Tatra Mt. Math. Publ. 28 (2004), 153–157 tm

Mathematical Publications

CONVERGENCE FIELDS OF REGULAR MATRIX TRANSFORMATIONS

Pavel Kostyrko

ABSTRACT. The limitation method performed by a regular matrix transformation is well-known and it is treated in monographs (see [R. G. Cooke: Infinite Matrices and Sequence Spaces], [G. M. Petersen: Regular Matrix Transformations]). In the present paper we investigate, convergence fields of regular matrix transformations. The notions of both the Baire category and the porosity of sets seem to be suitable. We show, in general, that the set of sequences which are convergent in this limitation method is “small”. Note that paper by [T. Šalát: On convergence fields of regular matrix transformations, Czech. Math. J. 26 (1976), 613–627] is devoted to the problem.

1. Introduction

Let A = (a_{n,k}) (n, k = 1, 2, . . .) be an infinite matrix of real numbers. A sequence (x_n) of reals is said to be A-limitable (limitable by a method (A)) to a number t, if lim_{n→∞} t_n = t, where

t_n = t_n(x) = ∞∑ k=1 a_{n,k}x_k , n = 1, 2, . . . . If (x_k) is A-limitable to the number t, we write A- lim_{k→∞} x_k = t. The sym-

bol F (A) denotes the set of all A-limitable sequences. The set F (A) is called convergence field of the method (A) or the convergence field of a matrix transformation A (see [Pet]). The method (A) defined by the matrix A is said to be regular provided F (A) contains all convergent sequences and lim_{k→∞} x_k = t

implies A- lim_{k→∞} x_k = t. If the method (A) is regular then the matrix A is called a regular matrix.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 40D09. K e y w o r d s: convergence field, Baire category, porosity.

Supported by the Grant VEGA 1/7173/20.

PAVEL KOSTYRKO

It is well-known that the method (A) is regular if and only if the matrix A fulfils the following three conditions ([Coo], p. 79; [Pet], p. 8):

(i) There exists M > 0 such that for each n = 1, 2, . . . we have^∞ ∑ k=1 |a_{n,k}| ≤ M ; (ii) lim_{n→∞} a_{n,k} = 0 holds for each fixed positive integer k ;

(iii) lim_{n→∞}^∞ ∑ k=1 a_{n,k} = 1.

H. S t e i n h a u s has shown that for each regular method (A) there exists a sequence of 0’s and 1’s which is not A-limitable (see [Con]; [Coo], p. 93–94; [Šal]).

Further we shall deal with the set s of all real sequences and with some of its subsets. We shall consider them a metric linear space or a normed linear space, respectively. The symbol l_∞ (l_∞ ⊂ s) stands for the set of all bounded sequences. Operations of addition and multiplication by a real number are defined in the natural way.

The notion of porosity has been introduced by L. Z a jí č e k [Zaj]. It is a suitable tool to describe small sets in a metric space. Let (Y, ρ) be a metric space, Z ⊂ Y . Let y ∈ Y , δ > 0 and B(y, δ) = { x ∈ Y : ρ(x, y) < δ } . We put γ(y, δ, Z) = sup { t > 0 : ∃z ∈ B(y, δ) : B(z, t) ⊂ B(y, δ) and B(z, t) ∩ Z = ∅ } . If such a t > 0 does not exist, we put γ(y, δ, Z) = 0. The numbers p(y, Z) = lim inf_{δ→0+} γ(y, δ, Z)/δ and p(y, Z) = lim sup_{δ→0+} γ(y, δ, Z)/δ are called lower and upper porosity of the set Z at y . If we have p(y, Z) > 0 for all y ∈ Y , then Z is said to be porous in Y . Obviously every set porous in Y is nowhere dense in Y . If p(y, Z) = p(y, Z) (= p(y, Z)) then the number p(y, Z) is called porosity of Z at y . If p(y, Z) = 1, then Z is said to be strongly porous at y . If for all y ∈ Y , we have p(y, Z) = 1 for y /∈ Z , and p(y, Z) = 1/2 for y ∈ Z , then Z is said to be strongly porous at Y . The set W is said to

be σ-porous (σ-strongly porous) at Y , if W =^∞ ⋃ n=1 Z_n and each Z_n is porous (strongly porous) at Y .

2. Results

A complete metric linear space (S, ρ) of sequences, i.e., S ⊂ s, is said to be FK-space provided the functions f_k : S → R, f_k(x) = x_k (x = (x_k )), k = 1, 2, . . . , are continuous ([BK], p. 24). The following simple proposition can be formulated omitting a proof.

CONVERGENCE FIELDS OF REGULAR MATRIX TRANSFORMATIONS

Proposition. Let (S, ρ) be a complete metric linear space of sequences.

Then (S, ρ) is an FK-space if and only if the convergence in the sense of the metric ρ is the pointwise convergence, i.e., if x = (x_k), x^{(r)} = ( x^{(r)}_k ) ∈ S and ρ ( x^{(r)}, x ) → 0 as r → ∞, then x^{(r)}_k → x_k as r → ∞ for each k = 1, 2, . . . .

In the proof of Theorem 1 we shall use the following form of Banach’s Subgroup Theorem ([KN], p. 93): If G is any proper subgroup of linear topological space E , then either G is of the first category in E , or G fails to satisfy the condition of Baire.

Theorem 1. In any FK-space (S, ρ), l_∞ ⊂ S , the set F (A) is of the first

Baire category in S for every regular matrix A.

P r o o f . Put t_{n,s}(x) =^s ∑ k=1 a_{n,k}x_k (n, s = 1, 2, . . .). From above assumptions

it follows that each of the real functions t_{n,s} : S → R is continuous on S and each of the functions t_n(x) = lim_{s→∞} t_{n,s}(x) (n = 1, 2, . . .) is the Baire one function on

the set D_n = { x ∈ S : lim_{s→∞} t_{n,s}(x) exists } . Obviously,

D_n = { x ∈ S : ∀_{p=1,2,...} ∃_{s0} ∀_{s>s0} ∀_{q>s0} | |t_{n,s}(x) − t_{n,q}(x) | | ≤ 1/p }

= ∞⋂ p=1 ∞⋃ s0=1 ⋂ s>s0 ⋂ q>s0 { x ∈ S : − 1/p ≤ t_{n,s}(x) − t_{n,q}(x) ≤ 1/p } . Since every function t_{n,s}(x) − t_{n,q}(x) is continuous, every set D_n is an F_{σδ} set.

The common domain of all the functions t_n —the set^∞ ⋂ n=1 D_n —is also an F_{σδ}

set. Put S(A) =^∞ ⋂ n=1 D_n . Then F (A) ⊂ S(A) and

F (A) = { x ∈ S(A) : lim_{n→∞} t_n(x) exists } = { x ∈ S(A) : ∀_{p=1,2,...} ∃_{n0} ∀_{n>n0} ∃_{m>n0} | |t_n(x) − t_m(x) | | ≤ 1/p }

= ∞⋂ p=1 ∞⋃ n0=1 ⋂ n>n0 ⋂ m>n0 { x ∈ S(A) : − 1/p ≤ t_n(x) − t_m(x) ≤ 1/p } . Each of the functions t_n − t_m is a Baire one function, hence the set F (A) is a G_{δσδ} set. F (A) satisfies the condition of Baire. Since F (A) is a proper subgroup of S , Theorem 1 is a consequence of Banach’s Subgroup Theorem.

Further we shall use the following assertion.

Lemma. ([Ole]) Let Z be a convex nowhere dense set in a Banach space X .

Then Z is strongly porous on X .

PAVEL KOSTYRKO

Theorem 2. In the Banach space^(l_∞, ‖ · ‖^) (‖x‖ = sup{|x_k|}) the set F (A)

is strongly porous in l_∞ for any regular matrix A.

P r o o f . Note that each of functions t_n : l_∞ → R, t_n(x) =^∞ ∑ k=1 a_{n,k}x_k is Lipschitz. It follows from the property (i) of the regular matrix A ( x = (x_k ), y = (y_k) ) that | |t_n(x) − t_n(y) | | = | | | | ∞∑ k=1 a_{n,k}(x_k − y_k) | | | | ≤ ‖x − y‖ ∞∑ k=1 |a_{n,k}| ≤ M‖x − y‖ . (1) The set F (A) = { x ∈ l_∞ : lim_{n→∞} t_n(x) exists } is a subspace of l_∞ and is convex.

If we put α(x) = lim inf_{n→∞} t_n(x) and β(x) = lim sup_{n→∞} t_n(x), then

l_∞ \ F (A) = { x ∈ l_∞ : β(x) − α(x) > 0 } . (2)

We show that the set l_∞ \ F (A) is open. Let x ∈ l_∞ and β(x) − α(x) > ε > 0. Then α(x) + ε/2 < β(x) − ε/2 . (3) There are increasing sequences of natural numbers (n_r )_r and (m_s)_s such that ∞∑ k=1 a_{nr,k}x_k → α(x) as r → ∞ and^∞ ∑ k=1 a_{ms,k}x_k → β(x) as s → ∞. Hence we

have t_{nr} (x) < α(x) + ε/4 and t_{ms} (x) > β(x) − ε/4 (4)

for all sufficiently large r and s. Choose η > 0 such that Mη < ε/4 and take y ∈ B(x, η) = { z ∈ l_∞ : ‖z − x‖ < η } . Then (1) implies | |t_{nr} (y) − t_{nr} (x) | | < Mη or equivalently t_{nr} (x) − Mη < t_{nr} (y) < t_{nr} (x) + Mη and t_{nr} (y) < t_{nr} (x) + ε/4. From (4) it follows t_{nr} (y) < α(x) + ε/2. Analogously we can show t_{ms} (y) > β(x) − ε/2. Consequently (3) and (2) imply y ∈ l_∞ \ F (A). The set F (A) is a closed subspace of l_∞ , hence it is a convex and nowhere dense subset of l_∞ and Theorem 2 follows from the lemma.

Remark. Note that there are Banach spaces included in s such that the convergence field F (A) of any regular matrix A is not porous. E.g., the Banach

space S_1 = { x ∈ s : ‖x‖_1 < ∞ } endowed with the norm ‖x‖_1 =^∞ ∑ k=1 |x_k|2^{−k} . It

is easy to verify that both the sets F (A) and S_1 \ F (A) are dense in S_1 and consequently F (A) is not porous in S_1 . It follows from Theorem 1 that F (A) is the first Baire category in S_1 .

Problem. Is it true that the set F (A) introduced in the above remark is σ-porous (σ-strongly porous) in S_1 ?

CONVERGENCE FIELDS OF REGULAR MATRIX TRANSFORMATIONS

REFERENCES

[BK] BENNET, G.—KALTON, N. J. : Consistency theorems for almost convergence, Trans.

Amer. Math. Soc. 198 (1974), 23–43.

[Con] CONNOR, J. : A short proof of Steinhaus theorem on summability, Amer. Math.

Monthly 92 (1985), 420–421.

[Coo] COOKE, R. G. : Infinite Matrices and Sequence Spaces, Moskva, 1960. (Russian translation) [KN] KELLEY, J. L.—NAMIOKA, I. : Linear Topological Spaces, van Nostrand, New York, 1963.

[Ole] OLEVSKII, V. : A note on the Banach-Steinhaus theorem, Real Anal. Exchange 17 (1991–92), 399–401.

[Pet] PETERSEN, G. M. : Regular Matrix Transformations, McGraw-Hill, New York, 1966. [Šal] ŠALÁT, T. : On convergence fields of regular matrix transformations, Czechoslovak Math. J. 26 (1976), 613–627.

[Zaj] ZAJÍČEK, L. : Porosity and ffi-porosity, Real Anal. Exchange 13 (1987–88), 314–350.

Received October 28, 2002 Comenius University Faculty of Mathematics, Physics and Informatics Department of Mathematics SK–842 48 Bratislava 4 SLOVAKIA E-mail: kostyrko@fmph.uniba.sk