q

From (69) and ([72) it follows that

_ V,(N,d,v,b,7)|
®"(N,d,b) < d42q42 Z T

q<P  |fi|<dPs —%<v<g

13
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Using ([20) and (2I) we find that the integral in the above formula is

72d7<< 2,

< P

%\8

hence

(I)"(N d b 4 Zq—S Z Z ]\iir;|b n)l (73)

q<P |t]<dPe —4<v<i

Next we apply the estimate for V, given by the inequality ([BY) from Lemmal[Il
We also notice that the sum over v produces a factor log P and, having in mind
that V, vanishes unless the conditions (#0) hold, we see that the summation over
7 produces a factor

|| <dP*
n; =0 ((g,d))
1<j<4
Therefore we find
S L [ dPe ! . 1
" —= = 2 2 2
®"(N,d,b) < I Zq 2 <(q,d)> (q,N)Q(q,N—bl _"‘_b4) (q,d )
q<P
<P g (N (g N b - B3)*
q<P
<<P1+EZq—%(q,N(N—b%—---—bi)). (74)
q<P
For any positive integer M we have
> a (q. M) < Pr(M) (75)

q<P

(we leave the easy proof to the reader). From the conditions (53] and (B4 im-
posed on d and b; we find that N — b3 —--- — b3 € N. Hence using (74) and ([75)
we find

®"(N,d,b) < P3+°. (76)

Consider now ®'(N,d, g) We remind that the expression for it is similar to
the expression in the right-hand side of (G3]), but the integration is taken over
the interval [_E’ E] We have

®'(N,d,b) = Oo(N, d, b) + ®*(N,d,b), (77)

14
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—

where ®y denotes the contribution of the terms with 7 = 0, that is

Oo(N,d, b) = 4Zq’42 ( "'+b‘%_N)>

q<P a (q)* a

G(q, ad?, 2ad5)/ d’y (78)

v<$

Respectively, ®* is the contribution coming from the other terms:

®*(N,d,b) =
p? . a(b? +---+b2 —N) niby + -+ + ngby
LY e( q ) 2 e( dq )
q<P a (q)* 1<|A|<dPe
2.0 7 = P
x G(q,ad® 2adb + 1) [e(—v)J (il dy. (79)
q
<&

Consider first ®* Using (B8)) and (79) we find

- p? - P
<I>*(N,d,b)<<¥2q*4 > |Vq(N,d,0,b,ﬁ)|/ ‘J(y,—d—ﬁ> dy.
q<P 1<|A|<dPe lv<E 1
We apply [24) to get
P —1+4e
d S
[ JO=gmln=(am)
<5
hence
] U _ V,(N,d,0,b,7
g<P  1<|d|<dPe
Now we apply Lemma [[ and find
d*(N,d,b) <
P <~ (@, N)7 (@, N —bF — -~ b})* (¢,d°)° 1
2 : > = (80)
d q<pP a* 1< || <dP*® 7]
n; =0 ((¢,d))
1<j<4

15
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It is clear that the sum over 7 in the expression above is

3
1 h? 43 ps
< > o= X <Y <
1<ny<dP*® "4 [n|<ng 1<ph< 4P (q7 ) (Q7 )
n4=0((q,d)) n=0((g,d)) - = @d
which, together with (B0), gives
@*(N d B’) < plte Z (%N)%(%N—b%— —bi)%
q<P e
< preey @NOZbi =~ b))
<P a

The last expression coincides with the expression in (4], so we get
®*(N,d,b) < P3e. (81)

Consider now the quantity ®o(N, d, b), defined by ([Z8). We use () and (3J)
to write it in the form

o(v.0.7) = o7 5> WNAOLD) [y s 6)ar

q<P P
|'Y|<@

Using the estimate (20) we find that the integral in the above formula is equal
to s + O (%), where  is defined by ([2Z). We combine this with the estimate
for V, given in Lemma [I] and working as above we get
o P?~ V,(N,d,0,b,0
Do(N.d,B) = 2 Va(N,d0,6,0) , (PH+e).
q<P a
Now we extend the summation over ¢ to infinity. Using again Lemma [I and
the estimate

 N)2(¢, N — b2 — - —b2)2  N(N —b2— .o — 2
Z(q )2 (q é—i nk <<z(q ( 31_5 1) < p3te
q>P q2 q>P qz2

(we leave the details to the reader), we find

- P2 b §+6
®o(N,d,b) = oy o(N,d,b) + O (Pz ) ; (82)

where

o(N,d,b) =Y Ag(N,d,b), Ay(N,d,b)=
q=1

16
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From (@4), [68), (@), (7), 1) and (82) we obtain

. p2 . .
O(N.d,b) = = o(N,d.}) + O (P3+ ) .

Now we use (B0) and (B4) to get

2

P 3
F(N,d) = 5= H(N.d) + O (E(N, d) Pw) ,

where

-

H(N,d) = o(N,d,b).
bezZ4 : G3)
It remains to prove that

H(N,d) = d*a(N)U (N, d),

(87)

where a(N) and (N, d) are defined respectively by ([32) and ([B4). If we establish
this identity and use (31I), (37) and (8E) we obtain (B3] and finish the proof

of Lemma 2

-

To prove (7) we find an explicit formula for o(N,d,b). We have already
established that the series in (83)) is absolutely convergent. Further, the function
A, (N, d, @) is multiplicative with respect to ¢. Indeed, from (Il) we find that if

q,q") =1 then

Vq’q” (Nv dv 07 ga 6) = Vq’ (Nv (]”d7 Oa ga 6) Vq”(Na q/da 07 ga 6)

However it is easy to see that

Vy (N, q"d,0,b,0) = Vi (N, d, 0,5, 0)
and

—,

V,(N,d,0,b,0)

—,

Vi (N, q'd,0,b,0)

and it remains to apply (83).
Hence we have

where

Xp(N.d.b) =1+ Ape(N,d, b).

s=1

We shall now compute the quantities x,(2V,d, 5)

Consider first the case p { 2d. A straightforward calculation, based on (@), (@),

(@), [@3), @BY) and (B3], shows that
Aps (N, d,b) = p~**cpe (N).

17
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Using (I6]) and (B3) we find that

0 for s > &,(N)+2,
Ay (N, d,b) = § — g for s =6(N) +1, (90)
1% — psﬂl for s <&, (N).

(The third case in ([@0) is applicable only if &,(N) > 1).
From (B9) and (@0) we find

- 1 1
Xp(N, d, b) - (1 + ;) (1 — W) fOI‘ pJf 2d (91)
Suppose now that p | d. From (3) it follows that p | N — b2 — .- — b% and
using (&), [I2), BY]) and (B3], we easily find that
A (N,d,b)y=p—1  for p|d. (92)

Suppose now that s > 2. In this case we have (p%, ad?) = p% However p { b,
for any j because of the condition d | b1babsbs + 1 imposed in (B3]). This implies
that p? { 2adb; and using (B) we find G(p® ad? 2adb;) = 0. Therefore from (B
and (B3) we find

-

Ay (N,d,b) =0 for s >2, pld. (93)
From (89), (@2)) and ([@3) we obtain
xp(N., d, b)=p for p|d. (94)

It remains to consider the case p = 2. Using @), (§), (I0), [I3), ([I6), B),
[B3) and our assumption 21 N we easily get

-

Ag:(N,d,b) =0 for s >1
(we leave the verification to the reader). This formula and (89) imply

-

x2(N,d,b) = 1. (95)

From (88), (@), [@4) and ([@5) we get
= 1 1
O'(N,d,b):dH<1+;> (1—W> (96)
pt2d
and bearing in mind the definitions ([B2]) and (B3] we obtain

-

o(N,d,b) =da(N)a(N,d). (97)
From (B4), [86) and (@) we find that the quantity H (N, d) satisfies (87) and
the proof of Lemma [2]is complete. O
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3.4. The main term

To apply the sieve method and prove the theorem we have to study the
properties of the main term M (N, d) defined by (BIl). We already mentioned
that the constant s satisfies ([23]). Further, from (32) we easily find

1 < a(N) < loglog N. (98)

More care is needed about the quantity (N, d) defined by (34]). We have the

following

LEMMA 3. The function W(N,d) is multiplicative with respect to d. We also
have

U(N,p) <0.9 for  p>2 (99)
and
0 < T(N,p) for p > 1000. (100)
Finally, for all z1, zo with 2 < z1 < z9 we have
[T —wv,p) < iogzz <1 P ) , (101)
il 0g 21 log 21

where L > 0 is an absolute constant.

Proof. Obviously, the function a(N,d), defined by (B8] is multiplicative with
respect to d and it is easy to see that the same property possesses L(N,d),
which, by definition, is the number of solutions of the system (B@]). This proves
the multiplicativity of W(N,d).

We shall now study V(N, p) for p > 2.

It is easy to verify that for any prime p > 2 we have

% < a(N,p) < % (102)
Consider £ = L(N,p). We shall prove that for p > 2 we have
L£L<A(p—1)? (103)
and .
‘C - p2| < 30p2. (104)

Suppose that the integers by, ..., by satisfy
b2+ -+ b2 =N (mod p), bibobsby +1 =0 (mod p).

From the second of these congruences we conclude that by = —b1bobs (mod p),
hence £ is equal to the number of triples by, ba, b3 € {1,2,...,p — 1} satisfying

b2 + b3 + b3 + b1b2b32 = N (mod p),
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or equivalently,
b1b3b3 (b7 + b3 + b3 — N) +1=0 (mod p). (105)

For fixed by, by there are at most 4 admissible values of b3, hence (I03) is correct.
Using the definition of W(N, p) given by (34]) as well as (I02)), (I03) we estab-
lish ([@9).
To establish ([I00) we first prove ([I04) in the following elementary way. For any
integer a the number of solutions of 2 = a (mod p) is equal to 1+ (%), SO we may
write

% () ) ()

ay,az2,a3 (p)*
where the summation is taken over variables aq, as, a3 satisfying
arasas (ay +az+az3—N)+1=0 (mod p). (106)

It is clear that
L=L1+3Lo+3L3+ Ly, (107)

where £ is the number of solutions of (I06)),

fo¥ (3) en s () a-x (5)

ay,az,a3 (p)* ai,az,az (p)”

(108)
Consider £4. We use the identity

h if
s@-fun -
P P otherwise
and find

Ly = 1 Z (alaza?,)e<h(a1a2a3(a1—I—ag—l—ag—N)—l—l)) '

p p

h,a1,az2,a3 (p)*

For fixed ag, ag, h we change the variable a; to a4, where ajasas = ay (mod p).
We find

£t > <%>e<h(a4(m(z4+a2+a3_m+1)>_

p p

h,az,a3,a4 (p)*
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Next we change the variable h to ¢, where h = ast (mod p), and use @) to get

L= 1 Z <%) . (t (a_gai + a4a3 + (azaq — agN + 1)a2)>

p p p

t,az,a3,a4 (p)*

_ 1 3 (“_4) e <t“_3“i> (G(p, tas, t(azas — asN + 1)) — 1).

p t,a3,a4 () p p

Clearly, the contribution of the term —1 in the brackets above vanishes. There-
fore, using () we find

1= G(p,1) Z (E) . (t (azai — das(azas — agN + 1)2)> |

p p p

t,az,a4 (p)*

We write the summation over ¢ inside and applying () and (III) we find

£y — G2(p, 1) Z <a_3a2 —4day(azas — ayN + 1)2)

P asan o P
p—1 ay 4agai — a3(azas — agN + 1)2>
= (—1)2 i .
T ($)2( ;
as (p) as (p)

We estimate the character sum over a3 using (I7) and find that its modulus does
not exceed 3,/p. Hence we obtain

|La] < 3p5. (110)
Consider now L3. From (@), (I06]), (I08) and (I09) we find
Z (alag)e(h(alagag(al + as —I—a:;—N)—I—l))
p p

h,a1,a2,a3 (p)*

_1 > (a;“"’) e (%) (G(p, hayag, hayay(ay + az — N)) — 1).

h,a1,a2 (p)*

L3 =

1
p

Clearly, the contribution of the term —1 in the brackets above vanishes. Now
we apply (@) to find

_ Gl R (0 (1 =Taiaz(ar + 0> — N)?)
6= 5 () p )

hyar,as (p)*
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We insert the summation over h inside and use (I]) to get

Ly = Gz(;),l) Z <1 —Zalag(a;—i— ao —N)2> .

ai,az (p)*

Applying ([IT) for the sum over as and having also in mind ([B) we obtain
|C3] < 3p%. (111)
In the same manner we consider £ and find
2] < 3p%. (112)
It remains to study £,. We use ([I09) and find

1 (a1azas(a; +as+a3 — N)+1
L= = Z Z ( 1aza3(aq 2 3 ) )>

ai,az,a3 (p)* h p

= (p_pl) +A, (113)

where

A:l Z e<h(a1a2a3(a1—|—a2+a3—N)—I—l))'

p

h,a1,a2,a3 (p)*

Now we apply @), (@) and () to get

A = 1 Z e (%) (G(p, hayaz, hayaz(ay + az — N)) — 1)

p

h,a1,az2 (p)*
— G(p, 1) Z (hCL16L2> . h (1 — Zalag(al + as — N)Z) N (p _ 1)2
Py (p)* p p P
,ai,az (p)
) g (molianl e N o1
a1,a2 (p)* P p

We estimate the sum over ay using (7)) and having in mind (@) we get
IA| < 4p2. (114)

From (I07), (I1I0)-({I14) we obtain (I04]).
The inequality (I00) for ¥(N,p) follows from B4, (I02) and (0.
It remains to prove (IOT). From B4), B5) and (I04) we see that

2 3

p°+ O(p2) 1 ( 1 )

W(N,p) = 40 (115)
pP(1+ ,1‘7)(1 - p1+£1p<N>) p p2
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with an absolute constants in the O-terms. We apply Mertens’s prime number
theorem (see |6 Ch. 22]) and after some simple calculations, which we leave

to the reader, we establish (IOT)).

3.5. End of the proof of Theorem [I]

Here we use the terminology and results from [4, Ch. 12].
We write the quantity P(z) given by ([27) in the form

P(z) = Cy P*(2),

Co= [ » Px=1]] »

2<p<1000 1000<p<z

where

Suppose that
1
D=N° —
, 0<é< 13
and let A(d) be the lower bound Rosser weights of level D, hence
IMNd)| <1; Md)=0 for d>D or p*(d)=0.

Then for the sum T, defined by (28]), we have

r = Z w(zy) ... .w(xy) Z w(0) Z w(t)

z?+ai+ta2+al=N Sl(zrz2w3za+1,Co) tl(z1z2T3T4+1,P*(2))
> Z w(zy) ... w(zy) Z 1(9) g A(t)
m%-l—xg{—mg—i—:pi:N Sl(zrzow3za+1,Co) tl(z1az20374+1,P*(2))

Now we change the order of summation and find
r>>Y o
d|P(z)
where F(N,d) is defined by ([B0) and
o) = 3 uldAD)

51Co

t| P (2)
st=d
We apply (37) and (I20) and find that
r Z F1 + R?
where
Iy =) 0(d)M(N,d), R=>» 0(d)R(N,d).
d|P(z) d|P(z)

0

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)
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From (I19) and ([IZ1I]) we see that 6(d) < 1 and also that 6(d) is supported
on the set of squarefree odd integers d < CyD. Therefore using Lemma 2] we get

R <" pAd)|R(N,d)| < N3 42(d) L(N, d).

d<CoD d<CoD
24d 24d

Having in mind (I04) we see that for any squarefree odd d we have
LN, d) <] (1 + 30p—%) < d*r(d).
pld
Hence using (II8)) we get

R<D?Nite« ———. (124)
log® N
Consider now the sum I';. Using ([B1]) we write it as
F1 = %NG(N) FQ, (125)

where
Iy => 60(d)¥(N.d
d|P(z)

Using the muptiplicativity with respect to d of ¥ (N, d) and having in mind (I21))
we find

Iy = Z 1(O)A()U(N, 6t) = I'3 'y, (126)
5|Co
t|P*(z)
where
Do =Y u(0) U(N.G). Ti= Y A0
51Co t|P*(z)
Using ([@9) and (II7) we find
Iy = [[ A-9¢W,p)>1, (127)
2<p<1000

where the constant in Vinogradov’s symbol is absolute.
Consider now I'y. We apply the lower bound linear sieve and having in mind
the properties of W(N,d) mentioned in Lemma [3 we obtain

Ly > 11(2) (£(s0) + O((log D) %)) (128)
where
N(z) = [[ (1—w(NV,p), (129)
1000<p<z
0= ll‘z)ggf - % (130)
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and where f(s) is the lower function of the linear sieve, for which we know that

f(s) =2e7s log(s — 1) for se€(2,3) (131)
(v is the Euler constant).
We choose . )
n=g; 107 d=5-10 (132)
Then from 27), (I15) and [@32)) it follows that
(z) < (logz)~* =< (log N) L. (133)

On the other hand from ([I30) and ([I32) we find sp € (2,3) and having in mind

([I31) we find that
f(s0) > 0. (134)

From (I8, (I28), (I33) and (I34) we find
I'y> (logN)™!

and having also in mind @F)), (122), (124)-([27) we obtain (29). It remains

to notice that for the number n given by (I32) we have 48 < % < 49 and the
theorem is proved.
U
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