Tatra Mt. Math. Publ. 28 (2004), 169–177 tm

Mathematical Publications

ON THE CONVERGENCE OF SOME PARTICULAR SERIES

Gergely Pataki

ABSTRACT. We investigate the interrelationships of eight closely related properties of sequences in ]0; 1] formulated in terms of the convergence of some particular series.

The obtained results can be used to easily prove some slight extensions of the essential parts of our former convergence theorems on the series P a1�^xn^{/n}_n and

P_a1�x_n/ log(1+n) n .

1. Four equivalent statements for sequences

Throughout this paper, we denote by S the family of all sequences in the unit interval ]0, 1] .

Having in mind the generalized harmonic series ∑ 1/n^α , we start with the next simple lemma.

Lemma 1.1. If (x_n) ∈ S such that^{∞∑}_{n=1} x^α_n < +∞ for some α > 0, then there

exists (a_n) ∈ S such that^∞ ∑ n=1 a_n < +∞ and 0 < inf_{n∈N} a^xn_n .

P r o o f . Define a_n = x^α_n for all n ∈ N. Then, by the assumptions, it is

clear that (a_n) ∈ S and^∞ ∑ n=1 a_n < +∞. Moreover, since lim_{n→∞} a_n = 0, and hence

lim_{n→∞} x_n = lim_{n→∞} a^{1/α}_n = 0, it is clear that lim_{n→∞} a^xn_n = lim_{n→∞} ( x^xn_n )_α = 1. (Namely,

by L’Hospital’s rule, we have lim_{x→0} x^x = 1.) Therefore, 0 < inf_{n∈N} a^xn_n is also true.

The following example shows that the converse of the above lemma need not be true.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 40A05. K e y w o r d s: sequences, series, convergence.

GERGELY PATAKI

Example 1.2. Let x_1 = x_2 = 1 and x_n = 1/ log(n) for all n ≥ 3. Moreover, let a_n = 1/n^2 for all n ∈ N. Then, (x_n) ∈ S and (a_n) ∈ S such that^∞ ∑ n=1 a_n < +∞ and 0 < inf_{n∈N} a^xn_n , but^∞ ∑ n=1 x^α_n = +∞ for all α > 0.

Namely, we have a^xn_n = ( 1/n^2 )_{1/ log(n)} = ( e^{−2 log(n)}

)_{1/ log(n)} = e^{−2} for all n ≥ 3. Moreover, if α > 0, then by using L’Hospital’s rule, we can see that lim_{x→∞} x^α/e^x = 0. Therefore, there exists n_0 ∈ N such that log(n)^α/n ≤ 1, and hence 1/n ≤ x^α_n for all n ≥ n_0 .

Simple reformulations of the conclusion of Lemma 1.1 give the following

Theorem 1.3. If (x_n) ∈ S , then the following assertions are equivalent:

(1) there exists (a_n) ∈ S such that^∞ ∑ n=1 a_n < +∞ and 0 < inf_{n∈N} a^xn_n ;

(2) there exists a > 0 such that^∞ ∑ n=1 a^{1/x}n < +∞; (3) there exist (a_n) ∈ S and a > 0 such that^∞ ∑ n=1 a_n < +∞ and ab^{1−x}n_n ≤ max{a_n, b_n} for all (b_n) ∈ S and n ∈ N;

(4) there exist (a_n) ∈ S and a > 0 such that^∞ ∑ n=1 a_n < +∞ and aa^{1−x}n_n ≤ a_n for all n ∈ N.

P r o o f . If the assertion (1) holds, then by defining a = inf_{n∈N} a^xn_n we can see at once that 0 < a and^∞ ∑ n=1 a^{1/x}n ≤^∞ ∑ n=1 a_n < +∞. Therefore, the assertion (2) also holds.

While if the assertion (2) holds, then we necessarily have a < 1. Therefore, by defining a_n = a^{1/x}n for all n ∈ N, we evidently have not only^∞ ∑ n=1 a_n < +∞, but also (a_n) ∈ S . Moreover, if (b_n) ∈ S , then

a_n ≤ b_n implies ab^{1−x}n_n = ab^{−x}n_n b_n ≤ aa^{−x}n_n b_n = b_n ≤ max{a_n, b_n} , and b_n < a_n implies ab^{1−x}n_n ≤ aa^{1−x}n_n = aa^{−x}n_n a_n = a_n ≤ max{a_n, b_n} .

Therefore, the assertion (3) also holds. Moreover, if the assertion (3) holds, then by writing (a_n) in position of (b_n), we can see at once that the assertion (4) also holds.

Finally, if the assertion (4) holds, then we evidently have a ≤ a_na^xn^{−1}_n = a^xn_n for all n ∈ N, and hence a ≤ inf_{n∈N} a^xn_n . Therefore, the assertion (1) also holds.

2. Consequences of the assertion 1.3 (2)

Lemma 2.1. If (x_n) ∈ S such that^{∞∑}_{n=1} a^{1/xn} < +∞ for some a > 0, then ∞∑ n=1 a^{1/x}n_n < +∞ for all (a_n) ∈ S with lim_{n→∞} a_n = 0.

P r o o f . If (a_n) is as above, then there exists n_0 ∈ N such that a_n ≤ a, and hence a^{1/x}n_n ≤ a^{1/x}n for all n ≥ n_0 . Therefore,^∞ ∑ n=1 a^{1/x}n_n < +∞ is also true.

Theorem 2.2. If (x_n) ∈ S such that^{∞∑}_{n=1} a^{1/xn}_n < +∞ for all (a_n) ∈ S with

lim_{n→∞} a_n = 0, then lim_{n→∞} x_n = 0.

P r o o f . Assume, on the contrary, that (x_n) is not a null sequence. Then, there exists ε > 0 such that for each n ∈ N there exists k ≥ n such that x_k ≥ ε. Therefore, there exists a strictly increasing function k of N into itself such that x_{k(n)} ≥ ε for all n ∈ N. Define

a_n = 1 k^{−1}(n)^ε for n ∈ k(N) , 1 n^ε for n ∈ N \ k(N) .

Then, it is clear that 0 < a_n ≤ 1 for all n ∈ N, and thus (a_n) ∈ S . Moreover, by considering the two cases, it can be easily seen that a_n ≤ 1 n^ε_0 for all n_0 , n ∈ N with n ≥ k(n_0) .

Therefore, (a_n) is a null sequence, and thus^∞ ∑ n=1 a^{1/x}n_n < +∞. On the other hand, we can easily see that 1 n = a^{1/ε}_{k(n)} ≤ a^{1/x}k^(n^) k(n) for all n ∈ N. Hence, it follows that

+∞ = ∞∑ n=1 1 n ≤ ∞∑ n=1 a^{1/x}k^(n^) k(n) ≤ ∞∑ n=1 a^{1/x}n_n < +∞ . This contradiction proves the required assertion.

The following example shows that the converse of the above theorem need not be true.

GERGELY PATAKI

Example 2.3. Let x_n = a_n = 1 for all n ∈ {1, 2, . . . , 3^3 − 1} and

x_n = 1 log ( log(n)

) and a_n = 1 n^xn for all n ≥ 3^3 . Then, (x_n) ∈ S and (a_n) ∈ S such that lim_{n→∞} x_n = 0 and lim_{n→∞} a_n = 0, but^∞ ∑ n=1 a^{1/x}n_n = +∞.

Namely, we have a_n = n^{−x}n = e^{−x}n^{log(n)} = e^{− log(n)/ log}

(_{log(n)}) for all n ≥ 3^3 , and moreover^∞ ∑ n=1 a^{1/x}n_n ≥^∞ ∑ n=1 1/n = +∞. Finally, as an immediate consequence of Lemma 2.1 and Theorem 2.2, we can also state

Corollary 2.4. If (x_n) ∈ S such that^{∞∑}_{n=1} a^{1/xn} < +∞ for some a > 0,

then lim_{n→∞} x_n = 0.

3. Consequences of Assertion 1.3 (3)

Lemma 3.1. If (x_n) ∈ S such that there exist (a_n) ∈ S and a > 0 such that ∞∑ n=1 a_n < +∞ and ab^{1−x}n_n ≤ max{a_n, b_n} for all (b_n) ∈ S and n ∈ N, then ∞∑ n=1 b^{1−x}n_n < +∞ for all (b_n) ∈ S with^∞ ∑ n=1 b_n < +∞. P r o o f . If (b_n) is as above, then b^{1−x}n_n ≤ a^{−1} max{a_n, b_n} ≤ a^{−1}a_n +a^{−1}b_n for all n ∈ N. Therefore,^∞ ∑ n=1 b^{1−x}n_n ≤ a^{−1 ∞} ∑ n=1 a_n + a^{−1 ∞} ∑ n=1 b_n < +∞. Theorem 3.2. If (x_n) ∈ S such that^{∞∑}_{n=1} a^{1−xn}_n < +∞ for all (a_n) ∈ S with ∞∑ n=1 a_n < +∞, then lim_{n→∞} x_n = 0.

P r o o f . Assume, on the contrary, that (x_n) is not a null sequence. Then, there exist an ε ∈ ]0, 1[ and a strictly increasing function k of N into itself such that x_{k(n)} ≥ ε for all n ∈ N. Define α = 1/ √ 1 − ε, and

a_n = 1 k^{−1}(n)^α for n ∈ k(N) , 1 n^α for n ∈ N \ k(N) .

Then, it is clear that (a_n) ∈ S . Moreover, since 1 < α, we can easily see that ∞∑ n=1 a_n = ∑ n∈k(N) a_n + ∑ n∈N\k(N ) a_n ≤ ∞∑ n=1 1 n^α + ∞∑ n=1 1 n^α < +∞ .

Therefore, by the assumption of the theorem, we also have^∞ ∑ n=1 a^{1−x}n_n < +∞.

On the other hand, we can also see that

1 − x_{k(n)} ≤ 1 − ε = 1/α^2 < 1/α ,

and thus 1/n = a^{1/α}_{k(n)} ≤ a^{1−x}k^(n^)_{k(n)} for all n ∈ N. Therefore,

+∞ = ∞∑ n=1 1 n ≤ ∞∑ n=1 a^{1−x}n_n < +∞ . This contradiction proves the required assertion.

The following example shows that the converse of the above theorem need not be true.

Example 3.3. Let x_n = a_n = 1 for all n ∈ {1, 2, . . . , 3^3 − 1} and

x_n = 1 log ( log(n)

) and a_n = 1 n log(n)^2

for all n ≥ 3^3 . Then, lim_{n→∞} x_n = 0. Moreover, the series^∞ ∑ n=1 a_n < +∞, but ∞∑ n=1 a^{1−x}n_n = +∞.

Namely, by using Cauchy’s condensation test, it can be easily seen that ∞∑ n=1 a_n < +∞, but^∞ ∑ n=1 a_n log(n) = +∞ ([3, p. 399]). Therefore, to prove that ∞∑ n=1 a^{1−x}n_n = +∞, it is sufficient only to show that 1 n log(n) ≤ a^{1−x}n_n for all n ≥ 3^3 . For this, assume that n ≥ 3^3 . Then, by using that the function log is increasing and log(x)^2 ≤ x for all x > 0, we can easily see that

1 ≤ log(n) , n ≤ n log(n) , log ( log(n) ) ≤ log ( log ( n log(n) )) ,

GERGELY PATAKI

and hence log ( log(n)

)_2

≤ log ( log ( n log(n) ))_2 ≤ log ( n log(n) ) . Therefore, log ( log(n)^{1/x}n^{−1} ) = (1/x_n − 1) log ( log(n) ) = ( log ( log(n) ) − 1 ) log ( log(n) ) < log ( log(n)

)_2 ≤ log ( n log(n) ) , hence ( log(n)

)_{1/x}n_{−1} < n log(n) , ( log(n) )_{1/x}n < a^{−1}_n , log(n) < a^{−x}n_n .

Therefore, 1 n log(n)

= a_n log(n) < a^{1−x}n_n .

Finally, as an immediate consequence of Lemma 3.1 and Theorem 3.2, we

can also state

Corollary 3.4. If (x_n) ∈ S such that there exist (a_n) ∈ S and a > 0 such

that^∞ ∑ n=1 a_n < +∞ and ab^{1−x}n_n ≤ max{a_n, b_n} for all (b_n) ∈ S and n ∈ N, then

lim_{n→∞} x_n = 0.

4. An application of Theorem 1.3 and Lemma 3.1

Lemma 4.1. If (α_n) ∈ S such that^{∞∑}_{n=1} α_n < +∞, then we have^{∞∑}_{n=1} α^{1−xn/n}_n <

+∞ for all bounded sequence (x_n) in R with (x_n/n) ∈ S .

P r o o f . Suppose that (x_n) is as above. Then, we necessarily have x_n > 0

for all n ∈ N. Moreover, there exists K > 0 such that x_n ≤ K for all n ∈ N.

Hence, it is clear that ∞∑ n=1 (x_n/n)^2 ≤ ∞∑ n=1 K^2/n^2 < +∞ .

Therefore, by Lemma 1.1, there exists (a_n) ∈ S such that ∞∑ n=1 a_n < +∞ and 0 < inf_{n∈N} a^xn^{/n}_n .

Hence, by Theorem 1.3, it follows that there exist (a_n) ∈ S and a > 0 such that ∞∑ n=1 a_n < +∞ and ab^{1−x}n^{/n}_n ≤ max{a_n, b_n} for all (b_n) ∈ S and n ∈ N. Therefore, by Lemma 3.1, we also have ∞∑ n=1 b^{1−x}n^{/n} n < +∞

for all (b_n) ∈ S with^∞ ∑ n=1 b_n < +∞. Thus, in particular, the required inequality ∞∑ n=1 α^{1−x}n^{/n} n < +∞ is also true.

Now, by using the above lemma, we can easily prove a slight extension of the (1)⇒(2) part of a convergence theorem of [1].

Theorem 4.2. If (β_n) is a sequence in ]0, +∞[ such that^{∞∑}_{n=1} β_n < +∞, then ∞∑ n=1 β^{1−y}n^{/n} n < +∞ for any sequence (y_n) in R which is bounded above.

P r o o f . Define α_n = min{β_n, 1} for all n ∈ N. Then, it is clear that (α_n) is as in Lemma 4.1.

Suppose now that (y_n) is as in the theorem. Then, there exists K > 0 such that y_n ≤ K for all n ∈ N. Define

x_n = { y_n if 0 < y_n ≤ n , min{n, K} otherwise .

Then, it is clear that (x_n) is as in Lemma 4.1. Therefore, ∞∑ n=1 α^{1−x}n^{/n} n < +∞ .

On the other hand, since^∞ ∑ n=1 β_n < +∞, and hence lim_{n→∞} β_n = 0, there exists n_0 ≥ K such that β_n ≤ 1 for all n ≥ n_0 . Thus, we have α_n = β_n and y_n ≤ x_n for all n ≥ n_0 . (Namely, if n ≥ n_0 , then y_n ≤ K ≤ n_0 ≤ n, and thus x_n = y_n or y_n ≤ 0 < x_n .) Hence, since (α_n) ∈ S , it is clear that β^{1−y}n^{/n} n = α^{1−y}n^{/n} n ≤ α^{1−x}n^{/n} n

GERGELY PATAKI

for all n ≥ n_0 . Therefore,^∞ ∑ n=1 β^{1−y}n^{/n} n < +∞ is also true.

Remark 4.3. In [1], we have also proved that if (β_n) is a sequence in ]0, +∞[

such that^∞ ∑ n=1 β^{1−y}n^{/n} n < +∞ for some bounded sequence (y_n) in R, then ∞∑ n=1 β_n < +∞.

5. A further application of Theorem 1.3 and Lemma 3.1

Lemma 5.1. If (α_n) ∈ S such that^{∞∑}_{n=1} α_n < +∞, then we have ∞∑ n=1 α^{1−x}n^{/ log(1+n)} n < +∞ for all bounded sequence (x_n) in R with ( x_n/ log(1 + n) ) ∈ S . P r o o f . Suppose that (x_n) is as above. Then, we necessarily have x_n > 0 for all n ∈ N. Moreover, there exists K > 0 such that x_n ≤ K for all n ∈ N. Hence, it is clear that ∞∑ n=1 ( e^{−2K} )_{log(1+n)/x}n ≤ ∞∑ n=1 ( e^{−2K} )_{log(1+n)/K} ≤ ∞∑ n=1 (1 + n)^{−2} < +∞ .

Hence, by Theorem 1.3, it follows that there exist (a_n) ∈ S and a > 0 such that ∞∑ n=1 a_n < +∞ and ab^{1−x}n^{/ log(1+n)} n ≤ max{a_n, b_n} for all (b_n) ∈ S and n ∈ N. Therefore, by Lemma 3.1, we also have ∞∑ n=1 b^{1−x}n^{/ log(1+n)} n < +∞ for all (b_n) ∈ S with^∞ ∑ n=1 b_n < +∞. Thus, in particular, the required inequality ∞∑ n=1 α^{1−x}n^{/ log(1+n)} n < +∞ is also true.

Now, by using the above lemma, we can easily prove a slight extension of the (1)⇒(2) part of a convergence theorem of [2].

Theorem 5.2. If (β_n) is a sequence in ]0, +∞[ such that^{∞∑}_{n=1} β_n < +∞, then ∞∑ n=1 β^{1−y}n^{/ log(1+n)} n < +∞ for any sequence (y_n) in R which is bounded above.

P r o o f . Define α_n = min{β_n, 1} for all n ∈ N. Then, it is clear that (α_n) is as in Lemma 5.1.

Suppose now that (y_n) is as in the theorem. Then, there exists K > 0 such that y_n ≤ K for all n ∈ N. Define

x_n = { y_n if 0 < y_n ≤ log(1 + n) , min { log(1 + n), K } otherwise .

Then, it is clear that (x_n) is as in Lemma 5.1. Therefore, ∞∑ n=1 α^{1−x}n^{/ log(1+n)} n < +∞ . On the other hand, since^∞ ∑ n=1 β_n < +∞, and hence lim_{n→∞} β_n = 0, there exists

n_o ≥ e^K − 1 such that β_n ≤ 1 for all n ≥ n_0 . Thus, we have α_n = β_n and y_n ≤ x_n for all n ≥ n_0 . (Namely, if n ≥ n_0 , then y_n ≤ K ≤ log(1 + n_0) ≤ log(1 + n), and thus x_n = y_n or y_n ≤ 0 < x_n .) Hence, since (α_n) ∈ S , it is clear that β^{1−y}n^{/ log(1+n)} n = α^{1−y}n^{/ log(1+n)} n ≤ α^{1−x}n^{/ log(1+n)} n for all n ≥ n_0 . Therefore,^∞ ∑ n=1 β^{1−y}n^{/ log(1+n)} n < +∞ is also true.

Remark 5.3. In [2], we have also proved that if (β_n) is a sequence in ]0, +∞[ such that^∞ ∑ n=1 β^{1−y}n^{/ log(1+n)} n < +∞ for some bounded sequence (y_n) in R, then ∞∑ n=1 β_n < +∞. Acknowledgement. The author is indebted to Árpád S z á z for many helpful conversations and valuable comments which led to the present form of this paper.

REFERENCES

[1] PATAKI, G. : On the convergence of the series P a1�^xn^{/n}_n , Publ. Elektroteh. Fak. Univ.

Beogr., Ser. Mat. 12 (2001), 61–63.

[2] PATAKI, G. : On the convergence of the series P a1�^xn^/ log(1+^n)_n , Ştiinţ Univ. Baia Mare Ser. B 18 (2002), 65–68.

[3] STROMBERG, K. R. : An Introduction to Classical Real Analysis, Wadsworth, Inc., Belmont, California, 1981.

Received October 17, 2002 Institute of Mathematics and Informatics University of Debrecen H{4010 Debrecen, Pf. 12 HUNGARY E-mail: pataki@math.klte.hu