Tatra Mt. Math. Publ. 32 (2005), 41–51 tm

Mathematical Publications

NOTES ON THE EXPRESSION OF NATURAL NUMBERS AS SUM OF POWERS

Pavel Jahoda

ABSTRACT. This paper concerns problems of expression of natural numbers as a sum of powers of natural numbers.

1. Introduction

It is known (Waring Theorem) that for every given natural k ¿ 2 there exists m ¿ k such that any natural number n can be expressed in the form n = n^k_1 + n^k_2 + · · · + n^k_m , where n_i ∈ N ∪ {0}, i = 1, 2, . . . , m. On the contrary, if m < k , then the set of natural numbers, which can be written in this form, has the asymptotic density equal to zero. Issues, connected with numbers in this form, are treated, for example, in [3], [4], [5], [6].

This paper deals with a more general case, namely with natural numbers in the form n = n^{k1}_1 + n^{k2}_2 + · · · + n^{km}_m , where k_1, k_2, . . . , k_m ∈ N are given and n_1, n_2, . . . , n_m are arbitrary nonnegative integers.

We will prove that in the case^m ∑ i=1 1 k_i < 1 not only there are some natural

numbers, which can not be expressed in the form n = n^{k1}_1 + n^{k2}_2 + · · · + n^{km}_m , but the set of natural numbers which can be, has the asymptotic density equal to zero.

But first we will investigate some properties of the asymptotic density of sets in the special form A = ⋃ i∈M A_i where A_i and M are subsets of N, because sets of natural numbers n = n^{k1}_1 + n^{k2}_2 + · · · + n^{km}_m use to be in this form.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 11P99. K e y w o r d s: asymptotic density. additive base, lattice points.

Supported by the grant 201/04/0381 of the Czech Grant Agency.

PAVEL JAHODA

2. Densities of sets of natural numbers expressed as sum of powers

Denotation 2.1. Let N is the set of natural numbers and A is a subset of N. We denote by A(n) the number of elements of the set A which are less

or equal to n and by d(A) the asymptotic density of A. By [x] we denote the integral part of number x.

Theorem 2.1. Let M ⊆ N and A ⊆ N is a set which could be expressed as

an union of sets A_i ⊆ N, i ∈ M , i.e., A = ⋃ i∈M A_i . If for every n ∈ N, i ∈ M , holds A_i(n) = 0 for i > n and exists a function f(n) such that for every k ∈ N and for every i ∈ M holds A_i(k) 6 f(k), and if at least one of the following properties holds:

a) f(n) = O(n^α) and M(n) = O(n^β ), 0 6 α + β < 1; b) f(n) = o(n^α) and M(n) = O(n^β ), 0 6 α + β 6 1; c) f(n) = O(n^α) and M(n) = o(n^β ), 0 6 α + β 6 1, then d(A) = 0.

P r o o f . The proof of Theorem 2.1 is based on the following inequality: (⋃ i∈M A_i ) (n) n 6^{∑i∈M Ai(n)}_n . And because of A_i(n) = 0 for i > n and A_i(n) 6 f(n) for every i ∈ M , we can write ∑ i∈M A_i(n) n = ∑ i∈M,i6n Ai(n) n 6 ∑ i∈M,i6n f(n) n = f(n)M(n) n . In the case a) it means, that there is an ε > 0 such that (⋃ i∈M A_i ) (n) n 6^{O(nα)O(nβ )} n^{α+β+ε} = O(n^{−ε}) = o(1) .

In the case b) it is easy to see, that (⋃ i∈M A_i ) (n) n 6^{o(nα)O(nβ )}_n = o(1) .

Finally, the case c) is analogical with case b).

NOTES ON THE EXPRESSION OF NATURAL NUMBERS AS SUM OF POWERS

Example 2.1. We can use Theorem 2.1 to prove, that set A = { n^3_1 + n^2_2 :

n_1, n_2 ∈ N ∪ {0}, (n_1, n_2) ≠ (0, 0) } has asymptotic density d(A) = 0.

P r o o f . Denote A_0 = {0 + n^2_2 : n_2 ∈ N} and A_i = { i + n^2_2 : n_2 ∈ N ∪ {0} } Then A = A_0 ∪ (⋃ i∈M A_i ) , where M = {n^3_1 : n_1 ∈ N}. It is clear, that M(n) = O ( n^{13} ) and for every i ∈ M and n ∈ N holds A_i(n) 6 f(n) = n^{12} and A_i(n) = 0 for i > n. Because 0 6^1_3 +^1_2 < 1 and according to Theorem 2.1 we obtain d (⋃ i∈M A_i ) = 0 and so d(A) = 0.

Lemma 2.1. Let k_1, k_2, . . . , k_m ∈ N be given natural numbers and A =^{n^{k1}_1 +

n^{k2}_2 + · · · + n^{km}_m : n_i ∈ N ∪ {0}, i = 1, 2 . . . , m, (n_1, n_2, . . . , n_m) ≠ (0, 0, . . . , 0) } , then A(n) = O ( n mP_{i=1 1ki ).} P r o o f . By induction. In case of m = 1 the Lemma 2.1 is evidently true because A = { n^{k1}_1 : n_1 ∈ N } . So A(n) 6 n^{1k}1 = O ( n^{1k}1 ) . Now we can assume, that Lemma 2.1 holds for m − 1. Let us denote M = { n^{k1}_1 + n^{k2}_2 + · · · + n^{km}�^1_{m−1} : n_i ∈ N ∪ {0}, i = 1, 2 . . . , m − 1, (n_1, n_2, . . . , n_{m−1}) ≠ (0, 0, . . . , 0) } . By induction M(n) = O ( n kiP_{i=1 1ki ).} Let A_0 = {0 + n^{km}_m : n_m ∈ N} and A_i = { i + n^{km}_m : n_m ∈ N ∪ {0} } for i ∈ M .

Then A = A_0 ∪ (⋃ i∈M A_i ) . For i > n there holds A_i(n) = 0 and for every

i ∈ M there holds A_i(n) 6 n^{1km} = 0 ( n^{1km} ) . For A(n) then it must hold

A(n) 6 A_0(n) + ∑ i∈M A_i(n) = A_0(n) + ∑ i∈M,i6n A_i(n) 6 O^(n^{1k}m^) +^∑_{i∈M,i6n}n^{1k}m = O ( n^{1k}m ) + M(n)n^{1k}m = O ( n^{1km} ) + O ( n^{1km} ) O ( n kiP_{i=1 1ki} ) = O ( n kiP_{i=1 1ki} )_. Theorem 2.2. Let k_1, k_2, . . . , k_m ∈ N be given natural numbers and A = { n^{k1}_1 + n^{k2}_2 + · · · + n^{km}_m : n_i ∈ N ∪ {0}, i = 1, 2 . . . , m, (n_1, n_2, . . . , n_m) ≠ (0, 0, . . . , 0) } . If^m ∑ i=1 1 k_i < 1, then d(A) = 0.

PAVEL JAHODA

P r o o f . We obtain A(n) = O ( n mP_{i=1 1ki ) from Lemma 2.1. Since m∑} i=1 1 k_i < 1,

we can see that there is an ε > 0 such that A(n) n = O ( n mP_{i=1 1ki )} n mP_{i=1 1ki nε}^{= O(n−ε) = o(1) .} Corollary 2.1. If we denote A_m =^{n^m_1 +n^m_2 +· · ·+n^m_{−1} : n_i ∈ N∪{0}, i = 1, 2 . . . , m − 1, (n_1, n_2, . . . , n_{m−1}) ≠ (0, 0, . . . , 0) } , then for any given m ¿ 2 there holds that d(A_m) = 0.

Corollary 2.2. From Theorem 2.2 it follows, that if we denote A_k =^{n^k_1 +

n^k_2 + · · · + n^k_m : n_i ∈ N ∪ {0}, i = 1, 2 . . . , m, (n_1, n_2, . . . , n_m) ≠ (0, 0, . . . , 0) } for some given m, then for any k = 2, 3, . . . there holds, that if k > m, then d(A_k) = 0. Hence we obtain a known result, that set B_k = {n^k : n ∈ N} can not be additive base of N of degree less than m.

Remark 2.1. Let A = { n^{k1}_1 + n^{k2}_2 + · · · + n^{km}_m : n_i ∈ N ∪ {0}, i = 1, 2 . . . , m,

(n_1, n_2, . . . , n_m) ≠ (0, 0, . . . , 0) } . The condition^m ∑ i=1 1 k_i < 1 is sufficient to

d(A) = 0, but not necessary.

We will prove, that the set D = { n^2_1 + n^2 : n_1, n_2 ∈ N ∪ {0}, (n_1, n_2) ≠ (0, 0) } has the asymptotic density equal to zero. We will show two different proofs of the fact that d(D) = 0.

Theorem 2.3. Let D =^{n^2_1 + n^2 : n_1, n_2 ∈ N ∪ {0}, (n_1, n_2) ≠ (0, 0)^} then

d(D) = 0.

P r o o f s .

Proof I. We will use Landau’s result (see [1] and [7]): D(n) =^{c.n√}_{log n} ( 1+ o(1) ) and so d(D) = lim_{n→∞} D(n) n = 0 .

Proof II. Now we will prove Theorem 2.3 without using the above mentioned Landau’s result. This proof is based on the following lemma, which could be found in [2].

Lemma 2.2. A natural number n could be expressed in form n = n^2_1 + n^2_2 ,

where n_1, n_2 are integers, if and only if there is no prime number p = 4k + 3,

k ∈ N ∪ {0} with odd exponent in the canonical decomposition of n.

For example: 486 = 2 · 3^5 therefore there are no integers n_1, n_2 , such that 486 = n^2_1 + n^2_2 .

NOTES ON THE EXPRESSION OF NATURAL NUMBERS AS SUM OF POWERS

To prove Theorem 2.3, we will also need following lemmas.

Lemma 2.3. Let us denote: p_1 < p_2 < · · · < p_i < . . . the sequence of all

prime numbers in the form p_i = 4k + 3, k ∈ N ∪ {0}, and D_i = { m · p^{2j}_i : j ∈ N∪{0}, m ∈ N, gcd(m, p_i) = 1^}, i.e., D_i is a set of natural numbers, which have

not the prime number p_i with odd exponent in their canonical decompositions. Then the asymptotic density d(D_i) =^{pi}_{pi+1} .

P r o o f . At first we define the set B_k as a set of natural numbers, which have the prime number p_i with exponent greater or equal to k . Therefore we can write B_0 = N = {m : m ∈ N} and B_0(n) = [n] ,

B_1 = {p_i · m : m ∈ N} and B_1(n) = [ n p_i ] , B_2 = {p^2_i · m : m ∈ N} and B_2(n) = [ n p^2_i ] , . . B_k = {p^k_i · m : m ∈ N} and B_k(n) = [ n p^k_i ] . Now we are going to define sets C_k and Q_k , k = 1, 2, . . . recurrently: C_1 = B_0 , Q_k = C_k − B_{2k−1} , C_k = Q_{k−1} ∪ B_{2(k−1)} .

It is easy to see, that a) In case of k = 1 and n ∈ N there holds C_1 = B_0 = N ⊇ D_i ⊇ Q_1 = B_0 − B_1 , so we can write

C_1(n) = [n] ¿ D_i(n) ¿ Q_1(n) = [n] − [ n p_i ] . b) In case of k = 2 and n ∈ N there holds C_2 = Q_1 ∪ B_2 ⊇ D_i ⊇ Q_2 = C_2 − B_3 , so we can write

C_2(n) = [n] − [ n p_i ] + [ n p^2_i ] ¿ D_i(n) ¿ Q_2(n) = [n] −^{[ n}_{pi}^] +^{[ n}_{p 2i}^] −^{[ n}_{p3i}^] .

c) Finally we can generally say, that for every k ∈ N and n ∈ N there holds C_k ⊇ D_i ⊇ Q_k ,

PAVEL JAHODA

so we can write

C_k(n) = 2(k−1) ∑ j=0 (−1)^j [ n p^j_i ] ¿ D_i(n) ¿ Q_k(n) =^{2k−1∑}_{j=0} (−1)^{j [ n}_{p ji}^] .

Hence for every k, n ∈ N there holds 2(k−1)∑ j=0 (−1)^j [_n p^j_i ] n ¿^{Di(n)}_n ¿ 2k−1∑ j=0 (−1)^j [_n p^j_i ]

n . With n → ∞ we obtain for arbitrary fixed k ∈ N

lim_{n→∞} 2(k−1)∑ j=0 (−1)^j [_n p^j_i ] n ¿ lim sup_{n→∞}^{Di(n)}_n ¿ lim inf_{n→∞}^{Di(n)}_n ¿ lim_{n→∞} 2k−1∑ j=0 (−1)^j [_n p^j_i ]

n and because k is fixed, we receive 2(k−1) ∑ j=0 (−1)^j 1 p^j_i ¿ lim sup n→∞ D_i(n) n ¿ lim inf_{n→∞}^{Di(n)}_n ¿^{2k−1∑}_{j=0} (−1)^{j 1}_{p ji} .

With k → ∞ we obtain lim_{k→∞} 2(k−1) ∑ j=0 (−1)^j 1 p^j_i ¿ lim sup n→∞ D_i(n) n ¿ lim inf_{n→∞}^{Di(n)}_n ¿ lim_{k→∞}^{2k−1∑}_{j=0} (−1)^{j 1}_{p ji}

and finally p_i p_i + 1 ¿ lim sup n→∞ D_i(n) n ¿ lim inf_{n→∞}^{Di(n)}_n ¿^{pi}_{pi + 1} .

Lemma 2.4. Let D_i be sets defined as in previous lemma. Then for every n ∈ N there holds, that the asymptotic density d (_n ⋂ i=1 D_i ) =^n ∏ i=1 d(D_i) =^n ∏ i=1 p_i p_i+1 .

P r o o f . We will prove this lemma by induction. The proof for n = 1 is trivial and for n = 2 is analogous to the previous one: If we realise, that D_1 ∩ D_2 = { p^{2j1}_1 p^{2j2}_2 · m : j_1, j_2 ∈ N ∪ {0}, m ∈ N, gcd(m, p_1) = gcd(m, p_2) = 1 } , then to prove, that d(D_1 ∩ D_2) =^{p1}_{p1+1}^{p2}_{p2+1} , we have to define sets B_k in the following way

B_0 = D_2 = { m : m ∈ D_2} and so B_0(n) = D_2(n) ,

NOTES ON THE EXPRESSION OF NATURAL NUMBERS AS SUM OF POWERS

B_1 = {p_1 · m : m ∈ D_2} and so B_1(n) = D_2 ([ n p_1 ]) ,

B_2 = {p^2_1 · m : m ∈ D_2} and so B_2(n) = D_2 ([ n p^2_1 ]) , . . B_k = {p^k_1 · m : m ∈ D_2} and so B_k(n) = D_2 ([ n p^k_1 ]) . Now we are going to define sets C_k and Q_k , k = 1, 2, . . . , recurrently: C_1 = B_0 , Q_k = C_k − B_{2k−1} , C_k = Q_{k−1} ∪ B_{2(k−1)} .

It is easy to see, that a) In case of k = 1 and n ∈ N there holds C_1 = B_0 = Q_2 ⊇ (D_1 ∩ D_2) ⊇ Q_1 = B_0 − B_1 so we can write

C_1(n) = D_2 ( [n] ) ¿ (D_1 ∩ D_2)(n) ¿ Q_1(n) = D_2^([n]^) − D_2 ([ n p_1 ])

b) In case of k = 2 and n ∈ N there holds C_2 = Q_1 ∪ B_2 ⊇ D_1 ∩ D_2 ⊇ Q_2 = C_2 − B_3 so we can write

C_2(n) = 2∑ j=0 (−1)^j D_2 ([ n p^j_1 ]) ¿ (D_1 ∩ D_2)(n) ¿ Q_2(n) =^{3∑}_{j=0}(−1)^j D_2 ([ n p^j_1 ]) .

c) Finally we can generally say, that for every k ∈ N and n ∈ N there holds C_k ⊇ D_1 ∩ D_2 ⊇ Q_k so we can write

C_k(n) = 2(k−1) ∑ j=0 (−1)^j D_2 ([ n p^j_1 ]) ¿ (D_1∩D_2)(n) ¿ Q_k(n) =^{2k−1∑}_{j=0} (−1)^j D_2 ([ n p^j_1 ]) . Hence for every k, n ∈ N there holds 2(k−1)∑ j=0 (−1)^j D_2 ([ n p^j1 ]) n ¿^{(D1 ∩ D2)(n)}_n ¿ 2k−1∑ j=0 (−1)^j D_2 ([ n p^j1 ])

n .

PAVEL JAHODA

If we denote D^∗ = D_1 ∩ D_2 , d̄(D^∗) the upper asymptotic density of D^∗ and d(D^∗) the lower asymptotic density of D^∗, respectively, then with n → ∞ we obtain for every fixed k ∈ N the following inequalities.

lim_{n→∞} 2(k−1)∑ j=0 (−1)^j D_2 ([ n p^j1 ]) n ¿^¯d(D^∗) ¿ d(D^∗) ¿ lim_{n→∞} 2k−1∑ j=0 (−1)^j D_2 ([ n p^j1 ])

n ,

lim_{n→∞} 2(k−1) ∑ j=0 (−1)^j D_2 ([ n p^j1 ]) n [_n p^j1 ] [_n p^j1

] ¿^¯d(D^∗) ¿ d(D^∗)

¿ lim_{n→∞}^{2k−1∑}_{j=0}^{(−1)} j D_2 ([ n p^j1 ]) n [_n p^j1 ] [_n p^j1 ] ,

d(D_2) 2(k−1)∑

j=0 (−1)^j 1 p^j_1 ¿ d̄(D^∗) ¿ d(D^∗) ¿ d(D_2)^{2k−1} ∑ j=0 (−1)^j 1 p^j_1 . With k → ∞ we obtain:

lim_{k→∞} d(D_2) 2(k−1)∑

j=0 (−1)^j 1 p^j_1 ¿ d̄(D^∗) ¿ d(D^∗) ¿ lim_{k→∞} d(D_2)^{2k−1} ∑ j=0 (−1)^j 1 p^j_1 , d(D_2) p_1 p_1 + 1 ¿ d̄(D^∗) ¿ d(D^∗) ¿ d(D_2) p^1 p_1 + 1 , d(D_2)d(D_1) ¿ d̄(D^∗) ¿ d(D^∗) ¿ d(D_2)d(D_1) .

Now we have to do the induction step. Let us denote D^∗ =^{r−1} ⋂ i=1 D_i . By the

induction assumption we obtain d(D^∗) =^{r−1} ∏ i=1 d(D_i) =^{r−1} ∏ i=1 p_i p_i+1 and we are

going to prove that d(D^∗ ∩ D_r) =^r ∏ i=1 d(D_i) =^r ∏ i=1 p_i p_i+1 . The proof of this fact is

analogous to the proof in the case of n = 2. We just have to define sets B_k for k = 1, 2, . . . in the following way

B_0 = {m : m ∈ D^∗} and so B_0(n) = D^∗(n) ,

B_1 = {p_r · m : m ∈ D^∗} and so B_1(n) = D^∗ ([ n p_r ]) ,

B_2 = {p^2_r · m : m ∈ D^∗} and so B_2(n) = D^∗ ([ n p^2_r ]) ,

NOTES ON THE EXPRESSION OF NATURAL NUMBERS AS SUM OF POWERS . . B_k = {p^k_r · m : m ∈ D^∗} and so B_k(n) = D^∗ ([ n p^k_r ]) , and to define sets C_k and Q_k , k = 1, 2, . . . , recurrently: C_1 = B_0 , Q_k = C_k − B_{2k−1} , C_k = Q_{k−1} ∪ B_{2(k−1)} .

Then, as in the case of n = 2, we have for every k, n ∈ N 2(k−1)∑ j=0 (−1)^j D^∗ ([ n p^j_r ]) n ¿^{(D∗ ∩ Dr )(n)}_n ¿ 2k−1∑ j=0 (−1)^j D^∗ ([ n p^j_r ])

n . If we denote D^{∗∗} = D^∗ ∩ D_r , then with n → ∞ we obtain for arbitrary fixed k ∈ N lim_{n→∞} 2(k−1)∑ j=0 (−1)^j D^∗ ([ n p^j_r ]) n ¿^¯d(D^{∗∗}) ¿ d(D^{∗∗}) ¿ lim_{n→∞} 2k−1∑ j=0 (−1)^j D^∗ ([ n p^j_r ])

n ,

lim_{n→∞} 2(k−1) ∑ j=0 (−1)^j D^∗ ([ n p^j_r ]) n [_n p^j_r ] [_n p^j_r ] ¿^¯d(D^{∗∗}) ¿ d(D^{∗∗})

¿ lim_{n→∞}^{2k−1∑}_{j=0}^{(−1)} j D^∗ ([ n p^j_r ]) n [_n p^j_r ] [_n p^j_r ] .

Because k is fixed, we can write d(D^∗). 2(k−1) ∑ j=0 (−1)^j 1 p^j_r ¿ d̄(D^{∗∗} ) ¿ d(D^{∗∗}) ¿ d(D^∗).^{2k−1} ∑ j=0 (−1)^j 1 p^j_r , d(D^∗)d(D_r ) ¿ d̄(D^{∗∗} ) ¿ d(D^{∗∗}) ¿ d(D^∗)d(D_r ) .

From the previous induction assumption we have (_{r−1} ∏ i=1 d(D_i) ) d(D_r ) ¿ d̄(D^{∗∗}) ¿ d(D^{∗∗}) ¿ (_{r−1} ∏ i=1 d(D_i) ) d(D_r ) ,

r∏ i=1 d(D_i) ¿ lim sup_{n→∞} ( ⋂_r i=1 D_i ) (n) n ¿ lim inf_{n→∞} ( ⋂_r i=1 D_i ) (n) n ¿^{r∏}_{i=1} d(D_i) .

PAVEL JAHODA

Using previous lemmas we can introduce the proof of Theorem 2.3. From Lemma 2.2 we conclude, that D =^∞ ⋂ i=1 D_i , hence for every k ∈ N there holds

D ⊆ (_k ⋂ i=1 D_i ) . So for every k ∈ N and for every n ∈ N there holds D(n) = (_∞ ⋂ i=1 D_i ) (n) 6 (_k ⋂ i=1 D_i ) (n) ,

D(n) n 6 (_k ⋂ i=1 D_i ) (n) n . Using Lemma 2.4 we can say, that for every fixed k ∈ N there holds

0 6 lim inf_{n→∞}^{D(n)}_n 6 lim sup_{n→∞}^{D(n)}_n 6^{k∏}_{i=1}^{pi}_{pi + 1} .

Now we have to prove that lim_{k→∞}^k ∏ i=1 p_i p_i+1 = 0. We can see that

0 6^{k∏}_{i=1}^{pi}_{pi + 1} =^{k∏}_{i=1}^1_{1 + 1pi} =^1_{k∏} i=1 ( 1 +^1_{pi}

) 6^1_{k∑} i=1 1 p_i .

If p_1 < p_2 < · · · < p_n < . . . is the sequence of all prime numbers in the form

p_n = 4k + 3, k ∈ N ∪ {0}, then^∞ ∑ i=1 1 p_i = ∞.

So we obtain

0 6 lim inf_{n→∞}^{D(n)}_n 6 lim sup_{n→∞}^{D(n)}_n 6 0 .

REFERENCES

[1] RIEGER, G. J. : Zum Satz von Landau über die Summe aus zwei Quadraten, J. Reine Angew. Math. 244 (1970), 198–200.

[2] HARDY, G. H.—WRIGHT, E. M. : An Introduction to the Theory of Numbers, Clarendon press, Oxford, 1954.

[3] HOOLEY, CH. : On the intervals between numbers that are sums of two squares, J. Reine Angew. Math. 267 (1974), 207–218.

NOTES ON THE EXPRESSION OF NATURAL NUMBERS AS SUM OF POWERS

[4] CHOI, D. M.—LAM, T. Y.—RESNICK, B.—ROSENBERG, A. : Sums of squares in some integral domains, J. Algebra 65 (1980), 234–256.

[5] BATEMAN, P. T.—GROSSWALD, E. : Positive integers expressible as a sum of three squares in essentially only one way, J. Number Theory 19 (1984), 301–308.

[6] BLEICHER, M..—KNOPP, M. I. : Lattice points in a sphere, Acta Arith. 10 (1965), 369–379.

[7] LANDAU, E. : Über die Einteilung der : : : Zahlen in 4 Klassen : : : , Arch. Math. Phys.

13 (1908), 305–312.

Received December 8, 2004 Department of Mathematics Faculty of Science University of Ostrava 30. dubna 22 CZ–701 03 Ostrava 1 CZECH REPUBLIC E-mail: pavel.jahoda@vsb.cz