Tatra Mt. Math. Publ. 28 (2004), 207–218 tm

Mathematical Publications

ON DIFFERENTIABLE AND LIPSCHITZ SELECTIONS IN NORMED SPACES

Andrzej Spakowski

ABSTRACT. Given a separable normed space we construct differentiable selections from differentiable multifunctions provided that some special hyperspace metrics, instead of the Hausdorff metric, are used. Our construction also gives Lipschitz selections from Lipschitz multifunctions.

1. Introduction

The existence of differentiable selections of set-valued functions in finite dimensional normed spaces were studied in papers: [BaJa, StZe, Farb, Hot, BGMO, Asee, Domm, GaMo, Albr, LuDi, KnWo, Dent]. For Lipschitz selections see [Posi, Yo, PrYo, Ziva, GaMo, Prz1, Prz2, Prze3, Shv] and references therein.

Our aim is to construct, in arbitrary (also infinite dimensional) separable normed spaces, differentiable (Lipschitz) selections from differentiable (Lipschitz) multifunctions. To do this we use total sequences of continuous linear functionals.

Let X be a normed space, U ⊂ Y an open subset, Y a separable normed space, Kv(Y ) the cone of all nonempty compact convex subsets of Y , d_H the Hausdorff metric on Kv(Y ), i.e., d_H (A, B) = inf { ε > 0 : A ⊂ B + K(ε), B ⊂ A + K(ε) } , where K(ε) is an open ball in Y with the center 0 and the radius ε. Given a total sequence of functionals, i.e., a sequence of continuous linear functionals separating the points of Y , we construct a sequence of Minkowski additive and positively homogeneous set-valued function on Kv(Y ) and then a translation invariant and positively homogeneous metric d^∗_H ≥ d_H on Kv(Y ) such that ( Kv(Y ), d^∗_H ) can be embedded, in a Rådström manner, as a convex metric cone into a normed space, say ( ^ Y , ‖ · ‖^∗_H ) . Also another semimetric d^∗ ,

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 54C65, 54C60, 46T20; Secondary 46B99.

K e y w o r d s: differentiable selection, set-valued maps (multifunctions), total sequence of continuous linear functional.

ANDRZEJ SPAKOWSKI

not comparable with d_H , and the corresponding normed space ( ^ Y , ‖ · ‖^∗ ) , will be constructed in the same manner.

Now, for a given function F : U → Kv(Y ), which is d^∗_H -differentiable, i.e., (Fréchet or Gateaux) differentiable as a map ^F from U to ( ^ Y , ‖ · ‖^∗_H ) , we construct a differentiable selection of F . The same result holds for d^∗-differentiability.

Our construction is based on the construction idea which can be found in [StZe], and on properties of continuous linear functionals. Namely, assuming that F is d^∗_H -differentiable we obtain a differentiable selection of F as the composition ^m ∘ ^F of the d^∗_H -differentiable map ^F : U → ( ^ Y , ‖ · ‖^∗_H ) and a continuous linear map ^m: ( ^ Y , ‖ · ‖^∗_H ) → Y . For d_H -differentiable set-valued functions and selections in finite dimensional spaces see [BaJa] and [StZe]. Recall that if Y is a Banach space then there exists a d_H -Lipschitz selection on Kv(Y ) if and only if Y is finite dimensional (see [Posi, Prz1, Yost]), and that there is no d_H-uniformly continuous selection on Kv(Y ) whenever Y is infinite dimensional ([PrYo]). However, the question whether every d_H-differentiable multifunction has a differentiable selection is still open for infinite dimensional spaces.

2. Additive set-valued functions on Kv(Y )

Let Y be a real topological vector space and Y^∗ its dual space, i.e., the space of all continuous linear functionals on Y . Given a functional φ ∈ Y^∗ we can construct an additive and positively homogeneous function from Kv(Y ) into Kv(Y ).

Lemma 2.1. For every φ ∈ Y^∗, the function M_φ : Kv(Y ) → Kv(Y ) defined

by the formula

M_φ(A) = { x ∈ A : φ(x) = inf{φ(y) : y ∈ A} } , is (Minkowski) additive and positively homogeneous, i.e., M_φ(A+B) = M_φ(A)+ M_φ(B) and M_φ(λA) = λM_φ(A) for A, B ∈ Kv(Y ) and λ ≥ 0, where A + B = {a + b : a ∈ A, b ∈ B} and λA = {λa : a ∈ A}. Moreover, M_φ(A) ⊂ A for every A ∈ Kv(Y ).

P r o o f . The proof uses standard arguments. By the compactness of A and continuity of φ the set M_φ(A) is nonempty and compact. The convexity of M_φ(A) is also clear because for every x_1, x_2 ∈ M_φ(A) and every λ ∈ [0, 1] we have: φ ( λx_1 + (1 − λ)x_2 ) = λφ(x_1) + (1 − λ)φ(x_2) = inf { φ(y) : y ∈ A } . First, we prove the additivity of M_φ . We have M_φ(A + B) = { x ∈ A + B : φ(x) =

ON DIFFERENTIABLE AND LIPSCHITZ SELECTIONS IN NORMED SPACES inf{φ(a) + φ(b) : a ∈ A, b ∈ B} } = { x_1 + x_2 : x_1 ∈ A, x_2 ∈ B, φ(x_1) + φ(x_2) = inf{φ(a) : a ∈ A} + inf{φ(b) : b ∈ B} } = { x_1 + x_2 : x_1 ∈ A, x_2 ∈ B, φ(x_1) = inf{φ(a) : a ∈ A}, φ(x_2) = inf{φ(b) : b ∈ B} } = { x_1 ∈ A : φ(x_1) = inf{φ(a) : a ∈ A} } + { x_2 ∈ B : φ(x_2) = inf{φ(b) : b ∈ B} } = M_φ(A) + M_φ(B) because φ is additive, φ(x_1) ≥ inf { φ(a) : a ∈ A } and φ(x_2) ≥ inf { φ(b) : b ∈ B } . To show the positive homogeneity observe that M_φ(λA) = { λx : x ∈ A , φ(λx) = inf{φ(λy) : y ∈ A} } = λ { x ∈ A : φ(x) = inf{φ(y) : y ∈ A} } = λM_φ(A). Remarks. 1. Recall that an additive function M : Kv(Y ) → Y is positively homogeneous provided M(A) ∈ A holds for all A ∈ Kv(Y ). Indeed, for every positive and rational r we can easily obtain that M(rA) = rM(A). Now, if λ > 0 then λ = lim_n r_n for some positive rationals r_n < λ and M(λA) = M ( (λ − r_n)A ) + r_nM(A). The continuity of the scalar multiplication and the boundedness of A completes the proof.

2. For every λ ≥ 0 the formula M(A) = λA, A ∈ Kv(Y ), also defines an additive and positively homogeneous set-valued function on Kv(Y ). However, M_φ(A) ⊄ A. 3. See [Prz2] and [Ziva] for additive set-valued functions on Kv(R^n). 4. Instead of the infimum one can use the supremum and obtain another additive and positively homogeneous set-valued function on Kv(Y ).

5. Instead of Kv(Y ) one can consider the family Kv_σ(Y ) of all nonempty convex and weakly compact subsets of Y .

Lemma 2.2. Let φ_n ∈ Y^∗, n ∈ N, be an arbitrary sequence of continuous

linear functionals. We define the following nonincreasing sequence of functions M_n : Kv(Y ) → Kv(Y ) inductively:

M_0(A) = A , M_1(A) = { x ∈ A : φ_1(x) = inf{φ_1(y) : y ∈ A} } , M_{n+1}(A) = { x ∈ M_n(A) : φ_{n+1}(x) = inf{φ_{n+1}(y) : y ∈ M_n(A)} } . Then the function M : Kv(Y ) → Kv(Y ) defined by the formula M(A) = ∞⋂ n=1 M_n(A) = ∞⋂ n=0 M_n(A) , is additive and positively homogenous.

P r o o f . By the compactness assumption the sets M_n(A) are nonempty. It is obvious that M_0 is additive and positively homogeneous. In virtue of the Lemma 2.1 the functions M_n are additive and positively homogeneous.

To prove the additivity of M , first assume that y ∈ M(A + B). Then y ∈ M_n(A + B) = M_n(A) + M_n(B) for every n. In other words, ∀n ∃ y_{n,1} ∈ M_n(A) ∃ y_{n,2} ∈ M_n(B) : y = y_{n,1} + y_{n,2} . By the compactness of the sets M_n(A) and M_n(B), and the monotonicity M_1 ⊃ M_2 ⊃ . . . we infer that there exist y_1, y_2 ∈ Y such that y_{n,1} → y_1 , y_{n,2} → y_2 , y_1 ∈ M_k(A) and y_2 ∈ M_k(B) for each k . Moreover, y = y_1 + y_2 . Consequently, y ∈ M(A) + M(B). Thus, M(A + B) ⊂ M(A) + M(B). Conversely, assume that y = y_1 + y_2 , y_1 ∈ M(A) and y_2 ∈ M(B). Then for every n we have y_1 +y_2 ∈ M_n(A)+M_n(B) = M_n(A+B). Therefore y ∈ ⋂ n M_n(A + B) = M(A + B). Consequently, M(A) + M(B) ⊂ M(A + B). This completes the proof of additivity.

To prove that M is positively homogeneous, assume that λ > 0 and z ∈ M(λA) = ⋂ n λM_n(A). In other words: ∀n ∃ y_n ∈ M_n(A) : z = λy_n . By the compactness and the monotonicity there exists y_0 ∈ M(A) such that y_0 ∈ M_k(A) for all k , y_n → y_0 . Thus z = λy_0 , and z ∈ λM(A). Conversely, if z ∈ λM(A) then z = λy for some y ∈ M(A). Thus z ∈ M_n(λA) for all n. Consequently, z ∈ M(λA). This completes the proof.

The set M_n(A) will be called the M_n-face of A, n = 0, 1, 2, . . . . Now, ask the question: Under what assumption on the functionals φ_n the intersection M(A) = ⋂ n M_n(A) is a singleton ? To give an answer, we will consider sequences of functionals separating the points of Y .

3. Sequences of functionals separating points

We say that a sequence of continuous linear functionals φ_k ∈ Y^∗, k = 1, 2, . . . , is total on Y , or separates the points of Y , provided that for every two distinct points y, z ∈ Y there exists k such that φ_k(y) ≠ φ_k(z). Equivalently, (φ_k) separates the points of Y if φ_k(y) = 0, for all k , implies that y = 0.

Remarks. 1. If dim Y = n < ∞ then the coordinate functionals φ_k ( (t_1, . . . . . . , t_n) ) = t_k , k = 1, . . . , n, form a finite total sequence on Y . Of course, the infinite sequence φ_1, . . . , φ_{n−1}, φ_n, φ_n, · · · ∈ Y^∗ is also total on Y . Note that the coordinate functionals correspond with the lexicographic order used in [StZe].

2. Let (y_k ) be a Schauder basis of a normed space Y and (φ_k) be its biorthogonal functionals. Then every vector y ∈ Y has the following unique representation y = ∑ k φ_k(y) y_k . It is clear that (φ_k) separates the points of Y . Recall also

that: (1) every Banach space with a Schauder basis is separable, and (2) each complete orthonormal system in a separable Hilbert space is a Schauder basis. However, not every separable Banach space has a Schauder basis ([Enfl]).

ON DIFFERENTIABLE AND LIPSCHITZ SELECTIONS IN NORMED SPACES

The following result is known.

Lemma 3.1. On every separable normed space Y there exists a total sequence

of continuous linear functionals.

Remarks. 1. J a y n e and R o g e r s ([JaRo]) remarked that if the dual of a normed space Y contains a total sequence (φ_k), then the map λ : Y → R^N defined by λ(y) = ( φ_k(y) ) is linear injective (and weakly continuous). From this we infer that in this case we necessarily have dim Y ≤ c , and we conclude that for every normed space Y with the dimension greater than c the dual space contains no total sequence.

2. If the dual of a normed space Y contains a total sequence then there exists an equivalent norm on Y , ‖·‖_1 , such that the space ( Y, ‖·‖_1 ) is strictly convex.

3. The space l^∞ with the usual supremum norm is not separable but the coordinate functionals φ_k ( (t_n) ) = t_k , (t_n) ∈ l^∞, k = 1, 2, . . . , are linear, continuous and the sequence (φ_k) is total on l^∞ . Note that dim l^∞ = c and l^∞ is not strictly convex.

4. If for a normed space Y its dual contains a sequence (φ_k) separating the points of Y , then there exists a separable metrizable linear topology α on Y weaker than the original one. α can be taken simply as the coarsest topology on Y such that the functionals φ_k are continuous.

Lemma 3.2. Let Y be an arbitrary normed space, φ_n ∈ Y^∗ a total sequence,

and (M_n) be a sequence of functions defined as in Lemma 2.2. Then the function m : Kv(Y ) → Y defined by the formula { m(A) } = M(A) = ∞⋂ n=1 M_n(A) , A ∈ Kv(Y ) , is additive positively homogeneous and m(A) ∈ A.

P r o o f . In virtue of Lemma 2.2, we need only to prove the single-valuedness of M(A) (this is due to the fact in [Cole]). Suppose that for some A there exist two different points y_1, y_2 ∈ M(A). Then y_1, y_2 ∈ M_n(A) = { x ∈ M_{n−1} : φ_n(x) = sup{φ_n(y) : y ∈ M_{n−1}} } for all n. By the separation property there exists k such that φ_k(y_1) ≠ φ_k(y_2). This implies that y_1 /∈ M_k(A) or y_2 /∈ M_k(A), a contradiction.

Remarks. 1. If (φ_n) is a total sequence on Y then m(A) defined in Lemma 3.2 is an extreme point of A. Indeed, denote y_0 = m(A) and suppose that y_0 is not extreme. There exist two distinct points a_1, a_2 ∈ A\{y_0} and λ ∈ [0, 1] such that y_0 = λa_1 +(1−λ)a_2 . Then there exists n_0 such that φ_{n0}(a_1) ≠ φ_{n0}(a_2). Assume that φ_{n0}(a_1) < φ_{n0}(a_2). Now we obtain φ_{n0}(y_0) = λφ_{n0}(a_1) + (1 − λ)φ_{n0} (a_2)

> φ_{n0}(a_1). On the other hand, we have φ_{n0}(y_0) ≤ φ_{n0}(a_1). Thus, φ_{n0} (a_1) < φ_{n0}(a_1), and we arrived at a contradiction.

2. Conversely, each extreme point of A can be obtained as m(A) for some total sequence (φ_n) on Y provided that Y^∗ contains a total sequence. Indeed, let y_0 be an extreme point of A. There exists a supporting hyperplane H_1 of A at y_0 and the corresponding functional φ_1 ∈ Y^∗ such that y_0 ∈ M_{φ1} (A). Moreover, y_0 is an extreme point of M_{φ1} (A). Thus we can repeat the above arguments to get a functional φ_2 ∈ Y^∗ such that y_0 ∈ M_{φ2} (A) and y_0 is an extreme point of M_{φ2} (A). In this way, we get a sequence φ_k ∈ Y^∗ such that y_0 ∈ ⋂ k M_{φk} (A).

We can assume that the sequence (φ_k) is total, otherwise we are able to extend this sequence to a total one. Therefore we obtain {y_0} = ⋂ k M_{φk} (A). See

[StZe].

4. Translation invariant metrics on Kv(Y )

In this section we construct a translation invariant and positively homogeneous metric d^∗_H and a semimetric d^∗ on Kv(Y ), and then we embed the metric convex cone ( Kv(Y ), d^∗ ) and the semimetric convex cone ( Kv(Y ), d^∗_H ) into some normed spaces. Recall that such embeddings are possible because the considered cones of subsets possess the law of cancellation.

First we prove some technical formulas.

Lemma 4.1. Let (A_n) and (B_n) be two nonincreasing sequences of compact

subsets of Y . Then: ∞⋂ n=1 (A_n + C) = (_∞ ⋂ n=1 A_n ) + C , for every closed C ⊂ Y , (1)

sup_{n≥0} d_H (A_n, B_n) ≥ d_H (_∞ ⋂ n=0 A_n , ∞⋂ n=0 B_n ) , (2)

where d_H is the Hausdorff metric.

P r o o f . 1. It is obvious that ⋂ n (A_n + C) ⊃ ( ⋂ n A_n ) + C . Conversely, let y ∈ ⋂ n (A_n + C). Then for every n there exist y_n ∈ A_n and u_n ∈ C such that y = y_n + u_n . The sequence (y_n) has a convergent subsequence. In virtue of the monotonicity of (A_n) we may assume that y_n → y_0 for some y_0 and y_0 ∈ A_k for all k . Thus (u_n) converges to some u_0 ∈ C . From this we get y = y_0 + u_0 ∈ ( ⋂ n A_n ) + U , completing the proof of (1).

ON DIFFERENTIABLE AND LIPSCHITZ SELECTIONS IN NORMED SPACES

2. Denote: α_n = d_H (A_n, B_n) and α = sup d_H(A_n, B_n). We show that d_H ( ⋂ n A_n , ⋂ n B_n ) ≤ α . We have A_n ⊂ B_n + U(α) and B_n ⊂ A_n + U(α) for all n, where U(α) is the open ball with center at the origin and radius α. Then ⋂ n A_n ⊂ ⋂ n ( B_n +U(α) ) and ⋂ n B_n ⊂ ⋂ n ( A_n +U(α) ) . In virtue of (1) we get ⋂ n A_n ⊂ ( ⋂ n B_n ) +U(α) and ⋂ n B_n ⊂ ( ⋂ n A_n ) + U(α). This means that d_H ( ⋂ n A_n , ⋂ n B_n ) ≤ α. Remarks. The formula (1) in Lemma 4.1 is a particular case of a more general theorem (see Theorem 2.6 in [LeZi]).

Lemma 4.2. Let φ_n ∈ Y^∗ be a total sequence, (M_n) the sequence of functions

defined in Lemma 2.2. Let M_0(A) = A. Let m be defined as in Lemma 3.2. Then the function d^∗_H (A, B) = sup_{n≥0} d_H ( M_n(A), M_n(B) ) is a metric on Kv(Y ), and the function

d^∗(A, B) = sup_{n≥1} d_H ( M_n(A), M_n(B) ) is a semimetric on Kv(Y ). Moreover, d^∗_H (A, B) ≥ d_H ( m(A), m(B) ) , d^∗(A, B) ≥ d_H ( m(A), m(B) ) , d_H ≤ d^∗_H , d^∗_H and d^∗ are translation invariant and positively homogeneous, i.e., d^∗_H (A + C, B + C) = d^∗_H(A, B) and d^∗_H (λA, λB) = λd^∗_H (A, B) for all A, B, C ∈ Kv(Y ) and all λ ≥ 0. The same properties hold for d^∗ .

P r o o f . It is easy to check that d^∗_H and d^∗ are metric and semimetric, respectively. The two inequalities above are clear because of Lemma 4.1. (2). The inequality d_H ≤ d^∗_H is obvious. Now recall that the Hausdorff metric is translation invariant and positively homogeneous. Thus d^∗_H and d^∗ have the same two properties because the functions M_n are additive and positively homogeneous.

Remarks. 1. If Y = R then Kv(R) contains only intervals and singletons. Thus d^∗ ≤ d_H , and consequently, d^∗_H = d_H .

2. If dim Y > 1 then d_H and d^∗ are not comparable. Indeed, let Y = R^2 , φ_1 ( (x, y) ) = y and φ_2 ( (x, y) ) = x. Then the sequence (φ_1, φ_2) separates the points of R^2. If A = { (x, 0) : x ∈ [0, 1] } and B = { (x, 1 − x) : x ∈ [0, 1] } , then d_H (A, B) = 1 < d^∗(A, B) = √ 2. If A = { (0, y) : y ∈ [0, 1] } and B = { (x, 1 − x) : x ∈ [0, 1] } , then d_H (A, B) = 1 > d^∗(A, B) = 0.

5. Rådström type embeddings

In the next two lemmas, we proceed the same way as Rå d s t r ö m in [Rads].

Let ^Y = ( Kv(Y ) × Kv(Y ) ) / ∼, where ∼ is an equivalent relation defined by: (A, B) ∼ (C, D) ⇐⇒ A + D = B + C . Lemma 5.1. The space ^Y defined above is a vector space under the addition

⟨A, B⟩ + ⟨C, D⟩ = ⟨A + C, B + D⟩, the scalar multiplication α⟨A, B⟩ = { ⟨αA, αB⟩ , α ≥ 0 , ⟨ |α|B, |α|A ⟩ , α < 0 , and the origin ^0 = ⟨0, 0⟩ = ⟨ {0}, {0} ⟩ . The functional ‖ ‖⟨A, B⟩ ‖ ‖^∗_H = d∗_H (A, B), is a norm on ^Y . Moreover, the map π : ( K(Y ), d^∗_H ) → ( ^ Y , ‖ · ‖^∗_H ) defined by π(A) = ⟨ A, {0} ⟩ is an algebraic and isometric embedding.

P r o o f . The proof is the same as in [Rads]. For example, we show only that

π is an isometry. Indeed, we have π(A) − π(B) = ⟨A, 0⟩ − ⟨B, 0⟩ = ⟨A, 0⟩ + ⟨0, B⟩ = ⟨A, B⟩. Thus, ‖ ‖π(A) − π(B) ‖ ‖^∗_H = d^∗_H (A, B).

We will identify π(A) = ⟨A, 0⟩ ∈ ^Y with A ∈ Kv(Y ). In particular, we

will write m(A) − m(B) instead of ⟨ m(B), m(A) ⟩ = ⟨ m(A), 0 ⟩ − ⟨ m(B), 0 ⟩ = ⟨ m(A), 0 ⟩ + (−1) ⟨ m(B), 0 ⟩ . We will also identify the point m(A) with the sin-

gleton { m(A) } . To proceed analogously with the semimetric d^∗ , first we consider an equiv-

alent relation ∼_1 on Kv(Y ). We define A ∼_1 B ⇐⇒ M_1(A) = M_1(B) and

Kv_1(Y ) = Kv(Y )/∼_1 = { [A] : A ∈ Kv(Y ) } , where [A] denote the abstract class

of A and consists of sets which have the same M_1-face as the set A. Observe

that Kv_1(Y ) is a cone under the addition [A]+[B] = [A+B] and the scalar mul-

tiplication α[A] = [αA] for α ≥ 0. The law of cancellation on Kv_1(Y ) holds,

too. Indeed, let [A] + [B] = [C] + [B]. Then M_1(A + B) = M_1(C + B) and

consequently M_1(A) = M_1(C) because of additivity of M_1 . Thus [A] = [C].

Now, the function d^∗ ( [A], [B] ) = d^∗(A, B) is well defined and is a metric on

Kv_1(Y ). For simplicity, we will identify [A] with A and treat d^∗ as a metric on

Kv(Y ) ≡ Kv_1(Y ).

We have a similar lemma for d^∗.

Lemma 5.2. The functional ‖ ‖⟨A, B⟩ ‖ ‖^∗ = d∗(A, B), is a norm on ^Y . More-

over, the map π^∗_1 : ( K(Y ), d^∗ ) → ( ^ Y , ‖ · ‖^∗ ) defined by π^∗_1 (A) = ⟨ A, {0} ⟩ is an

algebraic and isometric embedding.

P r o o f . The proof is the same as in Lemma 5.1.

ON DIFFERENTIABLE AND LIPSCHITZ SELECTIONS IN NORMED SPACES

6. Linear continuous maps

Here we show that the additive and positively homogeneous map m : Kv(Y ) →

Y is continuous and has a natural extension to a continuous and linear map ^m: ^Y → Y . Let φ_n ∈ Y^∗ be a total sequence of functionals on Y , (M_n) a sequence

of functions defined as in Lemma 2.2, and m be as in Lemma 3.2. It is

clear, in virtue of Lemmas 3.2 and 4.2 that the functions m : ( Kv(Y ), d^∗_H ) → ( Y, ‖ · ‖ ) and m : ( Kv(Y ), d^∗ ) → ( Y, ‖ · ‖ ) are additive, positively homogeneous

and continuous.

Now, we consider an ^m of the map m : Kv(Y ) → Y over the space ^Y .

Namely, we define: ^m ( ⟨A, B⟩ ) = m(A) − m(B) , ⟨A, B⟩ ∈ ^Y . Lemma 6.1. The maps ^m : ( ^ Y , ‖ · ‖^∗_H ) → ( Y, ‖ · ‖ ) and ^m: ( ^ Y , ‖ · ‖^∗ ) → ( Y, ‖ · ‖ ) are linear and continuous. Consequently, these maps are Fréchet differentiable.

P r o o f . The proof of algebraic properties is an easy calculation. The con-

tinuity follows by the equalities ‖ ‖ ^m(⟨A, B⟩) ‖ ‖ = ‖ ‖m(A) − m(B) ‖ ‖ = ‖ ‖⟨m(A), m(B) ⟩‖_∗ H = ‖ ‖⟨m(A), m(B)⟩ ‖ ‖^∗ . The differentiability is obvious.

7. Differentiable selections

We complete the construction by formulating results on existence of differ-

entiable selections whenever Y is an arbitrary normed space such that the dual

space Y^∗ contains a total sequence.

Remark that there is no d_H -uniformly continuous selection on Kv(Y ) when-

ever Y is infinite dimensional [PrYo]. Thus we formulate our results for stronger

topologies or topologies not comparable with the d_H -topology.

Theorem 7.1. Let X and Y be two normed spaces and the dual space Y^∗

contains a total sequence, U ⊂ X an open subset, Kv(Y ) the family of all

nonempty compact convex subsets of Y , and F : U → Kv(Y ) be d^∗_H-differenti-

able or d^∗-differentiable. Then F has a differentiable selection.

P r o o f . Let φ_n ∈ Y^∗ be total. Let ^m: ^Y → Y be defined as in the previous

section. Let ^F (x) = ⟨ F (x), 0 ⟩ for all x ∈ U . Then the composition f = ^m ∘ ^F

is the required differentiable selection.

As a corollary we have the following main result.

Theorem 7.2. If Y is a separable normed space then every d^∗-differentiable

(or d^∗_H -differentiable) function F : U → Kv(Y ) has a differentiable selection.

P r o o f . In virtue of Lemma 3.1, there exists a total sequence φ_n ∈ Y^∗. Now, we apply Theorem 7.1.

Remarks. 1. According to the remarks stated after Lemma 3.2, the above obtained selections are extreme points selections.

2. If Y is finite dimensional then for a given point (x, y) of the graph of F we can take the coordinate functionals and proceed similarly like S t e f a n i and Z e c c a [StZe] to obtain a differentiable selection through the point (x, y).

3. Continuous not d_H -differentiable set-valued functions may have differentiable selections. For example, consider functional φ_1(y) = y , y ∈ R, which separates the points in R. Then the multifunction F (x) = [ 0, |x| ] , x ∈ R, is d^∗-differentiable but not d^∗_H - and d_H -differentiable at x = 0. Our construction leads to the selection f(x) = 0 for all x ∈ R. Moreover, F has a differentiable selection through every point of the graph of F .

4. As it was shown by G e l m a n , c.f., [BGMO], each ε-hull of upper semicontinuous continuous function F : U → Kv(R^n) includes a d_H-differentiable set-valued function. Thus every such F has a differentiable ε-selection.

5. Fréchet differentiability can be replaced by each concept of differentiability which guarantees differentiability of continuous linear maps and differentiability of the compositions of differentiable maps.

8. Lipschitz selections

In a similar way as above we may obtain Lipschitz selections from d^∗- or d^∗_H-Lipschitz multifunctions.

Theorem 8.1. Let X and Y be two normed spaces and the dual space Y^∗

contains a total sequence, U ⊂ X an open subset, Kv(Y ) the family of all nonempty compact convex subsets of Y , and F : U → Kv(Y ) be d^∗_H -Lipschitz or d^∗-Lipschitz, then F has a Lipschitz selection.

And as a corollary we get

Theorem 8.2. If Y is a separable normed space then each d^∗-Lipschitz or

d^∗_H-Lipschitz function F : U → Kv(Y ) has a Lipschitz selection.

ON DIFFERENTIABLE AND LIPSCHITZ SELECTIONS IN NORMED SPACES

REFERENCES

[Albr] ALBREKHT, P. V. : On differentiable ”-selections, Vestn. Moskow. Univ., Ser. I., Mat. Mekh. 103 (1996), 23–26.

[Asee] ASEEV, S. M. : Existence of differentiable selections of multifunctions, in: Nekotor.

vopr. prikl. mat. i progr. EVM, Moskva, 1982, pp. 36–39. (In Russian) [BaJa] BANKS, H. T.—JACOBS, M. Q. : A differential calculus of multifunctions, J.

Math. Anal. Appl. 29 (1970), 246–272.

[BGMO] BORISOVICH, J. G.—GELMAN, B. D.—MYŠKIS, A. D.—OBUKHOVSKII, V.

V. : Many-valued mappings, Math. Anal. 19 (1982), 127–230. (In Russian) [Cole] COLE, J. : A selector theorem in Banach spaces, J. Optim. Theory Appl. 7 (1971), 170–172.

[Dent] DENTCHEVA, D. : Differentiable selections and Castaing representation of multifunctions, J. Math. Anal. Appl. 223 (1998), 371–396.

[Domm] DOMMISCH, G. : On the existence of Lipschitz-continuous and differentiable selections for multifunctions, in: Parametric optimization and related topics, Conf. in Plaue (1985) (Guddat J., Jongen H. Th., Kummer B., Nozicka F., eds.), Akademie-Verlag, Berlin, 1987, pp. 60-73.

[Enfl] ENFLO, P. : A counterexample to the approximation problem in Banach spaces, Acta Math. 130 (1973), 309-317.

[Farb] FARBER, M. S. : Differentiable selections of multivalued mappings, Vopr. mat.

kibern. i prikl. mat. Baku, 1978, 47–60. (In Russian) [Hot] LE VAN HOT : On the differentiability of multivalued mappings. II, Comment.

Math. Univ. Carolin. 22 (1981), 337–350.

[GaMo] GAUTIER, S.—MORCHADI, R. : A selection of convex-compact-valued multifunctions with remarkable properties: The Steiner selection, Numer. Funct. Anal. Optim. 13 (1992), 513–522.

[JaRo] JAYNE, J. E.—ROGERS, C. A. : Borel selectors for upper semi-continuous multi- -valued functions, J. Funct. Anal. 56 (1984), 279–299.

[KnWo] KNUCKLES, C.—WOLENSKI, P. R. : C1 selections of multifunctions in one dimension, Real Anal. Exchange 22 (1996–1997), 655–676.

[LeZi] LECHICKI, A.—ZIEMINSKA, J. : Limits in spaces of subsets, Boll. Un. Mat. Ital.

5-B (1986), 17–37.

[LuDi] DINH THE LUC—PHAM HUY DIEN : Differentiable selections of optimal solutions in parametric linear programming, Proc. Amer. Math. Soc. 125 (1997), 883-892.

[Posi] POSICEL’SKII, E. D. : Lipschitzian mappings in the space of convex bodies, Optimizacija 4 (1971), 83–89. (In Russian) [Prz1] PRZESLAWSKI, K. : Linear and Lipschitz continuous selectors for the family of convex sets in Euclidean vector spaces, Bull. Polish Acad. Sci. Math. 33 (1985), 31–33.

[Prz2] PRZESŁAWSKI, K. : Faces of convex sets and Minkowski additive selections, Linear Algebra Appl. 214 (1995), 215–224.

[Prz3] PRZESLAWSKI, K. : Lipschitz continuous selectors. Part I: Linear selectors, J.

Convex Anal. 5 (1998), 249–267.

[PrYo] PRZESLAWSKI, K.—YOST, D. : Continuity properties of selectors and Michael’s theorem, Michigan Math. J. 36 (1989), 113–134.

[Rads] RÅDSTRÖM, H. : An embedding theorem for the space of convex sets, Proc. Amer.

Math. Soc. 3 (1952), 165–169.

[Shv] SHVARTSMAN, P. : On Lipschitz selections of affine-set valued mappings, Geom.

and Funct. Anal. 11 (2001), 840–868.

[StZe] STEFANI, G.—ZECCA, P. : Properties of convex sets with application to differential theory of multivalued functions, Nonlinear Anal. 2 (1978), 583–595.

[Yost] YOST, D. : There can be no Lipschitz version of Michael’s selection theorem, in:

Anal. Proc. Conf., Singapore 1986, North Holland Math. Stud.,1 Vol. 150, 1988, pp. 295–299.

[Ziva] ŽIVALJEVIĆ, R. T. : Extremal Minkowski additive selections of compact convex sets, Proc. Amer. Math. Soc. 105 (1989), 697–700.

Received November 15, 2002 Instytut Matematyki i Informatyki Katedra Podstaw Matematyki Uniwersytet Opolski Oleska 48 PL–45-052 Opole POLAND E-mail: aspakow@math.uni.opole.pl