Tatra Mt. Math. Publ. 32 (2005), 119–127 tm

Mathematical Publications

ON CERTAIN IDENTITIES FOR THE FIBONOMIAL COEFFICIENTS

Jaroslav Seibert — Pavel Trojovský

ABSTRACT. The Fibonomial coefficients belong to the category of generalized binomial coefficients. In this paper new identities for them are derived. These identities are related to the generating function of the kth powers of the Fibonacci numbers. Proofs are based on manipulation with these generating functions.

1. Introduction

Binomial coefficients are the most used tools in many combinatorial situations. F o n t e n é in 1915 [1] and later W a r d [10] introduced generalized binomial coefficients. Other authors used similar ways for this generalization. The basic idea lies in replacing the natural numbers by the terms of any sequence {A_n} of real or complex numbers. The sequence {A_n} is essentially arbitrary but it is required that A_0 = 0 and A_n ≠ 0 for n ¿ 1.

F o n t e n é considered the generalized binomial coefficients defined by { n k } = A_nA_{n−1} . . . A_{n−k+1} A_1A_2 . . . A_k

and he gave the fundamental recurrence for them in the form { n k } − { n − 1 k } = { n − 1 k − 1 } A_n − A_k A_{n−k} . Setting A_n = n we recover the ordinary binomial coefficients, while for A_n = q^n − 1 we obtain so-called Gauss q-binomial coefficients.

J a r d e n in [5] considered the general second order recurrence relation

y_{n+2} = g y_{n+1} − hy_n , (1)

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 11B39, 05A15, 05A19. K e y w o r d s: Fibonacci and Lucas numbers, Fibonomial coefficients, generating functions.

The paper was supported by the research project MSM 184400 002.

where h ≠ 0 and ε, ω are roots of its auxiliary equation. He denoted U_n = ε^n − ω^n ε − ω the solution of (1) for ε ≠ ω and generalized binomial coefficients { m j } = U_mU_{m−1} . . . U_{m−j+1} U_1U_2 . . . U_j

, with { m 0 } = 1 .

He showed that the kth order recurrence relation k∑ j=0 (−1)^j { k j } h^{j2 (j+1)}z_{n+k−j} = 0

holds for the product z_n of the nth terms of k − 1 sequences satisfying (1).

T o r r e t t o and F u c h s in [9] established the following identity for generalized binomial coefficients k∑ j=0 (−1)^j { k j } h^{j2 (j+1)} U_{a1+k−j} U_{a2+k−j} · · · U_{ak+k−j} y_{n+k−j} = U_1U_2 · · · U_k y_{n+a1+a2+···+ak+} k_{2 (k+1)} ,

where n, a_1 , . . . , a_k are any integers. Gould in [2] took a sequence {u_n} of real numbers generated by

u_0 = 0 , u_1 = 1 , u_{n+2} = au_{n+1} + bu_n (2)

for integers n ¿ 0, where a, b are real numbers. One may define the generalized factorial [n]! = u_1u_2 · · · u_n , with [0]! = 1, and for n ¿ k ¿ 0 the generalized binomial coefficients { n k } = [n]!

[k]! [n − k]! . H o l t e in [3] proved a basic recurrence for n ¿ k ¿ 1 { n k } = { n − 1 k } u_{k+1} + b { n − 1 k − 1 } u_{n−k−1} . (3) The validity of this recurrence shows that if a and b are integers, then the binomial coefficients are all integers. The Fibonomial coefficients correspond to the choice u_n = F_n , where F_n are the Fibonacci numbers defined by (2) for a = b = 1. In this case we use the symbol [.] instead of {.}. The Fibonacci numbers can be also expressed by Binet formula F_n =^{αn−βn√}_5 , where α =^{1+√5}_2 and β =^{1−√5}_2 . Similarly, the Lucas numbers L_n satisfy the basic Fibonacci recurrence but L_0 = 2, L_1 = 1 and therefore L_n = α^n + β^n .

Thus, the Fibonomial coefficients can be expressed for integers n ¿ k ¿ 1 as [ n k ] = k−1∏ i=0 F_{n−i} F_{k−i} = F_nF_{n−1} · · · F_{n−k+1} F_kF_{k−1} · · · F_1 ,

with [ n 0 ] = 1 and [ n k ] = 0 for n < k . It is easy to write the key recurrence

formula (3) in the form [ n k ] = F_{k+1} [ n − 1 k ] + F_{n−k−1} [ n − 1 k − 1 ] . (4)

By addition of formula (4) and the symmetric formula for [ n n − k ] we have the

recurrence relation 2 [ n k ] = L_k [ n − 1 k ] + L_{n−k} [ n − 1 k − 1 ] , as F_{k−1} + F_{k+1} = L_k .

It is possible to get the following relation for the generating function of the integer powers of Fibonacci numbers

f_k(x) = k∑ i=0 i∑ j=0 (−1)^{j(j+1)2} [ k + 1 j ] F^k_{i−j} x^i k+1∑ i=0 (−1)^{i(i+1)}2 [ k + 1 i ] x^i , (5)

as a special case of H o r a d a m ’s result in [4].

S h a n n o n obtained in [8] some special forms for the numerator and the denominator in the expression of the generating function f_k(x). For any odd integer k it is easy to obtain

f_k(x) = 5^{− k}

�1_2^k

�1_2 ∑ j=0 ( k j ) F_{k−2j} x 1 − (−1)^j L_{k−2j} x − x^2 (6) and for any positive even integer k

f_k(x) = 5^{− k2} k�2_2 ∑ j=0 (−1)^j ( k j ) 2 − (−1)_j L_{k−2j} x 1 − (−1)^j L_{k−2j} x + x^2 + ( k_k 2 ) (−5)^{− k2} 1 − (−1)^k2 x (7) after simplification of one of Shannon’s results.

We will denote the denominator in (5) D_{k+1}(x) =^{k+1} ∑ i=0 d_i x^i , where integers

d_i = (−1)^{i2 (i+1)} [ k + 1 i ] are terms of the sequence which was named as “signed

Fibonomial triangle” in Sloane’s encyclopedia of sequences with ID Number A055870 (see [11]).

From (5), (6) and (7) we get the following generating functions

D_{k+1}(x) = k�1_2 ∏ j=0 ( 1 − (−1)^j L_{k−2j} x − x^2 )

for any odd positive integer k and

D_{k+1}(x) = ( 1 − (−1)^{k2} x )^{k2 −1}∏ j=0 ( 1 − (−1)^j L_{k−2j} x + x^2 )

for any even positive integer k .

These expressions are effective sources to finding of various relations for the Fibonomial coefficients (see, e.g., [6] and [7]).

Throughout the paper we adopt the conventions that the sum and the product over an empty set is 0 and 1, respectively, and that ⌊x⌋ represents the greatest integer less than or equal to x.

2. The main results

The main aim of the paper is to prove the following theorems including some new identities for the Fibonomial coefficients.

Theorem 1. Let k, m be any positive integers and A, B , C be any real

numbers. Let {x_n} be a sequence satisfying the recurrence

x_n = Ax_{n−1} + B x_{n−2} + C x_{n−3} ,

with the initial conditions x_0 = 0, x_1 = 0, x_2 = 1. Then k+m∑ i=0 x_{i+2} (−1)^n �i_{2 (n−i−1)} ( (−1)^{n−i} [ k + 1 n − i ] − A [ k + 1 n − i − 1 ]

+ (−1)^{n−i} B [ k + 1 n − i − 2 ] + C [ k + 1 n − i − 3 ]) = 0 .

Theorem 2. Let k , m and n > k + m + 1 be any positive integers, λ be any

real number and ϑ(i, m, n) = (−1)^{i− im2} (_{2n+1−m(i+2)}) . Then ⌊^n_m ⌋∑

i=0 λ^i ϑ(i, m, n) ( (−1)^{m2 (2n+1−m−2im)} [ k + 1 n − mi ] + λ [ k + 1 n − (i + 1)m ]) = 0 .

3. The preliminary results

Lemma 1. Let A, B , C be any real numbers. Let {x_n}, {y_n} and {z_n} be

any sequences satisfying the recurrence u_n = Au_{n−1} + B u_{n−2} + C u_{n−3} , with the initial conditions x_0 = 0, x_1 = 0, x_2 = 1, y_0 = 0, y_1 = 1, y_2 = 0 and z_0 = 1, z_1 = 0, z_2 = 0. Then

y_n = x_{n+1} − Ax_n and z_n = x_{n+2} − Ax_{n+1} − B x_n . P r o o f . We show the proof of the first relation only as the second one can be proved analogously. We use induction on n. It is easy to see that the equality holds for n = 0, n = 1 and n = 2. Suppose that the identity holds for n − 1, n − 2 and n. Then we have with respect to the definition of sequence {y_n} y_{n+1} = Ay_n + B y_{n−1} + C y_{n−2} = A(x_{n+1} − Ax_n) + B (x_n − Ax_{n−1}) + C (x_{n−1} − Ax_{n−2}) = (Ax_{n+1} + B x_n + C x_{n−1}) − A(Ax_n + B x_{n−1} + C x_{n−2}) = x_{n+2} − Ax_{n+1} .

Lemma 2. Let {a_n}, {b_n} be any sequences of real numbers and {x_n}, {y_n},

{z_n} be any sequences satisfying the recurrence from Lemma 1. Then for n > 2 b_n = a_n − Aa_{n−1} − B a_{n−2} − C a_{n−3} (8) if and only if a_n = n−3∑ i=0 x_{i+2} b_{n−i} + x_n a_2 + y_n a_1 + z_n a_0 . (9)

P r o o f . Let us show that identity (8) implies identity (9). Moving indexes in sums and using Lemma 1 we have n−3∑ i=0 x_{i+2} b_{n−i} + x_n a_2 + y_n a_1 + z_n a_0 =

= n−3∑ i=0 x_{i+2}(a_{n−i} − Aa_{n−i−1} − B a_{n−i−2} − C a_{n−i−3}) + x_n a_2 + y_n a_1 + z_n a_0

= n−3∑ i=0 x_{i+2} a_{n−i} − A n−3∑ i=0 x_{i+2} a_{n−i−1} − B n−3∑ i=0 x_{i+2} a_{n−i−2} − C n−3∑ i=0 x_{i+2} a_{n−i−3}

+ x_n a_2 + y_n a_1 + z_n a_0 = n−3∑ i=0 x_{i+2} a_{n−i} − A n−2∑ i=1 x_{i+1} a_{n−i} − B n−1∑ i=2 x_i a_{n−i} − C n∑ i=3 x_{i−1} a_{n−i} + x_n a_2 + y_n a_1 + z_n a_0 = n−3∑ i=3 a_{n−i}(x_{i+2} − Ax_{i+1} − B x_i − C x_{i−1}) + (x_2 a_n + x_3 a_{n−1} + x_4 a_{n−2}) − A(x_2 a_{n−1} + x_3 a_{n−2} + x_{n−1} a_2) − B (x_2 a_{n−2} + x_{n−1} a_1 + x_{n−2} a_2) − C (x_{n−1} a_0 + x_{n−2} a_1 + x_{n−3} a_2) + x_n a_2 + y_n a_1 + z_n a_0 = a_n x_2 + a_{n−1}(x_3 − Ax_2) + a_{n−2}(x_4 − Ax_3 − B x_2)

+ a_2 (x_n − Ax_{n−1} − B x_{n−2} − C x_{n−3}) + a_1 (−B x_{n−1} − C x_{n−2} + y_n) + a_0 (−C x_{n−1} + z_n) = a_n + a_1 (Ax_n − x_{n+1} + y_n) + a_0 (Ax_{n+1} + B x_n − x_{n+2} + z_n) = a_n .

Thus, this part of the statement is true and similarly we can prove the reversed implication.

Corollary 1. Let {a_n} be any sequence of real numbers and {x_n} be an

arbitrary sequence from Lemma 2. Then for any nonnegative integer n

a_n = n−3∑ i=0 x_{i+2}(a_{n−i} − Aa_{n−i−1} − B a_{n−i−2} − C a_{n−i−3}) + x_n a_2 + (x_{n+1} − Ax_n)a_1 + (x_{n+2} − Ax_{n+1} − B x_n)a_0 .

P r o o f . It is easy to see that the assertion holds for n = 0, 1 and 2 and that for n > 2 it follows from Lemma 1 and Lemma 2.

Lemma 3. Let {a_n}, {b_n} be any sequences of real numbers. Let m be any

positive integer and λ ≠ 0 be any real number. Then for any positive integer n ¿ m_a n = b_n + λb_{n−m} (10) if and only if

b_n =

⌊^n�^m_m ⌋ ∑ i=0 (−λ)^ia_{n−mi} + (−λ)^{⌊ nm ⌋}b_{n−m⌊} n_{m ⌋} . (11)

P r o o f . We show only that identity (10) implies identity (11). It is obvious that the reversed implication can be proved similarly. We write successively

⌊^n�^m_m ⌋ ∑ i=0 (−λ)^i ( b_{n−mi} + λb_{n−(i+1)m} ) + (−λ)^{⌊ nm ⌋}b_{n−m⌊} n_{m ⌋}

= ⌊^n�^m_m ⌋ ∑ i=0 (−λ)^ib_{n−mi} − ⌊^n_m ⌋−1 ∑ i=0 (−λ)^{i+1}b_{n−m(i+1)} + (−λ)^{⌊ nm ⌋}b_{n−m⌊} n_{m ⌋}

= ⌊^n_m ⌋−1 ∑ i=0 (−λ)^ib_{n−mi} − ⌊^n_m ⌋∑

i=1 (−λ)^ib_{n−mi} + (−λ)^{⌊ nm ⌋}b_{n−m⌊} n_{m ⌋} = b_n .

and this part of the proof is over.

Corollary 2. Let {b_n} be any sequence of real numbers. Let m be any

positive integer and λ ≠ 0 be any real number. Then for any positive integer n

b_n =

⌊^n�^m_m ⌋ ∑ i=0 (−λ)^i ( b_{n−mi} + λb_{n−(i+1)m} ) + (−λ)^{⌊ nm ⌋}b_{n−m⌊} n_{m ⌋} .

P r o o f . For m = 1 and n = 0 the assertion is obvious, for m > 1 and n < m it follows from the fact that ⌊^n_m ⌋ = 0, and for n ¿ m it follows from Lemma 3.

4. The proof of the main theorems

P r o o f o f T h e o r e m 1. First, we prove that the relation

d_n = n−3∑ i=0 x_{i+2} p_{n−i}(k) (12)

holds for any positive integer n. We define polynomials P_{k+4}(x) =^{k+4} ∑ i=0 p_i(k)x^i as P_{k+4}(x) = (1 − Ax − B x^2 − C x^3)D_{k+1}(x) = ( 1 − Ax − B x^2 − C x^3 )_{k+1}∑ i=0 d_i x^i .

Expanding the product on the right side and comparing the expressions on the both sides we have

p_0(k) = d_0 , p_1(k) = d_1 − Ad_0 , p_2(k) = d_2 − Ad_1 − B d_0 , p_i(k) = d_i − Ad_{i−1} − B d_{i−2} − C d_{i−3} , i = 3, 4, . . . , k + 1 , p_{k+2}(k) = −Ad_{k+1} − B d_k − C d_{k−1} , p_{k+3}(k) = −B d_{k+1} − C d_k , p_{k+4}(k) = −C d_{k+1} .

Setting p_n(k) = 0 for n < 0 and n > k + 4 we obtain the general recurrence relation p_n(k) = d_n − Ad_{n−1} − B d_{n−2} − C d_{n−3} for any nonnegative integer n. Now identity (12) follows from Lemma 1 and Lemma 2 with respect to d_n = 0 for n < 0. Corollary 1 implies

d_n = n∑ i=0 x_{i+2} ( d_{n−i} − Ad_{n−i−1} − B d_{n−i−2} − C d_{n−i−3} )

and as d_n = 0 for n > k + m we get the assertion of theorem by setting d_i = (−1)^{i2 (i+1)} [ k + 1 i ] and after simplification.

P r o o f o f T h e o r e m 2. We start the proof by deriving the relation

d_n = ⌊^n_m ⌋∑

i=0 (−λ)^ip_{n−mi}(k, m) . (13)

Define polynomials R_{k+m+1}(x) =^{k+m+1} ∑ i=0 p_i(k, m)x^i as

R_{k+m+1}(x) = (1 + λx^m)D_{k+1}(x) = (1 + λx^m) k+1∑ i=0 d_i x^i . Comparing the coefficients of polynomials in the previous equality we have p_i(k, m) = d_i , i = 0, 1, . . . , m − 1 , p_i(k, m) = d_i + λd_{i−m} , i = m, m + 1, . . . , k + 1 , p_i(k, m) = λd_{k+1} , i = k + 2, k + 3, . . . , k + m + 1 .

Setting p_n(k, m) = 0 for n < 0 and n > k+m+1 we have the general recurrence relation p_n(k, m) = d_n + λd_{n−m} for any nonnegative integer n. Identity (13) follows from Lemma 5. Corollary 2 implies_{⌊ n} m ⌋∑ i=0 (−λ)^i(d_{n−mi} + λd_{n−(i+1)m} ) = 0 for n > k + m + 1 and we get the assertion after simplification.

REFERENCES

[1] FONTENÉ, G. : Généralisation d’une formule connue, Nouv. Ann. Math. 4 (1915), 112. [2] GOULD, H. W. : The bracket function and Fontené–Ward generalized binomial coefficients with application to fibonomial coefficients, Fibonacci Quart. 7 (1969), 23–40.

[3] HOLTE, J. M. : Residues of generalized binomial coefficients modulo primes, Fibonacci Quart. 38 (2000), 227–238.

[4] HORADAM, A. F. : Generating functions for powers of a certain generalized sequence of numbers, Duke Math. J. 32 (1965), 437–446.

[5] JARDEN, D. : Recurring Sequences, Riveon Lematimatika, Jerusalem, 1958. [6] SEIBERT, J.—TROJOVSKÝ, P. : On sums of certain products of Lucas numbers, Fibonacci Quart. (to appear).

[7] SEIBERT, J.—TROJOVSKÝ, P. : On some identities for the fibonomial coefficients, Math. Slovaca 55 (2005), 9–19.

[8] SHANNON, A. G. : A method of Carlitz applied to the kth power generating function for Fibonacci numbers, Fibonacci Quart. 12 (1974), 293–299.

[9] TORRETTO, R., FUCHS, A. : Generalized binomial coefficients, Fibonacci Quart. 2 (1964), 296–302.

[10] WARD, M. : A calculus of sequences, Amer. J. Math. 58 (1936), 255–266. [11] http:=www.search.att.com=projects =OEIS? =A0055870.

Received September 15, 2004 Jaroslav Seibert Pavel Trojovský University Hradec Králové Department of Mathematics Rokitanského 62 CZ–500-03 Hradec Králové CZECH REPUBLIC E-mail: jaroslav.seibert@uhk.cz pavel.trojovsky@uhk.cz