Tatra Mt. Math. Publ. 28 (2004), 271–277 tm

Mathematical Publications

SEPARABILITY OF SPACES OF FUNCTIONS

Peter Maličký

ABSTRACT. We consider separability of spaces of continuous function on a topological space.

Introduction

Separability of topological vector space is an important property, because polars of neighbourhoods of zero are not only compact but also metrizable in weak* topology [4, pp. 68–70]. It allows to use only sequences for describing weak* topology on weak* compact subsets of the dual X^∗. For a topological space X the space of all continuous functions C(X) is a vector space (under natural operations). In this paper we consider separability of C(X) (or its subspaces) with respect to topologies which are described bellow.

1. Topology of uniform convergence

On the space C(X) we define a metric d(f, g) = sup_{x∈X} |f(x) − g(x)| 1 + |f(x) − g(x)| . This metric defines so called topology of uniform convergence. Unfortunately, this topology need not be consistent with the multiplications by scalars. Namely, if the function f : X → R is unbounded then for any n the function f/n is also unbounded and d ( f/n, 0 ) = 1. It shows that multiplication by scalars is not continuous. So, this topology is not interesting from the point of view of functional analysis, if there is an unbounded continuous function on the space X . However, separability of C(X) with respect to topology of uniform convergence may be solved, see [1, p. 369].

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54C35, 46E10. K e y w o r d s: topological space, separability, topological vector space.

Supported by the Slovak grant agency VEGA, grant 1/7424/20.

Theorem 1.1. Let X be a Tychonoff space. The space C(X) is separable

with respect to topology of uniform convergence if and only if X is a metrizable compact.

If the space X is compact (more generally pseudocompact, i.e., any continuous function on X is bounded, see [2, p. 263]) then the topology of uniform convergence may be defined by the metric d(f, g) = sup_{x∈X} | |f(x) − g(x) | | .

2. Separability of C_0(X) for a locally compact space X

A topological space X is said to be locally compact if it is Hausdorff and any point has a neighborhood with compact closure. Locally compact space is called σ-compact if it is a union of a sequence of compact sets.

Proposition 2.1. For a locally compact topological space X the following

properties are equivalent:

(i) X is metrizable and σ-compact, (ii) X is separable metrizable, (iii) X is second countable.

P r o o f . Let X be a locally compact metrizable space and X =^∞ ⋃ n=1 K_n with compact K_n . Since K_n are metrizable compact, they are separable with a

dense countable set A_n ⊂ K_n . The set A =^∞ ⋃ n=1 A_n is dense in X . Implication

(ii)⇒(iii) is well known. Let X be second countable locally compact. Any locally compact space is regular, [2, p. 196]. If it is moreover second countable, it is metrizable, [2, p. 325]. Let (U_n)^∞_{n=1} be a countable base. From this base choose only those sets which have a compact closure U_n . Since X is locally compact we obtain a new base. Clearly, X is σ-compact.

For a locally compact (noncompact) space X , a real number L and a continuous function f : X → R we write lim_{n→∞} f(x) = L if for any ε > 0 there is a

compact K ⊂ X such that | f(x) − L | < ε for all x /∈ K . ~C(X) will denote the set of all continuous function which have lim_{x→∞} f(x). C_0(X) will denote the set

of all f ∈ ~C(X) for which lim_{x→∞} f(x) = 0. ~C(X) and C_0(X) are Banach spaces

under natural operations and the norm ||f|| = sup_{x∈X} | |f(x) | | . C_0(X) is a closed

subspace of ~C(X) and ~C(X) = {constants} + C_0(X).

Proposition 2.2. For a locally compact noncompact space the space^~C(X)

is separable if and only if so is C_0(X).

Let αX be the Alexandroff (one point) compactification of a space X , i.e., αX = {Ω} ∪ X , where Ω /∈ X , see [2, p. 222].

Proposition 2.3. Let X be a noncompact locally compact space. The space

αX is metrizable if and only if X is second countable.

P r o o f . If the compact αX is metrizable then it is second countable and so is X . Let X be second countable. Then there is a countable base (U_n)^∞_{n=1} , members of which have compact closures U_n . Open neighbourhoods of the point Ω ∈ αX are of the form {Ω} ∪ (X \ K), where K is a compact subset of X , [2, p. 222]. For such a set K we may choose finitely many sets U_ni such that K ⊂ k⋃ i=1 U_ni ⊂ k⋃ i=1 U_ni .

The point Ω has a countable local base of the sets of the form {Ω}∪ ( X \^k ⋃ i=1 U_ni ) . The space αX is second countable and therefore metrizable.

For any f ∈ ~C(X) put f(Ω) = lim_{x→∞} f(x). Then we obtain an isometry between ~C(X) and C(αX).

Theorem 2.4. For a locally compact noncompact topological space X the

following properties are equivalent:

(i) X is metrizable and σ-compact, (ii) X is separable metrizable, (iii) X is second countable, (iv) ~C(X) is separable, (v) C_0(X) is separable.

3. Separability of C(X) with compact-open topology

Let X be a Tychonoff space. Let C(X) be a set of all continuous functions on X . Consider on C(X) the topology of uniform convergence on compact subsets K ⊂ X (compact-open topology). This topology is generated by a family of seminorms p_K (f) = sup_{x∈K} | |f(x) | | , where K is compact. Obviously, if X is compact then this topology coincide with topology of uniform convergence.

If Y is a subspace of X then C(Y ) may contain a function which can not be extended onto X . To see this, it is sufficient to take X = R, Y = Q and f : Y → R, f(y) =^1_{y−}^√_2 . Nevertheless, the following theorem holds.

Theorem 3.1. Let X be a Tychonoff space and Y ⊂ X . If C(X) is separable

then C(Y ) is separable.

P r o o f . Let (f_n)^∞_{n=1} be a dense sequence in C(X). Let φ_n be the restriction of f_n onto Y . We denote by Φ the set of all functions m∑ i1,i2,··· ,in=0 a_{i1,i2,··· ,i}nφ^{i1}_1 φ^{i2}_2 · · · φ^in_n , where a_{i1,i2,··· ,i}n ∈ Q . Obviously, Φ is countable. We prove that Φ is dense in C(Y ). Let K ⊂ Y be compact. Take y_1, y_2 ∈ K . There is a continuous function f ∈ C(X) such that f(y_1) = 0 and f(y_2) = 1. Since the set {y_1, y_2} is compact, there is a continuous f_n such that | |f(y_i) − f_n(y_i) | | <^1_2 for i = 1, 2. It means that

f_n(y_1) < 1 2 and f_n(y_2) > 1 2 i.e., φ_n(y_1) < 1 2 and φ_n(y_2) > 1 2 . The sequence (φ_n)^∞_{n=1} separates the points of K . The Stone–Weierstrass theorem implies that the set Φ is dense in C(K). Particularly, for any f ∈ C(Y ) and any ε > 0 there is a φ ∈ Φ such that p_K (f − φ) < ε . Corollary 3.2. Let X be a Tychonoff space and let C(X) be separable.

Then any compact K ⊂ X is metrizable.

Any separable metrizable space X is embeddable into the Hilbert cube I^{ℵ0} , [2, p. 325].

Corollary 3.3. If X is a separable metrizable space then C(X) is separa-

ble.

Remark. Take the set Q of all rationals with usual metric. The space C(Q) is separable but not metrizable. Using the notion of Cantor–Bendixon rank, [3, p. 34], it may be proved that for any sequence (K_n)^∞_{n=1} of compact subsets

of Q there is a compact K ⊂ Q such that K ⊄ K_n for any n. But the following

theorem shows that this contradicts the metrizability of C(Q).

Theorem 3.4. Let X be a Tychonoff space. Then C(X) is metrizable if and

only if there is a sequence of compact sets (K_n)^∞_{n=1} such that for any compact set K ⊂ X there is an integer n for which K ⊂ K_n .

P r o o f . Let (K_n)^∞_{n=1} be a sequence of compact sets such that for any compact set K ⊂ X there is an integer n for which K ⊂ K_n . Then p_K < p_Kn and C(X) is countably normable and metrizable. Let C(X) be metrizable. Then the zero has a local countable base of the form B(K_n, ε_n) = { f ∈ C(X) : p_Kn(f) < ε_n } , where K_n are compact and ε_n > 0. Assume there is a compact K ⊂ X such that K ⊄ K_n for all n. Take x_n ∈ K \ K_n . There is a continuous function f_n : X → ⟨0, 1⟩ such that f_n(x_n) = 1 and f_n vanishes on K_n . We have f_n ∈ B(K_n, ε_n) , f_n /∈ B(K, 1) . Particularly B(K_n, ε_n) ⊄ B(K, 1) for all n.

Separability of a metrizable space X is not necessary for the separability of the space C(X). Let X be a discrete space. Then any function f : X → R is continuous and the topology of the uniform convergence on compacts coincides with the pointwise convergence, because any compact set K ⊂ X is finite. Therefore, the space C(X) may be identified with the Cartesian product R^X equipped with the Tychonoff topology.

Proposition 3.5. Let X be a discrete space. The space C(X) is separable

if and only if |X| ≤ c .

P r o o f . See [2, pp. 112 and 122].

Theorem 3.6. Let X be a Tychonoff space for which there is an increasing

sequence of metrizable compact sets (K_n)^∞_{n=1} such that for any compact set K ⊂ X there is an integer n for which K ⊂ K_n . Then C(X) is separable.

P r o o f . Let n be a fixed integer. Since K_n is metrizable compact, the space C(K_n) is separable. Take a dense sequence (φ_m)^∞_{m=1} ⊂ C(K_n). For f ∈ C(X) let f|_Kn be the restriction of f onto K_n . Let R(K_n) be the set of all such restrictions. Then R(K_n) is a ring which contains all constants, and separates the points of K_n . By the Stone–Weierstrass theorem R(K_n) is dense in C(K_n). For any natural i, m take a function g ∈ R(K_n) such that | |φ_m(x)−g(x) | | < 2−i for all x ∈ K_n . The function g is a restriction of some f ∈ C(X). Denote this function by f_{n,m,i} . Clearly, the triple sequence (f_{n,m,i})^∞_{n,m,i=1} is dense in C(X).

From Proposition 3.5 we see that conditions in the preceding theorem are only sufficient but not necessary for the separability of C(X). Topological vector spaces allow to prove another theorems about separability of C(X).

Theorem 3.7. Let X be a topological vector space the dual X^∗ of which

separates the points of X and is separable with respect to the weak* topology. Then C(X) is separable.

P r o o f . Let (φ_n)^∞_{n=1} be a sequence of continuous linear functionals which is dense in the weak* topology. Take x, y ∈ X , x ≠ y . Put z = x − y ≠ 0. Since X^∗ separates the points of X , there is f ∈ X^∗ for which f(z) ≠ 0. We may assume f(z) = 1. The set { g : g ∈ X^∗, | g(z) | < 1 2 }

is a weak* neighbourhood of 0 and the set { g : g ∈ X^∗, | |f(z) − g(z) | | < 1 2 }

is a weak* neighbourhood of f . There is some φ_n from this neighbourhood, i.e., 1 2 > | |f(z) − φ_n(z) | | = | |1 − φ_n(z) | | , which means^1_2 < φ_n(z) and 0 ≠ φ_n(z) = φ_n(x) − φ_n(y) So, the sequence (φ_n)^∞_{n=1} separates the points of X . For a compact set K ⊂ X we use the Stone–Weierstrass theorem to the family of all functions m∑ i1,i2,··· ,in=0 a_{i1,i2,··· ,i}nφ^{i1}_1 φ^{i2}_2 · · · φ^in_n , where a_{i1,i2,··· ,i}n ∈ Q , and we see that this family is dense in C(X).

Theorem 3.8. Let X be a separable topological vector space the dual X^∗

of which separates the points and is equipped with the weak* topology. Then C(X^∗) is separable.

P r o o f . Let Y be X^∗ with the weak* topology. Then Y^∗ with the weak* topology may be identified with X equipped with weak topology. Since X is separable in the original topology, it is also separable in the weak topology. So, we may apply the preceding theorem.

If X is a separable Banach space then the last theorem may be also deduced from Theorem 3.6.

REFERENCES

[1] DUNFORD, N.—SCHWARTZ, J. : Linear Operators, Mir, Moscow, Vol. 1, 1974. (Russian translation) [2] ENGELKING, R. : General Topology, PWN, Warszawa, 1977. [3] KECHRIS, A. : Classical Description Set Theory, Springer-Verlag, New York, 1995. [4] RUDIN, W. : Functional Analysis, McGraw-Hill, New York, 1991.

Received September 17, 2003 Department of Mathematics Faculty of Natural Sciences Matej Bel University Tajovského 40 SK–974 01 Banská Bystrica SLOVAKIA E-mail: malicky@fhpv.umb.sk