Tatra Mt. Math. Publ. 28 (2004), 251–258 tm

Mathematical Publications

ON THE EXISTENCE OF DISCONTINUOUS DYNAMICAL SYSTEMS INDUCED BY FILIPPOV SOLUTION

Tadeusz Waclawski

ABSTRACT. Generalized solutions of differential equations are presently utilized to analyse discontinuous mathematical models in many tasks of modern control engineering. In this paper, some conditions under which Filippov solutions create the dynamical system (flow) are shown. They constitute the basis of qualitative conclusions about the evolution of the state of control systems used in contemporary applications of the differential equations theory.

1. Introduction

The main role in contemporary control engineering plays a notion of a dynamical system. It arises from the use of different mathematical models dependent on various aspects of their behaviour being considered (problems of sensitivity analysis, optimal control synthesis, etc.). Thus, for example, variable structure systems with sliding mode and other nonlinear phenomena may be worked out. However, possible discontinuities of differential equation’s right-hand side make it impossible to apply the classical concept of a dynamical system (flow). Its definition is based on the classical solution of differential equations, i.e., a function which is differentiable and fulfils an equation at every point of its domain. However, in many modern engineering applications, the classical solutions do not exist in all points of a domain. A well-known example [5] is the following equation which models a sliding process on the axis t or a bang-bang control ẋ(t) = 1 − 2 sgn ( x(t) ) . (1.1) The solution exists only until it reaches the axis t.

The generalization of the classical approach for ordinary differential equations with discontinuous right-hand sides (called discontinuous dynamical systems hereinafter) constitutes Carathéodory and Filippov solutions [4], [6]. Such

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 37C30, 37N35, 35B99. K e y w o r d s: ordinary differential equation, discontinuities, nonlinear control system, mathematical model, Filippov solution, dynamical system.

qualitative methods use the sets of mappings of the phase space into the phase space. Because of that, for the generalized solutions, the idea of a dynamical system exists in the qualitative theory of discontinuous differential equations.

In this paper, some conditions under which the Filippov solutions create the discontinuous dynamical system are shown. Thus, qualitative analysis of differential equations may be done with the use of the generalized solutions in Filippov sense.

2. Preliminaries

Let x denote a point of the space R^n, (t, x) mean a point of the space

R × R^n, as well as introduce the following nomenclature: the (t, x)-space for the

space R × R^n, and the x-space for the space R^n. The variable t belongs to the interval I ⊂ R; this interval is non-degenerated, i.e., contains more than one point. The symbol G denotes a subset of the space R × R^n; the point (t, x) belongs, therefore, to G ⊂ I × R^n. For details see [1], [4], [7], [8].

Definition 1. The function f : G → R^n is called piecewise continuous if it

is continuous throughout G except the set M such that M ⊂ G, of a zero measure, at which this function tends to finite limits.

Consider the autonomous (or non-autonomous) differential equation ẋ(t) = f ( x(t) ) ( x(t) = ḟ ( t, x(t) )) , x(t_0) = x_0 , (2.1)

where t_0 ∈ I and f : G → R^n may have discontinuities with respect to the variable t and also to the phase variable x; namely, the function f is piecewise continuous on the domain G.

Definition 2. ([4]) Let the function x : I → R^n be absolute continuous on

every compact subinterval of I . Then x is called a Filippov solution (F -solution) of the differential equation (2.1) if ẋ(t) ∈ Ff ( t, x(t) ) a.e. in I , (2.2)

where the Filippov operator F is defined as Ff ( t, x(t) ) = ⋂ ε>0 ⋂ m(M)=0 conv [ f ( t, (x(t) + εB)\M )] , (2.3)

while m(M) is the Lebesgue measure of the set M , conv[A] means a closure of the convex hull of the set A, and the open ε-ball in the space R^n, centered at the point x is denoted by x + εB .

ON THE EXISTENCE OF DISCONTINUOUS DYNAMICAL SYSTEMS

The Filippov solution constitutes the most frequently used concept of solution of discontinuous differential equation. The Carathéodory solution is not adequate for discontinuities with respect to the phase variable x. The Krasowski and Hermes solutions constitute in practice an excessively broad class (for details see [4], [6]).

The existence problems and the problems on continuation of Filippov solutions of equation (2.1) were treated in many ways in order to establish sufficient conditions for some particular tasks; for example in [4], [5], [6], [3].

The existence problem for a Filippov solution of autonomous equation (2.1) was treated, particularly, in [3]; the existence problem for periodic Filippov solutions of equations like these, but with T -periodic right-hand side, was also investigated in [5].

Below, there is only a small collection of definition, theorems and remark, which establish some sufficient conditions for these problems; for details see [4], [5], [6], [3].

Let in the collection only, the right-hand side of inclusion (2.2) be denoted as F ( t, x(t) ) . Definition 3. ([5]) A set-valued function F^(t, x(t)^) is called to satisfy the ba-

sic conditions in a domain G, if for all (t, x) ∈ G the set F ( t, x(t) ) is nonempty, bounded and closed, convex, and the function F is upper semicontinuous in t, x.

Theorem 1. ([5]) Let F^(t, x(t)^) satisfy the basic conditions in the domain

G. Then for any point (t_0, x_0) ∈ G there exists a solution of the problem ẋ(t) ∈ F ( t, x(t) ) , x(t_0) = x_0 . If the domain G contains a cylinder Z ( t_0 ≤ t ≤ t_0 + a, |x − x_0| ≤ b ) , the solution exists at least on the interval t_0 ≤ t ≤ t_0 + d, d = min { a,^b_m } , m = sup_Z | |F (t, x(t)) | |. Remark 1. ([5]) If the domain G contains a cylinder Z^0 ( t_0 − a ≤ t ≤ t_0, |x − x_0| ≤ b ) , the solution exists for t_0 − d^0 ≤ t ≤ t_0 , where d^0 is expressed as in Theorem 1, in terms of a, b, and m^0 = sup | |F (t, x(t)) | | in Z 0 .

Definition 4. ([3]) The right-hand side function in inclusion ẋ(t) ∈ F^(t, x(t)^)

satisfies a strengthened one-sided Lipschitz condition with one-side Lipschitz condition constant (λ_1, λ_2, . . . , λ_n) if the implication x^0_i > x^{00}_i =⇒ ζ^0_i ≤ ζ^{00}_i + λ_i ‖x^0 − x^{00} ‖ is true for all x^0 , x^{00} ∈ R^n, ζ^0_i ∈ F (x^0 ), ζ^{00}_i ∈ F (x^{00} ) and all components i = 1, 2, . . . , n.

Theorem 2. ([3]) For the initial value problem ẋ(t) ∈ F^(t, x(t)^) , x(t_0) = x_0 ,

a.e. in I , with F satisfying strengthened one-sided Lipschitz condition there exists at most one solution.

Theorem 3. ([5]) Let F^(t, x(t)^) satisfy the basic conditions in a closed

bounded domain D . Then each solution of the inclusion ẋ(t) ∈ F ( t, x(t) ) lying within D can be continued on both sides of the domain D .

To get the uniqueness of the Cauchy problem (2.1) the following idea can be used.

Let the right-hand side of the inclusion (2.2) satisfy the basic conditions, then by virtue of Theorem 1 and Remark 1 there exist solutions of two Cauchy problems on the intervals t_0 ≤ t ≤ t_0 + d, and t_0 − d^0 ≤ t ≤ t_0 . Some closed interval, for example, [α, β ], may be found such that [α, β ] ⊃ (t_0 − d^0 , t_0 + d). Each of these Cauchy problems has at most one solution on its interval. To prove this, one can use Theorem 2. By virtue of Theorem 3 these solution can be continued till the boundary of the interval [α, β ]. By Theorem 2 these solutions equal each other on the interval. Therefore, there is only one solution on the interval [α, β ] for t_0 ∈ [α, β ]. Thus, the solution is unique.

The following theorem is the existence problem for periodic Filippov solutions.

Theorem 4. ([5]) Let W be a bounded closed convex domain in R^n, φ(x) ∈

C^1, φ(x) ≤ 0 in domain W , φ(x) = 0 on the boundary ∂W of this domain. Let a set-valued function F (t, x) satisfy the basic condition given in Definition 3, and F (t + l, x) ≡ F (t, x) , x ∈ W , (2.4) grad φ(x) ≠ 0 , grad φ(x) · y ≤ 0 , (2.5) for all x ∈ ∂W , y ∈ F (t, x). Then the inclusion ẋ(t) ∈ F (t, x) in the domain W has a solution with a period l .

The notion of dynamical system (both continuous-time and discrete-time dynamical systems), which is the subject of investigations presented in this paper, will be defined below.

Definition 5. Let X be a linear space, (A, +) be an Abelian semi-group,

and let π : A × X → X . The triplet (X, A, π) is called a semi-dynamical system (a semiflow) if π(0, x) = x for x ∈ X , (2.6) π ( t, π(s, x) ) = π(t + s, x) for x ∈ X , t, s ∈ A . (2.7) If (A, +) is an Abelian group, then such triplet is called a dynamical system (a flow). If A = Z+ = {0, 1, 2, . . . }, then such triplet is called a discrete semidynamical system (a semi-cascade). If A = Z = {0, ±1, ±2, . . . }, then such triplet is called a discrete dynamical system (a cascade).

ON THE EXISTENCE OF DISCONTINUOUS DYNAMICAL SYSTEMS

The notion of dynamical system has been generalized in Definition 5 to the case when the mapping π can also be discontinuous. Because of that, a dynamical system can model a broad class of physical objects in the phase space; for example, piecewise-continuous, piecewise-smooth, piecewise-linear physical devices or control systems. The property of π to be discontinuous is useful from the point of view of modern control engineering.

3. Main results

Theorem 5, which was introduced and proved below, establishes conditions for the existence of dynamical and semi-dynamical systems, when they are defined by the Filippov solutions of the autonomous differential equation (2.1) which may have a discontinuous right-hand side.

Theorem 5. Let F (·, x_0) be the unique Filippov solution of autonomous

differential equation (2.1), where the function f is piecewise continuous. Let the interval I be an Abelian group (the interval I be a semi-group). Then the triplet (R^n, I, F ), where F (·, x_0) means a unique Filippov solution of initialvalue problem (2.1), is a dynamical system (is a semi-dynamical system).

P r o o f . Suppose that there are unique Filippov solutions for I = R (when I = [t_0, ∞)). Below, conditions (2.6), (2.7) of Definition 5 will be checked.

At first, assume to the contrary that condition (2.6) is not fulfilled, that is ∃x_0 ∈ X : π(0, x_0) ≠ x_0 , i.e., F (0, x) ≠ x_0 . Then, the Filippov solution has not a property of uniqueness on this point, which contradicts the assumption. This proves that condition (2.6) is true.

Now, condition (2.7) will be investigated. By the assumptions of Theorem 5, condition (2.7) takes the form F ( t, F (s, x) ) = F (t + s, x) . (3.1)

It has been already assumed that there is the unique Filippov solution of the initial-value problem (2), where I = R (where I = [t_0, ∞)). Therefore, for any point (t, x) ∈ G also (t+s) ∈ I . Let F_1(t), F_2(t) denote a left- and a right-hand side of equality (3.1), respectively, i.e.,

F_1(t) = F ( t, F (s, x) ) , (3.2) F_2(t) = F (t + s, x) . (3.3)

Condition (2.6) has been already proved; therefore the following equalities are also true F_1(0) = F ( 0, F (s, x) ) = F (s, x) , (3.4)

F_2(0) = F (0 + s, x) = F (s, x) . (3.5)

Thus, for t = 0 the functions F_1 , F_2 , being in fact Filippov solutions, have a common point. Since the assumption guarantees uniqueness of the Filippov solution, it may be concluded that ∀(t, x) ∈ G : F_1(t) = F_2(t); hence, condition (2.7) is true. This completes the proof of Theorem 5.

Note that the interval of the form I = [t_0, ∞) is not a group, because the element −a ∈ I does not exist for every a ∈ I . However, it is a semi-group.

Of course, also in periodic case by Theorem 5, if the function f is T -periodic in equation (2.1), then the system (2.1) for any x_0 generates a semidynamical system on Z+ = {0, ±1, ±2, . . . } in the sense, that the unique solution F (t, x_0) of (2.1) is this dynamical system.

Example 1. The Filippov solutions of the closed loop control system, and the induced semi-dynamical system. Consider now the closed loop system defined by the following equations ẋ(t) = 1−u ( x(t) ) , x(t = 0) = x_0 , u ( x(t) ) = 2 sgn ( x(t) ) , with t ∈ [0, ∞]. Thus, ẋ(t) = { 3 for x(t) < 0 −1 for x(t) ≥ 0

. The set of two elements

f(x_0 + εB) = {−1, 3} is obtained by varying the quantity ε (see Def. 2.). Consequently, ẋ(t) ∈ F ( f(x_0) ≡ [−1, 3], because the closure of the convex hull of the set {−1, 3} is the closed interval. Let F (t) denote the Filippov solutions of the Cauchy problem for the above mentioned equations of closed loop system. In this way, for some constants C_1, C_2 :

x_0 ≠ 0 → x(t) ≡ F (t) = { 3t + C_1 , −t + C_2 ,

here, the Filippov solutions are the classical solutions ,

x_0 = 0 → F (t) = 0 , here, there exist only the Filippov solutions on the x-axis .

Let now π(t, x) denote these Filippov solutions, i.e., π(t, x) = F (t, x), thus the triplet ( X, [0, ∞), F (t, x) ) is a semi-dynamical system.

4. Final remarks

For the discussion of connections between the different types of generalized solutions, see, e.g., [4], [6]. There are some theorems in monograph [5], and paper [3] which establish sufficient conditions for the existence and uniqueness of the Filippov solutions.

ON THE EXISTENCE OF DISCONTINUOUS DYNAMICAL SYSTEMS

Modern control engineering takes into consideration the influence of discontinuities in real controlled objects (especially discontinuities with respect to the state variable) because of their practical importance. The presence of the dynamical systems, defined by the Filippov solutions of discontinuous mathematical models, is the basis of qualitative conclusions about the evolution of the state of the system under control. Below, an exemplary application of the problem investigated in this paper will be presented; for full presentation see [6]. A similar approach to the dynamical systems is described in [3], [9]. A geometrical meaning of the controlled dynamical systems can be found in [2].

Consider the following task, which is one of the basic problems in the practice of optimal control, especially for industrial robots and manipulators. Let the following differential equation, which expresses the second law of dynamics .. y(t) = u(t) − w sgn ( ẏ(t) ) , y(0) = x_{01} , ẏ(0) = x_{02} (4.1)

in case when the term −w sgn ( ẏ(t) ) represents a simple but discontinuous model of motion resistances, and u is a scalar control, be given. The time-optimal control problem consists here of reaching the fixed state point in a minimal and finite time. Like in the classical time-optimal problem, a switching curve can be defined as the proper solutions of the equation (4.1) for the target state, but these solutions depend on the value of the parameter w . In practice, however, it is impossible to obtain a precise estimation of the value, because the parameter w describes the whole array of physical phenomena. Therefore, the classical solution of the differential equation does not exist, and the generalized solutions in Filippov sense have to be used. A sliding mode phenomena, well known in engineering practice, appear in this case. It is impossible to leave out Filippov solutions, because a sliding mode is analysed through this type of solutions. In this paper, it was shown that such approach correctly describes optimal control problem in terms of systems theory; therefore, simultaneously, the basic concept of the dynamical system was defined properly.

REFERENCES

[1] ARNOLD, W. I. : Ordinary Differential Equations, Izd. Nauka, Moskwa, 1971. (In Russian) [2] BUTKOVSKIJ, A. G. : Phase Portraits of Control Dynamical Systems, Kluwer Academic Publishers, Dordrecht, 1991.

[3] DANCA, M. F. : On a class of discontinuous dynamical systems, Math. Notes, Miskolc 2 (2001), 103–116.

[4] HAJEK, O. : Discontinuous differential equations, Parts I and II, J. Differ. Equations 32 (1979), 149–185.

[5] FILIPPOV, A. F. : Differential Equations with Discontinuous Righthand Sides, Kluwer Academic Publishers, Dordrecht, 1988.

[6] KULCZYCKI, P. : Some remarks on solutions of discontinuous differential equations applied in automatic control, Indust. Math. 46 (1996), 119–128.

[7] OMBACH, J. : Lectures on Differential Equations; Computer Aided Ones with Maple, Wyd. Uniwersytetu Jagiellonskiego, Krakow, 1999. (In Polish) [8] PELCZAR, A. : Introduction to Differential Equations Theory. Part II.: Elements of Qualitative Theory of Differential Equations, PWN, Warszawa, 1989. (In Polish) [9] WACLAWSKI, T. : On Singular Phenomena in a Time-Optimal Feedback System Analysed with the Use the Theory of Semi-dynamical Systems, in: Proceedings of the 13th International Conference on System Science, Wroclaw, Poland, August 1998, 1, pp. 206–210.

Received October 23, 2002 Department of Control Engineering Faculty of Electrical and Computer Engineering Cracow University of Technology PL–31-155 Kraków POLAND E-mail: twaclaw@usk.pk.edu.pl