Tatra Mt. Math. Publ. 31 (2005), 39–54 tm

Mathematical Publications

SOME GENERALIZED VERSIONS OF THE CONDORCET JURY THEOREM

Rita Giuliano-Antonini

ABSTRACT. In the context of binary choice voting procedures, we prove some generalized version of the classical Condorcet Jury Theorem, concerning the behaviour of the probability of choosing the right alternative when the number of voters increases to 1.

1. Introduction

Consider the following situation: a team of n voters has to make a binary choice; assume that one (and only one) of the alternatives is the correct one, and that the kth member of the team has a probability v_k (0 6 v_k 6 1) of identifying it (in technical language such a probability is also called competence.)

The team of voters takes its collective decision according to the majority rule: they choose the alternative which has received more than n/2 preferences.

Let P (n) denote the probability that the whole team chooses the right alternative. In the specialized literature (see [4] for instance), the Condorcet Jury Theorem is stated as follows: assume that v_k = p for all k ; then, if p > 1/2 and

n ¿ 3,_{1. P (n) > p, and}

2. lim_{n→∞} P (n) = 1.

In the current paper we shall be concerned in discussing point 2 above. We observe that the classical setting is somehow too restrictive in the following two senses:

(i) there are situations in which the individual competencies of the voters are not completely known, so that it is more realistic to consider them as random

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 91B12, 60F05, 40A05. K e y w o r d s: Condorcet Jury Theorem, weighted majority rule, Lyapunov’s Theorem, statistical convergence.

This paper is partially supported by MIUR, Italy.

variables V_k (in the sequel we shall denote random variables with capital letters, and real numbers with small letters); see [1] for some examples; (ii) the standard majority rule assigns the same importance to each voter; as a matter of fact, there are situations in which the individual votes do not “weigh” equally one to another: for instance the so called “expert rule” gives importance to one voter only (the expert of the team), but there are also intermediate cases: see [3] for an account on this topic.

Hence, in the general case a fruitful point of view is to assume that the members of the team adopt a “weighted majority rule” as their collective decision rule. This will mean that to the kth juror’s individual vote a weight W_k is attached and the alternative is chosen for which the sum of the obtained weights is greater than the analogous sum for the other one (according to this point of view, the classical majority rule gives unitary (=1) weight to each individual vote).

Note that the weight W_k is indicated with a capital letter since in many cases it will be considered as a random variable; we refer to our Example (2.6) below for more details on this point.

The first part of the present paper (Sections 1–4) deals with the behaviour of P (n) (the probability of making the right choice) in these more general settings, and is organized as follows: Section 2 contains the statement of our main result (Theorem (2.3)) for the case of random weights, along with some examples; in Section 3 we prove Theorem (2.3); Section 4 deals with the case of deterministic weights; the main results of Section 4 are Theorem (4.2) and Corollary (4.7).

The second part of the paper (Section 5) contains a more detailed study of the case of the standard majority rule. Here our results will be stated in terms of the concept of statistical convergence, recently introduced and studied in a series of paper (see [9] for an account). The use of statistical convergence is justified in Remark (5.6).

Acknowledgement. The author wishes to thank V. B a l á ž for suggesting the use of the notion of statistical convergence in the context of mathematical voting problems.

2. The random weighted Condorcet Jury Theorem

We adopt the following stochastic model: the decision of the kth voter is represented by the random variable

Z_k = { 1 if the kth voter chooses the right decision , 0 in the opposite case .

We assume that the competence of the kth voter is a random variable V_k (with P (0 < V_k < 1) = 1, for every k ); this means that, for each k , the conditional law of Z_k , given V_k = v has a Bernoulli density with parameter v ; in formulas

P (Z_k = 1|V_k = v) = v , P (Z_k = 0|V_k = v) = 1 − v . (2.1)

The above imply easily that each Z_k is Bernoulli with parameter E[V_k].

To the kth individual vote a random weight W_k is attached; we assume that there exists a number δ > 0 such that, for every k , the random variable W_k has finite absolute (2 + δ)th moment (i.e., E [ |W_k|^{2+δ} ] < +∞). We assume moreover that (Z_k, V_k, W_k) form a sequence of independent threedimensional random vectors. In particular, the fact that (Z_k) is a sequence of independent r. v.’s obviously means that none of the voters is influenced by or can influence other members of the team.

With these notations, the right (resp. wrong) alternative receives a cumulative vote equal to_n ∑ k=1 W_kZ_k ( resp. n∑ k=1 W_k(1 − Z_k) ) , and the right alternative is chosen if n∑ k=1 W_kZ_k > n∑ k=1 W_k(1 − Z_k) ,

or, equivalently, if_n ∑ k=1 W_k(2Z_k − 1) > 0 .

Hence, we are led to the formula P (n) = P (_n ∑ k=1 W_k(2Z_k − 1) > 0 ) . For technical reasons, our results will be stated in terms of the complementary probability Q(n) = P (_n ∑ k=1 W_k(2Z_k − 1) 6 0 ) . Put, for every integer k

μ_k = E [ W_k(2Z_k − 1) ] , σ^2_k = Var ( W_k(2Z_k − 1) ) , and, for every n,

x_n = − n∑ k=1 μ_k √_n ∑ k=1 σ^2_k

. (2.2)

In what follows the symbol Φ will indicate the probability distribution function of the standard gaussian law:

Φ(x) = x∫ −∞ 1 √ 2π exp(−t^2/2) dt .

The random weighted Condorcet Theorem is stated as follows:

(2.3) Theorem. Assume that at least one of the variables W_k(2Z_k −1) and at

least one of the variables |W_k| has non-degenerate distribution; assume moreover that the following condition holds n∑ k=1 E [ |W_k|^{2+δ} ] = o ((_n ∑ k=1 Var ( |W_k| ) )_{1+δ/2}) . (2.4)

Then we have lim_{n→∞} | |Q(n) − Φ(x_n) | | = 0 .

(2.5) Remark. Assumption (2.4) is for instance verified if

inf_k Var ( |W_k| ) > 0 and sup_k E [ |W_k|^{2+δ} ] < ∞ . The proof of Theorem (2.3) is postponed to the next section. Here we are concerned with illustrating it with some examples and applications.

(2.6) Example. An important particular case of the situation studied in (2.3) is frequently considered in the applied literature (see for instance [1] and [3]). Assume that the weights (W_k) are of the form

W_k = ϕ_k(V_k) ,

where (ϕ_k) is any sequence of measurable functions ϕ_k : R → R. This has the intuitive (and reasonable) meaning that each voter has at disposal a weight which depends on his own competence about the matter.

The most frequently encountered situation is when ϕ_k = ϕ, for every k , and the (V_k) are identically distributed with a common law ν . Assume that both the functions v → ϕ(v)(2v − 1) and v → |ϕ|(v) are not constant on Im V_1 (i.e., the laws of ϕ(V_k)(2V_k −1) and of |ϕ|(V_k) are non-degenerate); Assumption (2.4) is automatically satisfied: since E [ |ϕ|(V_1)^{2+δ} ] . = M < +∞, we have n∑ k=1 E [ |W_k|^{2+δ} ] = nM = o ( n^{1+δ/2} ) . The mean μ_k of E [ W_k(2Z_k − 1) ] in this case is given by E [ ϕ(V_k)(2Z_k − 1) ] = E [ E [ ϕ(V_k)(2Z_k − 1)|V_k ]]

= E [ ϕ(V_k)(2V_k − 1) ] = ∫ ϕ(v)(2v − 1) ν(dv) .= μ . Put σ^2 = Var|ϕ|(V_1) > 0. From (2.2) we get easily

lim_{n→∞} x_n = lim_{n→∞} − √ nμ σ^2 = −∞ if μ > 0 , 0 if μ = 0 , +∞ if μ < 0 ,

and, correspondingly, by applying Theorem (2.3) we find that

lim_{n→∞} Q(n) =

0 if μ > 0 , 1/2 if μ = 0 , 1 if μ < 0 .

We so discover that in this case only three values are allowed as limit of Q(n); moreover the value of such limit depends only on the sign of μ = E [ ϕ(V_1)(2V_1 − 1) ] . In particular, point 2 of the classical Condorcet Theorem holds for every ϕ such that

ϕ(v)(2v − 1) > 0 , for ν-almost every v ∈ (0, 1) . (2.7)

(2.8) Remark. In particular, if the competences (V_k) are all greater than 1/2 (which means that each voter is “competent” enough about the matter), (2.7) holds for every ϕ such that ϕ(x) > 0 for ν-almost every x ∈ (1/2, 1). This kind of situation is studied in [1], where the competences are assumed to be uniformly distributed on the interval [1/2, 1]. Other families of distributions are studied in [3] and [7].

(2.9) Remark. In the paper [1] the authors consider the random weights constructed through the function

ϕ(v) = log v 1 − v , 0 < v < 1 . (2.10)

The proof of Lemma (4.13) of the present paper (see Remark (4.14)) suggests the use of another function, namely ϕ(v) = 2v − 1 v(1 − v) , 0 < v < 1 . (2.11)

Note that both functions (2.10) and (2.11) verify ϕ(v)(2v − 1) ¿ 0 , 0 < v < 1 , hence μ = E [ ϕ(V_1)(2V_1 − 1)

] ¿ 0; moreover μ > 0 if P (V_1 = 1/2) < 1.

The above remarks and examples (from (2.5) to (2.11)) provide relevant generalizations of the usual settings of the CJT.

3. The proof of Theorem 2.3

Our proof relies on the following classical result (see [8] for instance):

(3.1) Theorem. (Lyapunov). Let (Y_k)_k be a sequence of centered indepen-

dent random variables, at least one of which has non-degenerate distribution. Let E [ |Y_k|^{2+δ} ] < ∞ for some δ > 0 (k = 1, 2, . . .). We put

B_n = n∑ k=1 Var Y_k ,

F_n(x) = P ( B^{−1/2}_n n∑ k=1 Y_k < x ) ,

G_n(x) = P ( B^{−1/2}_n n∑ k=1 Y_k 6 x ) . If B^{−1−δ/2} n n∑ k=1 E|Y_k|^{2+δ} → 0 , (3.2)

then lim_{n→∞} sup_x | |G_n(x) − Φ(x) | | = lim_{n→∞} sup x | |F_n(x) − Φ(x) | | = 0 .

Actually, in [8] the above Theorem is proved only for F_n , but it is not difficult to deduce the analogous result for G_n . We omit the details for simplicity.

We want to apply Theorem (3.1) to the sequence of variables Y_k = W_k(2Z_k − 1) − μ_k ;

we have Q(n) = P (_n ∑ k=1 W_k(2Z_k − 1) 6 0 ) = P ( B^{−1/2}_n n∑ k=1 Y_k 6 x_n ) = G_n(x_n) ,

where x_n has been defined in (2.2). By Theorem (3.1), we have only to prove

that (3.2) holds.

We first observe that, for every k ,

|2Z_k − 1| = 1 ; (3.3)

from this we get

σ^2_k = Var ( W_k(2Z_k − 1) ) = E [ W^2_k (2Z_k − 1)^2 ] − μ^2_k = E [ W^2_k ] − μ^2_k (3.4) and |μ_k| 6 E [ |W_k||2Z_k − 1| ] = E [ |W_k| ] . (3.5)

From (3.4) and (3.5) we get

σ^2_k ¿ E [ W^2_k ] − E^2 [ |W_k| ] = Var ( |W_k| ) . (3.6)

From the inequality ( |a| + |b| )_α 6 2^{α−1} ( |a|^α + |b|^α ) , α > 0 , we obtain (recalling (3.3) again) E [ |W_k(2Z_k − 1) − μ_k|^{2+δ}

] 6 2^{1+δ(}E^[|W_k|^{2+δ]} + E^{2+δ[}|W_k|^{])}

6 2^{2+δ}E^[|W_k|^{2+δ]} , (3.7)

where we have used the classical inequality

E^r [ |X| ] 6 E^[|X|^{r]} . From (3.6) we get B^{−1−δ/2} n = (_n ∑ k=1 VarY_k )_{−1−δ/2} 6 (_n ∑ k=1 Var ( |W_k| ) )_{−1−δ/2} ; (3.8)

from (3.7) we deduce n∑ k=1 E [ |W_k(2Z_k − 1) − μ_k|^{2+δ} ] 6 2^{2+δ n∑}_{k=1} E^[|W_k|^{2+δ]} . (3.9)

Assumption (2.4), along with (3.8) and (3.9), gives (3.2) immediately.

4. The deterministic weighted Condorcet Jury Theorem

Theorem (2.3) does not cover the practically quite relevant case of deterministic weights, i.e., the case in which W_k = w_k (a constant for each integer k ). In this section we shall consider such a situation. Here, the sequence (x_n) defined in (2.2) has the following form

x_n = n∑ k=1 w_k ( 1 − 2E[V_k] ) (_n ∑ k=1 w^2_k E[V_k] ( 1 − E[V_k] ) )_{1/2} . (4.1)

We shall look at the weights as n-dimensional vectors, and put

w = (w_1, w_2, . . . , w_n) ,

when necessary, in the sequel we shall stress the dependence of x_n on w by writing x^{(w)}_n instead of x_n .

Our result is the following

(4.2) Theorem. Let as usual Q(n) be the probability of making the wrong

choice, and assume that ∞∑ k=1 E[V_k] ( 1 − E[V_k] ) = ∞ . (4.3)

Then lim_{n→∞} | |Q(n) − Φ(x_n) | | = 0 .

P r o o f . Put for simplicity

α_k = E[V_k] ( 1 − E[V_k] ) . We apply Lyapunov’s Theorem (3.1) to the random variables

Y_k = w_k(2Z_k − 1) − μ_k

(where μ_k = E[w_k(2Z_k − 1)]). In this case we can take δ = 1. We have E [ |w_k(2Z_k − 1) − μ_k|^3 ] = 8|w_k|^3E [ |Z_k − E[Z_k]|^3 ] = 8|w_k|^3 (( 1 − E[Z_k]

)_3

E[Z_k] + ( 1 − E[Z_k] ) E^3[Z_k] ) = 8|w_k|^3α_k(1 − 2α_k) ,

where we have used the fact that Z_k has Bernoulli law with parameter E[V_k].

Moreover σ^2_k = Var ( w_k(2Z_k − 1) ) = 4w^2_kVarZ_k = 4w^2_kα_k ;

the quantity in (3.2) becomes n∑ k=1 |w_k|^3α_k ( 1 − 2α_k ) (_n ∑ k=1 w^2_kα_k

)_{3/2} . (4.4)

Hence we have only to show that the above expression in (4.4) goes to 0 as n → ∞. This follows from assumption (4.3) and the

(4.5) Lemma. Consider the fraction in (4.4) as a function of the n-dimensional

vector w = (w_1, w_2, . . . , w_n). Then its maximum is less than (_n∑ k=1 α_k )_{1/2} .

P r o o f . By the obvious inequality 0 6 1 − 2α_k 6 1, we shall deal with the easier fraction_n ∑ k=1 |w_k|^3α_k (_n ∑ k=1 w^2_kα_k

)_{3/2} ,

and we shall find its maximum by means of elementary calculus. Our problem is clearly equivalent to searching the maximum of the function

ψ(w_1, w_2, . . . , w_n) = n∑ k=1 α_kw^3_k

with the constraint C = { w : w_k ¿ 0 ∀k, n∑ k=1 α_kw^2_k = 1 } . By applying the method of Lagrange multipliers we find that the maximum of ψ on C is attained in the vector

w = (_n ∑ k=1 α_k )_− 1_2 , . . . , (^n∑ k=1 α_k )_− 1_2 and its value is precisely (_n ∑ k=1 α_k )_− 1_2

We can also state a consequence of Theorem (4.2). Put, for every n,

c_n = n∑ k=1 β^2_k α_k , (4.6)

where β_k = 1 − 2E[V_k].

(4.7) Corollary. Assume that c .= ∞∑ k=1 β^2_k α_k < ∞ . (4.8)

Then Φ ( − √ c ) 6 lim inf_{n→∞} Q(n) 6 lim sup_{n→∞} Q(n) 6 Φ^{(√}c^) .

P r o o f . Fix ε > 0. By Theorem (4.2) we have, for every sufficiently large n, −ε + Φ ( x^{(w)}_n ) 6 Q(n) 6 Φ^(x^{(w)}_n^) + ε . (4.9) Put M_n = sup_{w∈R n} Φ ( x^{(w)}_n ) = Φ ( sup_{w∈R n} x^{(w)}_n ) , (4.10)

m_n = inf_{w∈R n} Φ ( x^{(w)}_n ) = Φ ( inf_{w∈R n} x^{(w)}_n ) , (4.11)

where the last equalities in (4.10) and (4.11) hold since Φ is strictly increasing and continuous.

Then from (4.9) we get

m_n − ε 6 Q(n) 6 M_n + ε . (4.12)

We prove an auxiliary result

(4.13) Lemma. We have max w∈R^n x^{(w)}_n = √ c_n ; min_{w∈R n} x^{(w)}_n = − √ c_n ,

(where c_n is defined in (4.6)).

P r o o f . We recall the notations α_k = E[V_k] ( 1−E[V_k] ) and β_k = 1−2E[V_k].

By the Cauchy–Schwartz inequality, we have | |x^{(w)}_n | | 6 n∑ k=1 |β_k|√ α_k √α_kw_k (_n ∑ k=1 α_kw^2_k

)_{1/2} 6 (_n ∑ k=1 β^2_k α_k )_{1/2} = √c_n .

Moreover, for w_k = β_k/α_k (resp. w_k = −β_k/α_k ), k = 1, . . . , n, we have x^{(w)}_n = √c_n (resp. x_{(w)n} = −√c_n ). This concludes the proof.

We now get the statement of Corollary (4.7) by going to the limit in (4.12) and recalling (4.10) and (4.11). (4.14) Remark. We have β_k α_k = 1 − 2E[V_k] E[V_k] ( 1 − E[V_k] ) . For V_k = v_k we can write β_k α_k = −ϕ(v_k) , where ϕ is the function defined in (2.11).

(4.15) Remark. Conditions (4.3) and (4.8) are somehow better stated and interpreted by means of the sequence y_k .= 1 2 − E[V_k]

(note that y^2_k measures the quadratic deviation of the mean kth competence E[V_k] from the “central” competence 1/2). In fact, (4.3) is the same as lim_{n→∞} n 4 − n∑ k=1 y^2_k = +∞ ,

while (4.8) becomes_∞ ∑ k=1 y^2_k 1 4 − y^2_k

< ∞ ; (4.16)

moreover, it is easy to see that (4.16) is in turn equivalent to the better looking condition_∞ ∑ k=1 y^2_k < ∞ .

The above considerations suggest that the behaviour of Q(n) is mainly governed by the sequence (y^2_k) of the “quadratic” deviations, and more precisely by the

behaviour of their partial sums^n ∑ k=1 y^2_k .

5. Statistical convergence and the majority rule

This section is written in collaboration with G. G r e k o s^1

In this section we treat in greater detail the case of majority rule, i.e., the case in which the weights w_k are equal to 1 for every k . With the usual notation (see Remark (4.15)) y_k .= 1 2 − E[V_k] ,

the sequence (x_n) defined in (4.1) becomes

x_n = n∑ k=1 y_k ( n 4 − n∑ k=1 y^2_k

)_{1/2} . (5.1)

Our aim is to find suitable conditions on the sequence (y_n) in order to assure that the sequence Q(n) has a limit L as n → ∞. We shall be only concerned with the case in which such a limit L belongs to the open interval (0, 1), since the two cases L = 0 and its symmetric L = 1 are extensively studied in the specialized literature: as to our knowledge, the most complete result for the case L = 0 (i.e., for the CJT) is contained in [2], where the authors prove that the CJT is equivalent to one of the following conditions:

1. lim_{n→∞} x_n = −∞;

2. for every sufficiently large n, card ({ i : 1 6 i 6 n, E[V_i] = 1 }) > n/2. Before stating our result (Theorem (5.5)), we recall some well known facts about weighted arithmetical densities and give the definition of statistically convergent sequence.

1Address of the co-author: Université Jean Monnet (Saint-Etienne), Mathématiques, 23, rue du Dr. Paul Michelon, 42023 Saint-Etienne Cédex 2, France. e-mail: grekos@univ-st-etienne.fr

(5.2) Definition. Let A be an infinite subset of N = {1, 2, 3, . . . }. For a

fixed real number α ¿ −1, define the lower and upper α-densities of A as d_αA = lim inf_{n→∞} A_α(n) N_α(n)^{, dαA = lim sup}n→∞^{Aα(n)}N_α(n)^,

where A_α(n) = ∑ a∈A a6n a^α, N_α(n) = n∑ k=1 k^α. We say that A possesses an α-density equal to d_αA if d_αA = d_αA = d_αA . For α = 0, the corresponding α-densities are also called asymptotic densities.

Concerning α-densities, we recall the following result:

(5.3) Theorem. Let β > −1 be fixed. If the set A possesses a β-density

equal to d_βA, then it has an α-density for every α ¿ −1. Moreover, for every

α ¿ −1 we have_{dαA = dβA .}

Theorem (5.3) follows easily from Theorem 6.1, Example 6.8 and Example 6.10 of [6].

We can now give the definition of statistical convergence (see for instance [9]).

(5.4) Definition. The sequence of real numbers (a_n) is said to be statisti-

cally convergent to x ∈ R if, for any ε > 0, the set A^{(ε)} = {k ∈ N : |a_k − x| > ε} has asymptotic density equal to 0.

We are ready to state the main result of this section

(5.5) Theorem. Assume again that ∞∑ k=1 E[V_k] ( 1 − E[V_k] ) = ∞ . Assume moreover that the sequence ( √ ny_n) is bounded and statistically convergent to l ∈ R. Then lim_{n→∞} x_n = 4l , and, by Theorem (4.2), lim_{n→∞} Q(n) = Φ(4l) .

(5.6) Remark. The use of statistical convergence instead of the usual concept of convergence allows us to take into account also practical situations in which some of the individuals’ competencies become “arbitrarily random”, i.e., some members of the team of voters behave “strangely” (in the sense that the deviation of their (mean) competence from 1/2 would force the sequence (√ ny_n ) not to converge). In rough terms, our Theorem says that the team can have a regular behaviour “as a whole” despite the fact that some of its members are “too clever” or “too stupid”.

P r o o f . By remembering (5.1), the statement will be proved if we show that (i) lim_{n→∞} n∑ k=1 y_k √ n = 2l , (ii) lim_{n→∞} n∑ k=1 y^2_k

log n = l . Put G_α(n) = { n^{1+α}/(1 + α) for α > −1 , log n for α = −1 , and recall the relation

N_α(n) =^{n∑}_{k=1} k^α ∼ G_α(n) , n → ∞ . (5.7)

Both (i) and (ii) can be deduced from the following Theorem (which can be viewed as a sort of “Cesaro’s Theorem” for statistical convergence and generalizes previous results in [5]):

(5.8) Theorem. Let (z_k) be a real sequence and α a real number, with α ¿ −1. Assume moreover that the sequence (k^{−α}z_k) is bounded in modulus

by a constant M and is statistically convergent to l ∈ R. Then

(i) for α > −1 we have

lim_{n→∞} n∑ k=1 z_k n^{1+α} = l α + 1 , (ii) for α = −1 we have

lim_{n→∞} n∑ k=1 z_k log n = l .

P r o o f . By relation (5.7), both statements (i) and (ii) are equivalent to

lim_{n→∞} n∑ k=1 z_k N_α(n)^{= l ,}

which we are going to prove. (i) We first consider the case l = 0.

Let ε and δ be two strictly positive numbers and put

A^{(ε)} = { n ∈ N^∗ : | | | | n∑ k=1 z_k | | | | N_α(n)^{> ε} } , E^{(δ)} = { k ∈ N : |z_k|k^{−α} > δ^} . By hypothesis, we have d_0E^{(δ)} = 0.

For any n ∈ A(ε), we can write

ε < N_α(n)^{−1 n∑}_{k=1} |z_k|k^{−α}k^α = N_α(n)^{−1} ∑ 16k6n k∈(E(δ) )c + ∑ 16k6n k∈E(δ) 6 δ + MN_α(n)^{−1(}E^{(δ))}_α(n) ,

(5.9)

where the sum has been split according to the indications.

Assume that A(ε) is infinite; then, letting n ∈ A(ε) go to ∞ in (5.9), we obtain 0 < ε 6 δ + M lim sup_{n→∞} n∈A(ε) E^{(δ)}_α (n)

N_α(n) 6^{δ + MdαE(δ) . (5.10)}

Since d_0E^{(δ)} = 0, Theorem (5.3) yields also d_αE^{(δ)} = 0. By passing to the limit as δ → 0 in (5.10) we get a contradiction, and we conclude that A^{(ε)} is finite. (ii) The case l ≠ 0 can be easily reduced to the previous one by putting z̃_k = z_k − lk^α. In fact the sequence k^{−α}z̃_k statistically converges to 0 and is bounded, hence, by case (i), we get

lim_{n→∞} n∑ k=1 z_k N_α(n)^{− l = lim}n→∞ n∑ k=1 z̃_k N_α(n)^{= 0 .}

(5.11) Remark. In Theorem (5.8) it is possible to weaken the assumption of statistical convergence of the sequence (k^{−α}z_k); suppose that

lim inf δ→0 d_αE^{(δ)} = 0 ;

then we can pass to the limit as δ → 0 in (5.10), obtaining the same contradiction as before.

REFERENCES

[1] BEREND, D.—HARMSE, J. E. : Expert rule versus majority rule under partial information, Theory Decis. 35 (1993), 179–197.

[2] BEREND, D.—PAROUSH, J. : When is Condorcet’s Jury Theorem Valid?, Social Choice and Welfare 15 (1998), 481–488.

[3] BEREND, D.—SAPIR, L. : Between the expert and majority rule, Adv. Appl. Probab. 35 (2003), 941–960.

[4] BOLAND, PH. J. : Majority Systems and the Condorcet Jury Theorem, The Statistician 38 (1989), 181–189.

[5] CONNOR, J. S. : The statistical and strong p-Cesaro convergence of sequences, Analysis 8 (1988), 47–63.

[6] FUCHS, A.—GIULIANO ANTONINI, R. : Théorie générale des densités, Rend. Accad.

Naz. Sci. XL, Mem. Mat. Appl. 108 (1990), 253–294.

[7] NITZAN, S.—PAROUSH, G. : Partial information on decisional competences and the desiderability of the expert rule in uncertain dichotomous choice situations, Theory Decis. 17 (1984), 211–220.

[8] PETROV, V. V. : Limit Theorems of Probability Theory, Sequences of Independent Random Variables, Clarendon Press, Oxford, 1995.

[9] TRIPATHY, B. C. : A note on statistical limit points, J. Math. Punjab Univ. 33 (2000), 65–71.

Received November 11, 2004 Dipartimento di Matematica Università di Pisa Largo B. Pontecorvo, 5 I–56100 Pisa ITALY E-mail: giuliano@dm.unipi.it