Tatra Mt. Math. Publ. 31 (2005), 123–129 tm

Mathematical Publications

AN ERGODIC THEOREM OF ARITHMETIC TYPE

Michel Weber

ABSTRACT. Let d(n) be the divisor function. Let X1, X2, . . . be a sequence of centered iid random variables. We obtain strong laws of large numbers for the

sums

NP_{n=1 d(n)Xn . Let τ be any ergodic endomorphism of the torus T. We also}

establish a universal ergodic theorem, which in particular implies for any square integrable function f , that

limN!1

NP_{n=1 �d(n) f ffi τ n(x)}

NP_{n=1 d(n)}^{= 0 ,}

for almost all x, where the random signs are independent.

1. Introduction and results

Let d(n) = #{d : d|n} be the divisor function. Let T = [0, 1[ = R/Z be the torus equipped with the normalized Lebesgue measure m. Let also X = {X, X_1, X_2, . . . } be a sequence of centered, independent random variables. We are interested in what follows in the study of the weighted sums N∑ n=1 d(n)X_n , N∑ n=1 d(n)X_nT^nf , (1)

N = 1, 2 . . . , where for the second sums f ∈ L^1(m), T f = f ∘ τ , and τ is any ergodic endomorphism of (T, m).

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 60F15, 37A05, 11A25; Secondary 28D05, 60G50.

K e y w o r d s: divisor function, strong laws of large numbers, weighted sums of iid random variables, weighted ergodic means, arithmetical weights.

Theorem 1. Let X be any iid sequence of centered, square integrable random

variables. Then, for any b > 3/2

lim sup N→∞ N∑ n=1 d(n)X_n (_N ∑ n=1 d^2(n) )_{1/2} log^b (_N ∑ n=1 d^2(n)

)^{a.s.}= 0 .

This result will be deduced from a more general statement. Recall a useful notion ([KSZ] see also [We1] par. 7.4) from the theory of orthogonal series. Let (T, C, τ ) be some probability space and consider a sequence (f_n) of elements of L^2(τ ). Let a_{j,k} = ∫ T f_j f_k dτ . A system of functions {f_n : n ¿ 1} such that

the quadratic form defined on ℓ_2 by: (x_n)_n → ∑ h,k a_{h,k}x_hx_k is bounded, is said

quasi-orthogonal. Say also that a sequence c = (c_k)_k ∈ ℓ_2 is universal , when the series ∑ n c_nψ_n converges almost everywhere for every orthonormal system of functions (ψ_n)_n . According to Schur’s Theorem [O, p. 56], if c is universal, then the series ∑ c_nf_n converges almost everywhere for any quasi-orthogonal system of functions (f_n). It follows from Rademacher–Menchov Theorem, that we can choose c_k = k^{−1/2}(log k)^{−b} with b > 3/2.

Theorem 2. Let {f_n : n ¿ 1} be a quasi-orthogonal system of functions.

Then, for any b > 3/2

lim sup N→∞ N∑ n=1 d(n)f_n (_N ∑ n=1 d^2(n) )_{1/2} log^b (_N ∑ n=1 d^2(n)

)^{a.s.}= 0 .

Now, we turn to the study of the ergodic sums in (1) and are going to prove the following result.

Theorem 3. Let (X_k )_{k∈N} be a sequence of iid symmetric, square integrable

random variables defined on a probability space (Ω, B, P) and let p_n = n^s where s is some positive integer. Finally, let δ > 7. Then, there exists a (universal) P-null set N^∗ ∈ B such that for each ω ∈ Ω \ N^∗ , for any probability space (X, F, μ), any contraction T on L^2(μ), any f ∈ L^2(μ), the series ∞∑ n=1 d(n)X_n(ω) n^{1/2} log^{δ/2} n T^{pn} f(x) , converges μ-almost surely. And, in particular

lim N→∞ N∑ n=1 d(n)X_n(ω) T^{pn} f(x) N∑ n=1 d(n) = 0 ,

μ-almost surely.

The last assertion, when applied to sequences of independent random signs, shows that there is a universal set of random signs such that for any probability space (X, F, μ), any contraction T on L^2(μ), any f ∈ L^2(μ),

lim N→∞ N∑ n=1 ±d(n) T^{pn} f(x) N∑ n=1 d(n) = 0 , (2)

μ-almost surely.

2. Preliminary lemmas

Recall first some useful estimates concerning the divisor function.

Lemma 4. As N tends to infinity, N∑ n=1 d(n) ∼ N log N, N∑ n=1 d^2(n) ∼ ( N π^2 ) log^3 N.

This follows respectively from Eq. 18.2.1 p. 263 of [HW] and Eq. (B) p. 81 of [R] (see [Wi] for a proof). The next Lemma is a particular case of Corollary 1.5 from [We2].

Lemma 5. Let 1 < p < ∞ and consider a sequence {ξ_n : n ¿ 1} such that for

any 1 6 i 6 j < ∞ E | | | | j∑ n=i ξ_n | | | | p 6^{j∑}_{n=i} m_n (5)

for some sequence of non negative reals {m_n : n ¿ 1} such that the series ∑ n m_n diverges and note M_N =^N ∑ n=1 m_n . If log M_N m_N = O(log M_N ) , then ‖ ‖ ‖ ‖ ‖ ‖ ‖ sup_N ¿1 | | | N∑ n=1 ξ_n | | | M^{1/p}_N log^b M_N

‖ ‖ ‖ ‖ ‖ ‖ ‖_p < ∞ and 1 M^{1/p}_N log^b M_N N∑ n=1 ξ_n^{a.s.}−→ 0 . (6)

For the proof of Theorem 3, we need the following lemma which is taken from

[BW] (see Theorem 3.1).

Lemma 6. Let (W_k)_{k∈N} be a sequence of independent, symmetric, square

integrable random variables defined on a probability space (Ω, B, P) and let

(p_n)_{n∈N} be an increasing sequence of positive integers. Suppose that there exist

integers 0 := N_0 < N_1 < N_2 < . . . such that the following condition is satisfied: ∞∑ i=0 √ log ( p_{Ni+1} ) E (_{Ni+1} ∑ k=N_i+1 | |W_k | |^2

) 1_2 < ∞ . (7) Then there exists a (universal) P-null set N^∗ ∈ B such that for each ω ∈ Ω\N^∗ ,

for any probability space (X, F, μ), any contraction T on L^2(μ), any f ∈ L^2(μ),

if we define ∀ω ∈ Ω , ∀x ∈ X , ∀n ≥ 1 , S_n(ω, x) = n∑ k=1 W_k(ω) T^{pk} f(x) , (8)

the sequence ( S_{Nk} (ω, ·) ) k¿1^{converges μ-almost surely.}

If, in addition to condition (7), we assume ∑ k min log^2 (N_{k+1} − N_k) log p_{Nk+1} (_{Nk+1} ∑ j=N_k+1 E ( W^2_j ) ) , E (_{Nk+1} ∑ j=N_k +1 | |W_j | | )_2 < ∞ , (9) then, there exists a (universal) P-null set N^∗ ∈ B such that for each ω ∈ Ω\N^∗ ,

for any probability space (X, F, μ), any contraction T on L^2(μ), any f ∈ L^2(μ),

the sequence (S_n)_n¿_1 converges μ-almost surely.

3. Proofs

P r o o f o f T h e o r e m s 1 a n d 2. Since {f_n : n ≥ 1} is a quasi-ortho-

gonal system, there exists a number B such that for any 1 6 i 6 j < ∞, E | | | | ∑ i6n6j^{d(n)fn} | | | | 2 6 B^∑_{i6n6j}d^2(n) . (10)

Apply Lemma 5 with p = 2, m_n = d^2(n). As m_n ¿ 1, we have log^{MN}_{mN} 6 log M_N and the condition of Lemma 5 is satisfied. We get

lim sup N→∞ N∑ n=1 d(n)f_n (_N ∑ n=1 d^2(n) )_{1/2} log^b (_N ∑ n=1 d^2(n)

)^{a. s.}= 0 , (11)

as claimed in Theorem 2. Theorem 1 then follows as well.

P r o o f o f T h e o r e m 3. We apply Lemma 6 with the choices N_k = 2^k, p_k = k^s, W_k =^{d(k)Xk}

k1^/2 log^{δ/}2 k . Then, ∑ k log^2(N_{k+1}−N_k) log p_{Nk+1} (_{Nk+1} ∑ j=N_k+1 E ( W^2_j ) )

6 C^(EX^2_1^{) ∑}_k k^3 ( ∑ 2^k<j62^{k+1}

d(j)^2

j log^δ j )

(by Lemma 4) 6 C ( EX^2_1 ) ∑ k k^{3−δ} 1 2^k ( ∑ j62^{k+1}

d(j)^2 ) 6 C^(EX^2_1^{) ∑}_k k^{6−δ} < ∞ ,

since we have assumed δ > 7. Here C denotes some constant depending on s only. Hence condition (9) is satisfied. Now, ∞∑ k=0 √ log(p_{Nk+1} ) E (_{Nk+1} ∑ j=N_k +1 |W_j |^2 ) 1_2

6 C^{∞∑}_{k=0} k^{1/2} ( ∑ 2^k <j62^{k+1} E|W_j|^2 )_{1/2}

6 C^(EX^2_1^{)1/2 ∞∑}_{k=0} k^{1/2} ( ∑ 2^k <j62^{k+1}

d(j)^2

j log^δ j )_{1/2}

6 C^(EX^2_1^{)1/2 ∞∑}_{k=0} k^{(1−δ)/2} ( 1 2^k ∑ j62^{k+1}

d(j)^2 )_{1/2}

(by Lemma 4) 6 C ( EX^2_1

)_{1/2}^∞∑ k=0 k^{(4−δ)/2} < ∞ .

Condition (7) is also satisfied, and Lemma 6 thus applies. This implies that on some universal set of ω ’s, the series ∞∑ n=1 d(n)X_n(ω) n^{1/2} log^{δ/2} n T^{pn} f(x) , converges μ-almost surely. By the Kronecker Lemma

lim N→∞ N∑ n=1 d(n)X_n(ω) T^{pn} f(x) N^{1/2} log^{δ/2} N

= 0 ,

μ-almost surely. And then by the first estimate in Lemma 4,

lim N→∞ N∑ n=1 d(n)X_n(ω) T^{pn} f(x) N∑ n=1 d(n) = 0 ,

μ-almost surely. The proof is now complete.

Concluding remark. One may ask whether a weighted strong law of large numbers, with weights d(n) holds in L^1 . According to Theorem 4 in [JOP] and in view of Lemma 4, this holds if and only if the following condition is fulfilled:

lim sup t→∞ 1 t # { n : n log n

t 6 d(n)^} < ∞ . (12)

This question will be examined elsewhere.

REFERENCES

[BW] BOUKHARI, F.—WEBER, M. : Almost sure convergence of weighted series of contractions, Illinois J. Math. 46 (2002), 1–21.

[HW] HARDY, G. H.—WRIGHT, E. M. : An Introduction to the Theory of Numbers, Oxford at the Clarendon Press, Fifth ed., 1979.

[JOP] JAMISON, B.—OREY, S.—PRUITT, W. : Convergence of weighted averages of independent random variables, Z. Wahrscheinlichkeitsth. 4 (1965), 40–44.

[KSZ] KAC, M.—SALEM, R.—ZYGMUND, A. : A gap theorem, Trans. Amer. Math. Soc. 63 (1958), 235–243.

[O] OLEVSKII, A. M. : Fourier Series with Respect to General Orthogonal Systems, Ergeb.

Math. Grenzgeb., Band 86, Springer-Verlag, Berlin, 1975.

[R] RAMANUJAN, M. : Some formulae in the analytic theory of numbers, Messenger of Math. 45 (1916), 81–84.

[We1] WEBER, M. : Entropie métrique et convergence presque partout, in: Coll. “Travaux en Cours”, Vol. 58, Hermann, Paris, 1988.

[We2] WEBER, M. : Uniform bounds under increment conditions, Trans. Amer. Math. Soc.

358 (2006), 911–936.

[Wi] WILSON, B. M. : Proofs of some formulae enunciated by Ramanujan, Proc. London Math. Soc. 21, 235–255.

Received November 15, 2004 UFR de Mathématique (IRMA) Université Louis-Pasteur et CNRS 7 rue René Descartes F–67084 Strasbourg Cédex FRANCE E-mail: weber@math.u-strasbg.fr