Tatra Mt. Math. Publ. 30 (2005), 59–70 tm

Mathematical Publications

CANCELLATION LAW IN CLASS

OF MONOUNARY ALGEBRAS

Danica Jakubíková-Studenovská

ABSTRACT. In this paper we deal with the validity of the implications AB ∼= AC ⇒ B ∼= C and Ak ∼= Bk ⇒ A ∼= B (k ∈ N) for some classes of monounary algebras.

0. Introduction

This paper is a continuation of [2], where the validity of the implication AB ∼= AC ⇒ B ∼= C (1) for some classes of monounary algebras was investigated. We extend the main results of [2] (Thm. 3.8 and Thm. 3.9) for larger classes of monounary algebras.

Further, we consider the validity of the implication

A^k ∼= B^k ⇒ A ∼= B (2)

for k ∈ N.

The cancellation law (1) for some classes of algebraic structures has been dealt with in [1], [9], [3]–[7]. In some of these papers, the relation (2) has been considered as well.

1. Auxiliary results

If C is a class of algebras such that for each A, B, C ∈ C the implication (1) holds, then we say that the cancellation law (1) is valid in C . Similarly, we say that (2) holds in a class C , if the implication (2) is valid for each A, B ∈ C .

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 08A60. K e y w o r d s: monounary algebra, direct product, cancellation law. Supported by grant VEGA 1/0423/03.

Let D be a given monounary algebra. We denote by K(D) the class of all monounary algebras A such that

(i) A is a disjoint union of a finite number of algebras E_1, E_2, . . . , E_k ; (ii) if j ∈ {1, . . . , k}, then E_j can be expressed as a direct product of a finite number of subalgebras A_{j1}, . . . , A_{jmj} of D such that no A_{ji} (i = 1, . . . , m_j ) is a cycle.

Let us remark that often we will not distinguish a monounary algebra (A, f) and the corresponding set A.

Let Zand N be the set of all integers and of all positive integers, respectively.

We denote by Z = (Z, f) the monounary algebra such that f(x) = x + 1 for each x ∈ Z.

Let n ∈ N. Then D_n = (D_n, f) denotes a connected monounary algebra such that D_n = Z_n ∪ N, where Z_n = {0_n, 1_n, . . . , (n − 1)_n} is the set of all integers modulo n (here i_n = { j ∈ Z: j ≡ i (mod n)^} for i ∈ Z) and the operation f

on D_n is defined as follows:

f(a) = a + 1_n if a ∈ Z_n , a − 1 if a ∈ N, a ≠ 1 , 0_n if a = 1 .

The notion of degree s(x) of an element x of a monounary algebra (A, f) was introduced in [8] as follows. Let us denote by A^{(∞)} the set of all elements x ∈ A such that there exists a sequence {x_n}_{n∈N∪{0}} of elements belonging to A with the property x_0 = x and f(x_n) = x_{n−1} for each n ∈ N. Further, we put A^{(0)} = {x ∈ A : f^{−1}(x) = ∅}. Now we define a set A^{(λ)} ⊆ A for each ordinal λ by induction. Assume that we have defined A^{(α)} for each ordinal λ. Then we put A^{(λ)} = { x ∈ A − ⋃ α<λ A^{(α)} : f^{−1}(x) ⊆ ⋃ α<λ A^{(α)} } . The sets A^{(λ)} are pairwise disjoint. For each x ∈ A, either x ∈ A^{(∞)} or there is an ordinal λ with x ∈ A^{(λ)} . In the former case we put s_f (x) = ∞, in the latter case we set s_f (x) = λ. We put λ < ∞ for each ordinal λ.

In the remaining part of this section we assume that n ∈ N, n > 1. Further, in 1.1 – 1.5 let A_1, . . . , A_m be subalgebras of D_n such that no A_i (i = 1, . . . , m) is a cycle. Put E = A_1A_2 · · · A_m .

Let 0_n be an element of E ,

0_n = (0_n, 0_n, . . . , 0_n) .

Let x = (x_1, . . . , x_m) ∈ E . It is obvious that x is cyclic if and only if x_i ∈ Z_n for i = 1, 2, . . . , m. If i ∈ {1, . . . , m}, then the assumption yields that either A_i = D_n or A_i =

Z_n ∪ {1, . . . , l} for some l ∈ N. In the first case we will write h(A_i) = ∞ and

in the second one, h(A_i) = l ; h(A_i) will be called the height of A_i . For each i = {1, . . . , m} we put α_i = h(A_i) .

Without loss of generality we can suppose that

α_1 ≤ α_2 ≤ · · · ≤ α_m . (∗)

In more detail, we can assume that there are positive integers j_1, j_2, . . . , j_k such that j_1 + j_2 + · · · + j_k = m,

α_1 = α_2 = · · · = α_{j1} < α_{j1+1} = α_{j1+2} = · · · = α_{j1+j2} < . . . (∗∗) · · · < α_{j1+···+jk}�_{1+1} = α_{j1+···+jk}�_{1+2} = · · · = α_{j1+···+jk}�_{1+jk} . Denote β_1 = α_{j1}, β_2 = α_{j1+j2} , . . . , β_k = α_{j1+j2+···+jk} . Therefore β_1 < β_2 < · · · < β_k and the system of the algebras A_1, . . . , A_m consists of a system δ_1 of j_1 algebras of height β_1; δ_2 of j_2 algebras of height β_2, . . . ; system δ_k of j_k algebras of height β_k .

Lemma 1.1. Let F be a connected component of E such that 0_n ∈ F . Assume

that c is a cyclic element of F . Then c = 0_n if and only if | |f^{−1}(c) | | > 1. P r o o f . Let a, b ∈ E be such that a = (1, −1_n, −1_n, . . . , −1_n) , b = (−1_n, −1_n, . . . , −1_n) . The element b is cyclic, a is not cyclic, thus b ≠ a. We have f(a) = 0_n = f(b), i.e., | |f −1(0_n) | | > 1. Suppose that 0_n ≠ c = ( c(1), . . . , c(m) ) . Since 0_n ∈ F and c is cyclic, there is j ∈ {0, . . . , n−1} with c = f^j (0_n). Then ( c(1), . . . , c(m) ) = c = (j_n, j_n, . . . , j_n). In each of the algebras A_1, . . . , A_m we have f^{−1}(j_n) = { (j−1)_n } , thus f^{−1}(c) = {( (j − 1)_n, . . . , (j − 1)_n )} , | |f −1(c) | | = 1.

Lemma 1.2. Let F be a connected component of E . Then 0_n /∈ F if and

only if there exist cyclic elements u, v ∈ F such that u ≠ v and | |f^{−1}(u) | | > 1, | |f^{−1}(v) | | > 1. P r o o f . If 0_n ∈ F , then by 1.1 the relation | |f −1(c) | | > 1 for some cyclic element c yields that c = 0_n . Conversely, suppose that 0_n /∈ F . There is at least one cyclic element in F , say a = ( a(1), a(2), . . . , a(n) ) . There are two distinct coordinates in a (without loss of generality, a(1) ≠ a(2)), since if a(1) = a(2) = · · · = a(m), then a belongs to the same connected component as 0_n . Put u = ( 0_n, a(2) − a(1), . . . , a(n) − a(1) ) , v = ( a(1) − a(2), 0_n, a(3) − a(2), . . . , a(n) − a(2) ) . If α, β belong to the classes a(1), a(2) modulo n, respectively, we get

f^α(u) = a = f^β (v) .

Hence u, v are cyclic elements belonging to F . Next, the relation u = v implies that the coordinates are equal, thus a(1) = a(2), a contradiction; therefore u, v are distinct.

The elements ( 1, a(2) − a(1) − 1_n, . . ., a(n) − a(1) − 1_n ) , ( −1_n, a(2) − a(1) − 1_n, . . ., a(n) − a(1) − 1_n ) belong to f^{−1}(u) and are distinct; similarly, ( a(1) − a(2) − 1_n, −1_n, a(3) − a(2) − 1_n, . . ., a(n) − a(2) − 1_n ) , ( a(1) − a(2) − 1_n, 1 , a(3) − a(2) − 1_n, . . ., a(n) − a(2) − 1_n ) are distinct elements of f^{−1}(v).

Lemma 1.3. Let F be a connected component of E with 0_n ∈ F and let c = ( c(1), . . . , c(m) ) be a non-cyclic element of F such that f(c) is cyclic. Then {−1_n} ≠ { c(1), . . . , c(m) } ⊆ {−1_n, 1}. Further,

s(c) = min { α_i − 1 : c(i) = 1 , i ∈ {1, . . ., m} } . P r o o f . The first assertion follows immediately from the definition of D_n . Denote γ = min { α_i − 1 : c(i) = 1 , i ∈ {1, . . . , m} } . If γ = ∞, then A_i = D_n for each i ∈ {1, . . . , m} and s(1) = ∞ in each of the algebras A_i . Since s(−1_n) = ∞, too, we get s ( c(i) ) = ∞ for each i ∈ {1, . . . , m}, thus s(c) = ∞ = γ . Now let γ ≠ ∞, γ = α_j − 1 ∈ N ∪ {0} for some j ∈ {1, . . . , m}. To prove that s(c) = γ we need to show the following two relations:

(1) f^{−γ} (c) = ∅. (2) f^{−(γ+1)}(c) = ∅.

Since α_1 ≤ · · · ≤ α_j ≤ · · · ≤ α_m , we have c(l) = −1_n for each l < j and for l ≥ j the element γ + 1 = α_j < α_l belongs to A_l . Hence the element d with d(l) = { (1 − γ)_n if l < j , γ + 1 if l ≥ j , belongs to f^{−γ} (c) and (1) is valid. Suppose that (2) does not hold and that ( e(1), . . . , e(m) ) = e ∈ f^{−(γ+1)}(c). Then the relation

1 = c(j) = f^{γ+1} ( e(j) ) = f^{αj} ( e(j) ) , f^{−αj} (1) ≠ ∅ , holds in the algebra A_j , which is a contradiction.

Lemma 1.3. and (∗∗) yield that the set of all c ∈ F with 0_n ∈ F such that c is non-cyclic and f(c) is cyclic, is a disjoint union of sets C_1, C_2, . . . , C_k , where, for l = 1, . . . , k ,

C_l = { c ∈ F : c-non-cyclic , f(c)-cyclic, s(c) = β_l − 1 } . Lemma 1.4. Let F be a connected component of E with 0_n ∈ F and let

C_l for l = 1, . . . , k be as above. Then |C_l| = j_l · 2^{m−1−(j1+j2+···+jl}�^{1)} for each l ∈ {1, . . . , k}. P r o o f . Let l ∈ {1, . . . , k}. By 1.3, an element c = ( c(1), . . . , c(m) ) belongs to C_l if and only if

−1_n = c(1) = c(2) = · · · = c(j_1)

= c(j_1 + 1) = · · · = c(j_1 + j_2) = . . . = c(j_1 + j_2 + · · · + j_{l−1}) , (1)

{−1_n} ≠ { c(j_1 + · · · + j_{l−1} + 1) , c(j_1 + · · · + j_{l−1} + 2), . . . c(j_1 + · · · + j_{l−1} + j_l) } ⊆ {−1_n, 1} (2) c(ι) ∈ {−1_n, 1} for each ι = j_1 + · · · + j_l + 1, . . . , m . (3)

Thus |C_l| = j_l · 2^{jl−1} · 2^{m−(j1+···+jl)} = j_l · 2^{m−1−(j1+j2+···+jl}�^{1)} . Corollary 1.5. For each l ∈ {1, . . . , k}, the number j_l is uniquely deter-

mined.

P r o o f . We have |C_1| = j_1 · 2^{m−1} , thus j_1 is determined. Assume that we know j_1, . . . , j_{l−1} . then 1.4 determines the value for j_l uniquely.

Proposition 1.6. Let A_1, . . . , A_m, B_1, . . . , B_m be subalgebras of D_n which

are not cycles. If A_1A_2 . . . A_m ∼= B_1B_2 . . . B_m , then there is a permutation α such that B_i ∼= A_{α(i)} for each i = 1, 2, . . . , m.

P r o o f . Without loss of generality, suppose that A_1, . . . , A_m are ordered with respect to their height, i.e.,

h(A_1) ≤ h(A_2) ≤ · · · ≤ h(A_m) .

There exists a permutation α such that B_i = A^′_{α(i)} for each = 1, . . . , m and that h(A^′_1) ≤ h(A^′_2) ≤ · · · ≤ h(A^′_m) .

Denote E = A_1A_2 . . . A_m , E^′ = A^′_1A^′_2 . . . A^′_m . Then E ∼= E^′ . We will use the symbols α_1, . . . , α_m, β_1, . . . , β_k as above for the algebra E ; analogous symbols corresponding to E^′ will be denoted similarly, only adding^′ , e.g., α^′_1, j^′_1, k^′ etc.

Denote by F and F^′ the connected component of E and E^′, respectively, containing the element 0_n . By 1.2, F is uniquely determined by means of E , thus the sets F and F^′ coincide. In F , the element 0_n is determined in view of 1.1, and so is 0_n in F^′. Next, the sets C_1, . . . , C_k having j_1, . . . , j_k elements are determined in F . If we consider C^′_1, . . . , C^′_k0 in F^′, then the relation F = F^′ and 1.5 imply that k = k^′ and j_1 = j^′_1, . . . , j_k = j^′_k . Therefore A_1 = A^′_1, . . . , A_m = A^′_m and the assertion is valid.

2. Cancellation laws

The aim of this section is to investigate the validity of the cancellation law (1) and of the implication (2) in the classes K(Z) and K(D_n) for n ∈ N.

First let us introduce the following notion (cf. [2]). Let D be a given monounary algebra. Then U(D) is the class of all monounary algebras A such that

(i) the number of connected components of A is finite, (ii) if E is a connected component of A, then E can be expressed as a direct product of a finite number of subalgebras A_1, . . . , A_l of D such that no A_i (i = 1, . . . , l ) is a cycle.

Fact. K(D) ⊇ U(D) for any monounary algebra D .

Proposition 2.1. The cancellation law (1) in K(Z) does not hold in general.

P r o o f . The assertion is a consequence of the fact that K(Z) ⊇ U(Z) and of 4.5 [2] by which (1) does not hold in general in the class U(Z).

Lemma 2.2. K(D_1) = U(D_1).

P r o o f . We have K(D_1) ⊆ U(D_1) according to the definition. Conversely, let A ∈ K(D_1). Then A is a disjoint union of algebras E_1, . . . , E_k . Next, each E_j (for j = 1, . . . , k ) is a direct product of a finite number A_{j1}, . . . , A_{jmj} of subalgebras of D_1 such that no A_{ji} is a cycle. If i ∈ {1, . . . , m_j }, then A_{ji} is connected and contains a one-element cycle; thus the product A_{j1}A_{j2} . . . A_{jmj} is connected (and contains a one-element cycle). Hence each E_j for j ∈ {1, . . . , k} is a connected component of A and we have proved that A ∈ U(D_1). Therefore K(D_1) ⊆ U(D_1).

Proposition 2.3. The cancellation law (1) is valid in K(D_1).

P r o o f . This is Thm. 3.8 [2].

Now let n ∈ N, n > 1. We are going to show that the cancellation law (1) holds in K(D_n). Here a method analogous to that used in [2] will be applied, we will deal with a system of polynomials with several indeterminates over the integrity domain Z.

Let A, B, C be monounary algebras from the class K(D_n). There exists a system {Y_1, Y_2, . . . , Y_m} of monounary algebras with the following properties:

(a) if i, j ∈ {1, . . . , m}, i ≠ j , then Y_i Æ Y_j ;

(b) if i ∈ {1, . . . , m}, then Y_i is a subalgebra of D_n and it is not a cycle; (c) for each A^∗ ∈ {A, B, C}, if A^∗ is a disjoint union of a finite number of algebras E_1, . . . , E_k and E_j (j ∈ {1, . . . , k}) is a direct product of subalgebras X_{j1}, . . . , X_{jlj} of D_n such that no X_{ji} (i ∈ {1, . . . , l_j }) is a cycle, then for each i ∈ {1, . . . , l_j } there is ι ∈ {1, . . . , m} such that X_{ji} ∼= Y_ι .

The existence of the system {Y_1, . . . , Y_m} follows from the definition of the class K(D_n).

Notation 2.4. If X is a monounary algebra, k ∈ N, then we denote by X^0

a fixed one-element monounary algebra and

X^k = XX . . . X (k-times) .

If k ∈ N and X_1, . . . , X_k are mutually disjoint monounary algebras, then k∑ i=1 X_i is a disjoint union of the given algebras. Further, if X_1 ∼= X_2 ∼= · · · ∼= X_k ,

then we write also kX_1 instead of^k ∑ i=1 X_i ; thus kX_1 is an algebra consisting of k copies of X_1 .

We denote 0X = ∅ for each monounary algebra X .

Lemma 2.5. Let t_1, . . . , t_m, s_1, . . . , s_m ∈ N ∪ {0}. Then Y^{t1}_1 Y^{t2}_2 . . . Y^{tm}_m^∼=

Y^{s1}_1 Y^{s2}_2 . . . Y^{tm}_m if and only if t_1 = s_1, . . . , t_m = s_m .

P r o o f . The assertion is a consequence of 1.6, since for the system {Y_1, . . . , Y_m} (a) is valid.

Corollary 2.6. Let A^∗ ∈ {A, B, C}, A^∗ be a disjoint union of algebras

E_1, . . . , E_k and E_j for j ∈ {1, . . . , k} be a direct product of subalgebras X_{j1}, . . . , X_{jlj} of D_n , where no X_{ji} (i = 1, . . . , l_j ) is a cycle. If j ∈ {1, . . . , k}, then E_j ∼= Y^{t1}_1 . . . Y^{tm}_m , where t_1, . . . , t_m ∈ N ∪ {0}; further, t_1, . . . , t_m are uniquely determined.

Notation 2.7. The system of all polynomials with indeterminates y_1, . . . , y_m

over Z will be denoted Z[y_1, . . . , y_m]. Let f(y_1, . . . , y_n) ∈ Z[y_1, . . . , y_n] be a polynomial with non-negative coefficients. Then it can be written in the form f(y_1, . . . , y_n) = r∑ i=1 p_i y^{ti1}_1 y^{ti2}_2 . . . y^{tim}_m such that

(i) p_i ≥ 0 for each i ∈ {1, . . . , r}, (ii) if j, k are distinct elements of {1, . . . , r}, then y^{tj1}_1 y^{tj2}_2 . . . y^{tjm}_m ≠ y^{tk1}_1 y^{tk2}_2 . . . y^{tkm}_m . We will say that f(y_1, . . . , y_m) is written in a normal form. By f(Y_1, . . . , Y_m) we denote_r ∑ i=1 p_iY^{ti1}_1 Y^{ti2}_2 . . . Y^{tim}_m .

Analogously as in [2] we have 2.8 – 2.10:

Lemma 2.8. Let f(y_1, . . . , y_n), g(y_1, . . . , y_m) ∈ Z[y_1, . . . , y_m] be polynomi-

als with non-negative coefficients which are written in a normal form. Then f(Y_1, . . . , Y_m) = g(Y_1, . . . , Y_m) if and only if f(y_1, . . . , y_m) = g(y_1, . . . , y_m).

Corollary 2.9. There are uniquely determined polynomials f_A(y_1, . . . , y_m),

f_B(y_2, . . . , y_m), f_C (y_1, . . . , y_m) with non-negative coefficients such that A ∼= f_A(Y_1, . . . , Y_m), B ∼= f_B (Y_1, . . . , Y_m), C ∼= f_C (Y_1, . . . , Y_m).

Corollary 2.10. Let^(f_A ·f_B^)(y_1, . . ., y_m) = f_A(y_1, . . ., y_m)·f_B(y_1, . . ., y_m).

Then AB ∼= ( f_A · f_B ) (Y_1, . . . , Y_m).

Theorem 2.11. The cancellation law (1) is valid in K(D_n).

P r o o f . Suppose that AB ∼= AC . By 2.10, AB ∼= ( f_A · f_B ) (Y_1, . . . , Y_m) , AC ∼= ( f_A · f_C ) (Y_1, . . . , Y_m) .

Thus 2.8 implies f_A(y_1, . . . , y_m)·f_B (y_1, . . . , y_m) = f_A(y_1, . . . , f_m)·f_C (y_1, . . . , y_m). The polynomial f_A(y_1, . . . , y_m) is non-zero, thus we can use the cancellation law in the integrity domain Z[y_1, . . . , y_m], which implies f_B(y_1, . . . , y_m) = f_C (y_1, . . . , y_m). According to 2.8, B ∼= f_B(Y_1, . . . , Y_m) = f_C (Y_1, . . . , Y_m) ∼= C .

Now we will deal with the implication (2).

Proposition 2.12. The implication (2) in K(Z) does not hold in general.

P r o o f . Consider the monounary algebras A = Z and B = Z+ Z. Then A and B belong to K(Z) and we get

Z^{2 ∼}= ℵ_0Z^∼= (Z+ Z)^2 ,

while Z and Z+ Z are not isomorphic.

Theorem 2.13. The implication (2) is valid for each k ∈ N in the class

K(D_n), n > 1.

P r o o f . Let A, B ∈ K(D_n), n > 1. Further, let {Y_1, . . . , Y_m} be as above with the distinction that instead of the triple A, B, C we consider the pair A, B . Suppose that k ∈ N and A^k ∼= B^k . By induction, 2.10 yields A^k ∼= ( f_A )_k (Y_1, . . . , Y_m) , B^k ∼= ( f_B )_k (Y_1, . . . , Y_m) . Then 2.8 implies ( f_A )_k (y_1, . . . , y_m) = ( f_B )_k (y_1, . . . , y_m) , i.e., the polynomial f^k_A − f^k_B is a zero-polynomial. We get

0 = f^k_A − f^k_B = ( f_A − f_B ) · ( f^{k−1}_A + f^{k−2}_A · f_B + · · · + f^{k−1}_B ) . By the cancellation in the integrity domain Z[y_1, . . . , y_m], either f_A − f_B = 0 or f^{k−1}_A + f^{k−2}_A · f_B + · · · + f^{k−1}_B = 0. The second case is impossible, since both f_A and f_B are non-zero polynomials and have non-negative coefficients. Thus f_A = f_B and then A ∼= f_A(Y_1, . . . , Y_m) = f_B (Y_1, . . . , Y_m) ∼= B .

Theorem 2.14. The implication (2) is valid for each k ∈ N in the class

K(D_1).

P r o o f . Let us use the fact that K(D_1) = U(D_1). Let k ∈ N, A, B ∈ U(D_1). Using the notation from [2], there exists a system {Y_1, . . . , Y_m} such that

(a) if i, j ∈ {1, . . . , m}, i ≠ j , then Y_i Æ Y_j ;

(b) if i ∈ {1, . . . , m}, then |Y_i| > 1; (c) if E ∈ {A, B}, F is a connected component of E and F = X_1X_2 . . . X_l , where X_1, . . . , X_l are subalgebras of D_1 which are not cycles, then for each i ∈ {1, . . . , l} there is ι ∈ {1, . . . , m} such that X_i ∼= Y_ι . It was proved in 3.6 [2] that A ∼= f_A(Y_1, . . . , Y_m) , B ∼= f_B(Y_1, . . . , Y_m) for uniquely determined polynomials f_A , f_B of Z[y_1, . . . , y_m]. Then we can repeat steps of the proof 2.13 to show that if A^k ∼= B^k , then A ∼= B .

3. Concluding remarks

The definition of K(D) and U(D) immediately implies K(D) ⊇ U(D) for any monounary algebra D . Let us show that, in general, K(D) does not coincide with U(D).

Example 1. Let D be a subalgebra of D_2 such that D = {0_2, 1_2, 1}. Put A = D × D . Then A ∈ K(D). Further, A has the following components

A_1 = { (0_2, 0_2), (1_2, 1_2), (1, 1_2), (1_2, 1), (1, 1) } , A_2 = { (0_2, 1_2), (1_2, 0_2), (1, 0_2), (0_2, 1) } . Neither A_1 nor A_2 is a subalgebra of D , therefore A /∈ U(D).

Similarly as in 2.2 we can use the fact that a product of connected monounary algebras with a one-element cycle is a connected monounary algebra with a oneelement cycle as well; this fact yields, for a connected monounary algebra D , that

• if D possesses a one-element cycle, then K(D) = U(D). Further, let D be a connected monounary algebra having no cyclic elements.

The algebra D × D belongs to K(D) but is does not belong to U(D), since it consists of infinitely many connected components. Therefore, for a connected monounary algebra D ,

•• if D possesses no cyclic elements, then K(D) ≠ U(D). Finally, consider a connected monounary algebra having a cycle with more than one element. The example above shows that K(D) = U(D) does not necessarily hold. We will give an example of a connected monounary algebra D with a cycle with more than one element and such that K(D) = U(D).

Example 2. Let n ∈ N, n > 1. Denote by D the set of all sequences (k, i_1, i_2, . . .) ∈ Z_n ×

(N ∪ {0}^) ×^(N ∪ {0}^) × . . . such that {i_t : t ∈ N, i_t ≠ D}

is finite. Define a unary operation f on D by putting, for i_1 ≠ 0, f ( (k, i_1, i_2, . . . , i_t, 0, 0, . . .) ) = (k, i_1, . . . , i_{t−1}, 0, 0, . . .) , f ( (k, 0, 0, . . .) ) = (k + 1_n, 0, 0, . . .) .

Then D = (D, f) is a connected monounary algebra possessing an n-element cycle, | |f^{−1}(x) | | = ℵ_0 for each x ∈ D and the degree s(x) = ∞ for each x ∈ D .

Notice that

(†) if B is any connected monounary algebra with an n-element cycle and such that | |f^{−1}(b) | | ≤ ℵ_0 for each b ∈ B , then B is isomorphic to some subalgebra of D .

We will show that K(D) = U(D). Assume that A ∈ K(D). By the definition, A is a disjoint union of a finite number of algebras E_1, . . . , E_k , where E_j (j = 1, . . . , k ) is a direct product of a finite number of subalgebras A_1, . . . , A_m of D . Since A_1, . . . , A_m contain an n-element cycle, E_j consists of n^m connected components, therefore A has finitely many connected components. Let E be a connected component of A (i.e., of some E_j , j ∈ {1, . . . , k}). Then E contains a cycle with n elements and | f^{−1}(e) | ≤ ℵ_0 for each e ∈ E . According to (†), D is isomorphic to a subalgebra of D . Therefore A ∈ U(D) and hence K(D) = U(D).

REFERENCES

[1] JAKUBÍK, J.—LIHOVÁ, J. : On the cancellation law for disconnected partially ordered sets, Math. Slovaca 54 (2004), 215–223.

[2] JAKUBÍKOVÁ–STUDENOVSKÁ, D. : On a cancellation law for monounary algebra, Math. Bohem. 128 (2003), 77–90.

[3] JÓNSSON, B. : Topics in Universal Algebra, Springer-Verlag, Berlin, 1972.

[4] LOVÁSZ, L. : Operations with structures, Acta Math. Hungar. 18 (1967), 321–328.

[5] LOVÁSZ, L. : On the cancellation law among finite relational structures, Period. Math.

Hungar. 1 (1971), 145–156.

[6] McKENZIE, R.—McNULTY, G.—TAYLOR, W. : Algebras, Lattices, Varieties, Vol. I, Wadsworth, Belmont, 1987.

[7] NOVOTNÝ, J. : On the characterization of a certain class of monounary algebras, Math.

Slovaca 40 (1990), 123–126.

[8] NOVOTNÝ, M. : Über Abbildungen von Mengen, Pacif. J. Math. 13 (1963), 1359–1369.

[9] PLOŠČICA, M.—ZELINA, M. : Cancellation among finite unary algebras, Discrete Math.

159 (1996), 191–198.

Received November 14, 2003 Institute of Mathematics Faculty of Science P. J. Šafárik University Jesenná 5 SK–041 54 Košice SLOVAKIA E-mail: studenovska@science.upjs.sk