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SUBGROUPS OF FINITE ABELIAN GROUPS
HAVING RANK TWO VIA GOURSAT’S LEMMA

LAszLO TOTH

ABSTRACT. Using Goursat’s lemma for groups, a simple representation and the
invariant factor decompositions of the subgroups of the group Z, X Z,, are dedu-
ced, where m and n are arbitrary positive integers. As consequences, explicit
formulas for the total number of subgroups, the number of subgroups with a given
invariant factor decomposition, and the number of subgroups of a given order are
obtained.

1. Introduction

Let Z.,, denote the additive group of residue classes modulo m and consider
the direct product Z,, x Z,, where m,n € IN := {1,2,...} are arbitrary. Note
that this group is isomorphic to Zged(m,n) X Zicm(m,n)- If ged(m,n) = 1, then
it is cyclic, isomorphic to Z,,. If gecd(m,n) > 1, then Z,, x Z,, has rank two.
We recall that a finite abelian group of order > 1 has rank r if it is isomorphic
t0 Zip, X -+ - X Ly, , where ny, ..., n, € N\{1} and n; | nj41 (1 < j <r—1), which
is the invariant factor decomposition of the given group. Here the number r is
uniquely determined and represents the minimal number of generators of the
group. For general accounts on finite abelian groups see, e.g., [10], [14].

In this paper we apply Goursat’s lemma for groups, see Section 2 to de-
rive a simple representation and the invariant factor decompositions of the
subgroups of Z,, x Z,, (Theorem [BI]). These are new results, as far as we know.
Then, we deduce as consequences, by purely number theoretical arguments,
explicit formulas for the total number of subgroups of Z,, x Z,, (Theorem [1]),
the number of its subgroups of a given order (Theorem A3]) and the number
of subgroups with a given invariant factor decomposition (Theorem 5 which
is another new result). The number of cyclic subgroups (of a given order) is
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also treated (Theorems and [L7). Furthermore, in Section [l a table for the
subgroups of the group Zi, X Zg is given to illustrate the applicability of our
identities.

The results of Theorems [T and B3] generalize and put in more compact forms
those of G. Calugareanu [, J. Petrillo [13] and M. Tarnauceanu
[15], obtained for p-groups of rank two, and included in Corollaries and 41
We remark that both the papers [4] and [I3] applied Goursat’s lemma for groups
(the first one in a slightly different form), while the paper [I5] used a different
approach based on properties of certain attached matrices.

Another representation of the subgroups of Z,, X Z,, and the formulas
of Theorems 411 and 6] but not Theorem (1] were also derived in [7]
using different group theoretical arguments. That representation and the for-
mula of Theorem [Z.]] was generalized to the case of the subgroups of the group
L% Linyx L (m,n,r € N) [§], using similar arguments, which are different from
those of the present paper.

Note that in the case m = n the subgroups of Z,, X Z,, play an important role
in the field of applied time-frequency analysis (cf. [7]). See [LI] for asymptotic
results on the number of subgroups of Z,, X Z,,.

Throughout the paper we use the following standard notations: 7(n) is the
number of the positive divisors of n, ¢ denotes Euler’s totient function, u is the
Mobius function, * is the Dirichlet convolution of arithmetic functions.

2. Goursat’s lemma for groups

Goursat’s lemma for groups [6, p. 43-48] can be stated as follows:

PRrROPOSITION 2.1. Let G and H be arbitrary groups. Then there is a bijec-
tion between the set S of all subgroups of G x H and the set T of all 5-tuples
(A,B,C,D,¥), where BIA < G, DIC < H and ¥ : A/B — C/D is
an isomorphism (here < denotes subgroup and < denotes normal subgroup).
More precisely, the subgroup corresponding to (A, B,C, D, W) is

K ={(g,h) € Ax C:¥(yB) = hD}. (1)

COROLLARY 2.2. Assume that G and H are finite groups and that the sub-
group K of G x H corresponds to the 5-tuple (Ax, Br,Ck, D, V) under this
bijection. Then one has |Ak| - |Dk| = |K| = |Bk| - |Ck].

For the history, proof, discussion, applications and a generalization of Gour-
sat’s lemma see [1, [2], [B], [9], [12], [L3]. Corollary 2.2]is given in [5, Cor. 3].
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3. Representation of the subgroups of Z,, x Z,

For every m,n € IN let
5 a ¢ a a
m,n = s Uy &y Uy : ) ) ) y T T S_7 s ) — .
I, {(abcdﬁ)E]N a|mb|ac|nd|cb dé bgcd(é ) 1} (2)

Using the condition a/b=c/d

we deduce
lem(a, ¢) = lem(a, ad/b) = lem(ad/d, ad/b) = ad/ ged(b, d).
That is, ged(b, d) - lem(a, ¢) =ad. Also, ged(b,d) | lem(a, c).
For (a,b,c,d,l) € Jp, n define
n

Kapedr = {(z%z@% +jd) 0<i<a-1,0<j<d— 1}. (3)

THEOREM 3.1. Let m,n € IN.

i) The map (a,b,c,d,l) — Kqpear is a bijection between the set J, , and
the set of subgroups of (Zy X Zin, +).
ii) The invariant factor decomposition of the subgroup Ko p cd.¢ is
Ka7b7c7d,€ = chd(b,d) X Zlcm(a,c)- (4)
iii) The order of the subgroup Kqp.ca.¢ is ad and its exponent is lem(a, ¢).

iv) The subgroup Ko pc.a,e ts cyclic if and only if ged(b, d) = 1.

305Gy

Figure 1 represents the subgroup Ks 218,61 of Z12x Z1s. It has order 36 and
is isomorphic to Zs X Zsg.

17 - . . . ° . . . . . °
16 - . ° . . . . . °
15 e . . . . . ° . . . .
14 - . . . ° . . . . . °
13 - . ° . . . . . °
12 e . . . . . ° . . . .
11 . . . . ° . . . . . °
10 - . ° . . . . . °
9 e ° .
8 . ° . . °
7 ° . . . °
6 e . . ° .
5 . . . °
4 ° . . °
3 e . ° .
2 . . . . .
1 ° . . °
0 e . . . . . ° . . . . .
0 1 2 3 4 5 6 7 8 9 10 11
FIGURE 1.
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Proof. i) Apply Goursat’s lemma for the groups G = Z,, and H = Z,.
We only need the following simple additional properties:

e all subgroups and all quotient groups of Z,, (n € IN) are cyclic;

e for every n € IN and every a | n, a € IN, there is precisely one (cyclic)
subgroup of order a of Z,;

e the number of automorphisms of Z,, is ¢(n) and they can be represented
as f: Zyp — L, f(x) =Lz, where 1 < ¢ <mn, ged(l,n) = 1.

With the notations of Proposition 2] let |A| = a, |B| =b, |C| =¢, |D| =d,
where a | m, b| a, ¢ | n, d | c. Writing explicitly the corresponding subgroups
and quotient groups we deduce:

A= (m/a) = {0,@,2m,...,(a—1)ﬂ} < Do

a E a
m m m
B = (m/b) = {0,?,2?, ,(b—1)?} < A,
A/B:<%+B _{B,%+B,2E+B, ,(%—1) ;—I—B},

and similarly

n n n
Dol -1l <z,
20 (e )C}_
n n n

— — — — .. — — <

D= (n/d)={0,2.2%.....(d 1)d}_c,

n n n C n
C/D_<Z—|—D>_{D,E+D,2 + D, ,(——1)E+D}.

Now, in the case a/b=c/d the values of the isomorphisms ¥: A/B— C/D are
v(iZ4B) =i +D,  0<i<Z-n,
a c b

where 1 < /¢ < a/b, ged(¢,a/b) = 1. Using ([l) we deduce that the corresponding
subgroup is

K={(2 k%) caxciu (i B) =k D}
a C a C
_{(z@,kﬁ) ;ogiga—Logkgc—1,fwﬁ+D_kﬁ+D},
a C C C

where the last condition is equivalent, in turn, to kn/c = iln/c (mod n/d),
k =il (mod ¢/d), and finally k = il + jc/d, 0 < j < d — 1. Hence,

K:{(ﬂ,(wﬂ'f)ﬁ):03i§a—1,0§j§d—1},
a d/ ¢

and the proof of the representation formula is complete.

96



SUBGROUPS OF FINITE ABELIAN GROUPS HAVING RANK TWO

we deduce the exponent of K, p 4.0 According to [B) the subgroup Kgpcd.e
is generated by the elements (0,n/d) and (m/a,fn/c). Here the order
of (0,n/d) is d. To obtain the order of (m/a,¢n/c) note the following properties:

(1) m | r(m/a) if and only if m/gced(m,m/a) | r if and only if a | r, and
the least such r € IN is a,

(2) n | t(fn/c) if and only if n/ged(n,fn/c) | t if and only if ¢/ ged(4,c) | t,
and the least such ¢ € N is ¢/ ged(¥, ¢).

Therefore the order of (m/a,fn/c) is lem(a,c/ged(4,c)). We deduce that
the exponent of Kg pcar is

C C
1 1 — ¢ ) =1 ¢
o (d’ em (o ot >) em (0, i)

| ac ac ac ac
= ICInN _ =
ac/d’ ¢ aged(l,c) ged(ac/d, e, aged(l, c))

ac ac
~ ged(c,aged(c/d, ged(¢,c)))  ged(e, aged(l, ged(c/d, c)))
ac a“o - lem(a, c),

B ged(e, aged(d, ¢/d)) B ged(a, ¢)
using that ged(¢, ¢/d) = 1, cf. ).

Now K p.c.d.e is a subgroup of the abelian group Z,, x Z,, having rank < 2.
Therefore, K p.c.q.0 has also rank < 2. That is,

Ka,b,c,d,f =~ Zu X Z’U

for unique w and v, where u | v and uwv = ad. Hence the exponent of K, p c.a.¢
is lem(u, v) = v. We obtain

v=1Iem(a,c¢) and u = ad/lem(a,c) = ged(b,d).
This gives ().

iv) Clear from ii). This follows also from a general result givenin [2, Th. 4.2].
U

Remark 3.2. One can also write K, 4 ¢ q.¢ in the form
{(z@,z‘ﬂ +j5)0<i<a—1Gi<j<jitd- 1},
a’ ¢ d
where j; = —|ild/c|. Then for the second coordinate one has

o<t 4% <n-1
c d

for every given ¢ and j.
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4. Number of subgroups

According to Theorem B the total number s(m,n) of subgroups of Z,, x Z,
can be obtained by counting the elements of the set J,, ,,, which is now a purely
number theoretical question.

THEOREM 4.1. For every m,n € IN, s(m,n) is given by

s(m,n) = 3 ged(i, j) (5)

ilm.jln

- 5 s (3) (3) o

t|ged(m,n)

s(men) = [Tl =357 3 0. (7)

alm c|n a/b=c/d=e

bla dlc

Proof. We have

Let m = ax, a = by, n = cz, ¢ = dt. Then, by the condition a/b = ¢/d = e
we have y = t = e. Rearranging the terms of (),

stmon) =" > ¢le)=>_ > ¢le)

bre=m dze=n ir=m be=g

jz=n de=j

=Y D dle) =) ged(i, j), 8)
ilm e|ged(i,7) ilm
jln jln

finishing the proof of (B). To obtain the formula (@) write (8) as follows:
s(myn) =) ¢le)y 1= dle)r(k)r(()
b=k

ek=m ek=m
el=n dz=/{ el=n
-5 wor(2)1 (2).
& (&
elged(m,n) 0

Note that ([l is a special case of an identity deduced in [3] by different argu-
ments.

COROLLARY 4.2 ([], [13 Prop. 2], [15, Th. 3.3]). The total number of subgroups
of the p-group Zpa x Ly (1 < a <b) of rank two is given by

s p¥) = (b—a+1)p*t2—(b—a— zl))pjﬁl); (a+b+3)p+(a+b+ 1)' ()

Now consider ss(m, n), denoting the number of subgroups of order ¢ of Z.,,,xZ,,.
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THEOREM 4.3. For every m,n,d € N such that | mn,

ij
._§:¢<3). (10)
i|ged(m,0)
Jlged(n,d)
§lij
Proof. Similar to the above proof. We have

=20 dee=>, >, D=3 ) dl

alm c|n a/b=c/d=e bre=m dze=n bde=0 ix=m be=i
bla dlec ad=bc=45 jz=n bcfie jé
€

where the only term of the inner sum is obtained for e = ij/§ provided that
d]ij,i|0 and j | 0. This gives ([I0). O
COROLLARY 4.4 ([I5, Th. 3.3]). The number of subgroups of order p° of the
p-group Zye X Ziy (1 < a <b) is given by

c+171

P c<a<b
p—1 = =Y
s ) =4 a<e<b, (11)

a+b7c+171

=l a<b<c<a+h

The number of subgroups of Z,,, X Z,, with a given isomorphism type Z 4 X Zp
is given by the following formula.

THEOREM 4.5. Let m,n € N and let A,B € N such that A | B, AB | mn.
Let A | ged(m,n), Then the number N4 g(m,n) of subgroups of Zy,x Z,,, which
are isomorphic to Ziax Zip is given by

Nasmn) =3 6 (42). (12)

i|lm,j|n
ABlij
lem(z,5)=B
If At ged(m,n), then Na g(m,n) = 0.

Proof. Using Proposition B/ ii) we have

Na,g(m,n) ZZ Zcﬁ

alm cln a/b=c/d=e
bla dlc ged(b,d)=A
lem(a,c)=B
Here the condition ged(b,d) = A implies that A | m and A | n. In this case

Napmm=3 2 9} =2, ), 2 4

bre=m ged(b,d)=A ix=m be=i bde=A
dze=n " pde=AB Jz=n de=j ged(b,d)= =
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where the only term of the inner sum is obtained for e = ij/(AB) provided that
AB |ij,i| AB and j | AB. 0

Remark: It is also possible that N4 g(m,n) = 0 even when all the conditions
in the hypotheses are satisfied, e.g., see the Table in Section Bl

From the representation of the cyclic subgroups given in Proposition B/ iv)
we also deduce the next result.

THEOREM 4.6. For every m,n € IN the number ¢(m,n) of cyclic subgroups

of Zipy, X Ly, is
c(m,n) = ¢(ged(i, j)) (13)
ilm,jln
=Y (w7 (2)7(5)- (14)
tlged(m,n)

Proof. Similar to the above proofs, using that for the cyclic subgroups one has
ged(b,d) = 1. O

Let ¢s(m,n) denote the number of cyclic subgroups of order § of Z,, X Z,,.

THEOREM 4.7. For every m,n,d € N such that 6 | mn,

cs(m.n) =Y ¢(ged(i, 5)).
ilm,j|n

lem(4,5)=4

Proof. This is a direct consequence of (I2]) obtained in the cases A = 1 and
B=4. 0

In the paper [7] the identities (&), @), (I0), (I3) and (I4) were derived us-

ing another approach. The identity ([I3]), as a special case of a formula valid
for arbitrary finite abelian groups, was obtained by the author [16], [17] using
different arguments. Finally, we remark that the functions (m,n) — s(m,n)
and (m,n) — c(m,n) are multiplicative, viewed as arithmetic functions of two
variables. See [7], [18] for details.

5. Table of the subgroups of Zs x Zs

To illustrate our results we describe the subgroups of the group Zis x Zs
(m = 12, n = 18). According to Proposition L5 there exist subgroups isomor-
phic to Zax Zp (A | B) only if A | ged(12,18) = 6, that is

Ae{1,2,3,6} and AB|12-18=216.
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TABLE 1. Table of the subgroups of Zis X Z13.

Total number subgroups 80
Number subgroups order 1 1 || Number subgroups order 18 12
Number subgroups order 2 3 || Number subgroups order 24 4
Number subgroups order 3 4 || Number subgroups order 27 1
Number subgroups order 4 3 || Number subgroups order 36 12
Number subgroups order 6 | 12 || Number subgroups order 54 3
Number subgroups order 8 1 || Number subgroups order 72 4
Number subgroups order 9 4 || Number subgroups order 108 3
Number subgroups order 12 | 12 || Number subgroups order 216
Number cyclic subgroups 48 || Number noncyclic subgroups 32
Number subgroups ~ Z; 1 || Number subgroups ~ Zso x Zs 1
Number subgroups =~ Zs 3 || Number subgroups ~ Ziy X Z.4 1
Number subgroups =~ Zs 4 || Number subgroups >~ Zy X Zg 4
Number subgroups =~ Z4 2 || Number subgroups >~ Zy x Z15 | 4
Number subgroups =~ Zg 12 || Number subgroups =~ Zis X Z1g | 3
Number subgroups =~ Zq 3 || Number subgroups =~ Zis X Zisg | 3
Number subgroups =~ Z1o 8 || Number subgroups =~ Z3 X Zs 1
Number subgroups =~ Zg 9 || Number subgroups ~ Z3 X Zg 3
Number subgroups =~ Zsg 6 || Number subgroups ~ Z3 X Zg 1
Number subgroups =~ Zs x Zi12 | 2
Number subgroups ~ Zi3 x Z1g | 3
Number subgroups ~ Zs X Zsg | 2
Number subgroups =~ Zig X Zg 1
Number subgroups =~ Zig X Zi1o | 1
Number subgroups ~ Zg X Z1s | 1
Number subgroups =~ Zg X Z3zs | 1
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