Tatra Mt. Math. Publ. 28 (2004), 187–197 tm

Mathematical Publications

ON TOPOLOGIES ASSOCIATED WITH THE LEBESGUE MEASURE

Małgorzata Filipczak — Jacek Hejduk

ABSTRACT. The topologies of the density type are considered on the real line. Some properties of such topologies are investigated.

Let ▲ be the set of positive integers and l stand for the Lebesgue measure in ⋛. Let L be the family of Lebesgue measurable sets and L be the family of l-null sets. For every A ∈ L and x, m ∈ ⋛ the set A + x is a translation of the set A of x and mA is an extension of the set A with the coefficient m. The ordinary density topology in ⋛ is denoted by T_d . The fact that for any sets A, B ∈ L, l(A △ B) = 0 will be denoted by A ∼ B .

Let us recall one deep result of the measure theory due to von N e u m a n n and M a h a r a m (cf. [Kh]).

Theorem 1. Let (X, S, μ) be a measure space and μ be a nonzero complete

σ-finite measure. Then there exists a topology T_μ on X such that 1) (X, T_μ) is a Baire space, 2) (X, T_μ) satisfies the countable chain condition, 3) the σ-algebra of all subsets of X having the Baire property coincides with S , 4) the σ-ideal of all first category subsets of X coincides with the σ-ideal of μ-null sets.

It is well-known that the density topology T_d is a von Neumann topology associated with the Lebesgue measure (see [O]). In this paper we show that there are many density type topologies on the real line ⋛ associated with the Lebesgue measure l . In this purpose let us pay attention to the following property

Remark 1. (cf. [CLO]) Let A ∈ L and x ∈ ⋛. Then

lim_{h→0} l(A ∩ [x − h, x + h]) 2h = 1 if and only if lim_{n→∞} l(A ∩ [x −^1_n , x +^1_n ]) 2 n = 1 .

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54A10. K e y w o r d s: density point, density topology.

MAŁGORZATA FILIPCZAK — JACEK HEJDUK

It means that the ordinary density point can be described by using a fix sequence {^1_n }_{n∈N} .

Let S be the family of all unbounded and nondecreasing sequences of positive reals. Every sequence {s_n} ∈ S is denoted by ⟨s⟩. In the context of the previous Remark, we have the following

Definition 1. Let ⟨s⟩ ∈ S . We say that x ∈ ⋛ is a density point of a set

A ∈ L with respect to a sequence ⟨s⟩ ∈ S (an ⟨s⟩-density point of A) if lim_{n→∞} l ( A ∩ [x −^1_{sn} , x +^1_{sn} ] ) 2 sn = 1;

x is an ⟨s⟩-dispersion of A if x is an ⟨s⟩-density point of A^′ ;

x is a right ⟨s⟩-dispersion of A (a left ⟨s⟩-dispersion of A) if lim_{n→∞} l ( A ∩ [x, x +^1_{sn} ] ) 1 sn = 1 ( lim_{n→∞} l ( A ∩ [x −^1_{sn} , x] ) 1 sn = 1 ) . It is easy to check that x is an ⟨s⟩-density point of A ∈ L (an ⟨s⟩-dispersion of A, a right ⟨s⟩-dispersion of A etc.) if and only if 0 is an ⟨s⟩-density point an ⟨s⟩-dispersion, a right ⟨s⟩-dispersion etc.) of the set A − x = {a − x : a ∈ A}. Since the proof of the fact that 0 is a right ⟨s⟩-dispersion of some set A is usually very similar to the proof that 0 is a left ⟨s⟩-dispersion of A, we will only prove that 0 is a right ⟨s⟩-dispersion of A.

For any ⟨s⟩ ∈ S and A ∈ L let

Φ_{⟨s⟩}(A) = {x ∈ ⋛: x is ⟨s⟩-density point of A} and Φ(A) = {x ∈ ⋛ : x is an ordinary density point of A} .

Proposition 1. For any A ∈ L and ⟨s⟩ ∈ S the set Φ_{⟨s⟩}(A) is a F_{σδ} set

P r o o f . Let F (x, n) = l(A ∩ [x −^1_{sn} , x +^1_{sn} ]) 2 sn . The function F (·, n) is continuous with respect to x. Moreover,

Φ_{⟨s⟩}(A) = ∞⋂ k=1 ⋃ m∈N ⋂ n¿m { x : F (x, n) ⩾ 1 −^1_k } . Hence Φ_{⟨s⟩}(A) ∈ F_{σδ} .

Proposition 2. For every A, B ∈ L, ⟨s⟩ ∈ S we have

1. Φ_{⟨s⟩}(∅) = ∅, Φ_{⟨s⟩}(⋛) = ⋛; 2. Φ_{⟨s⟩}(A ∩ B) = Φ_{⟨s⟩}(A) ∩ Φ_{⟨s⟩}(B); 3. A ∼ B =⇒ Φ_{⟨s⟩}(A) = Φ_{⟨s⟩}(B); 4. Φ_{⟨s⟩}(A) ∼ A; 5. Φ(A) ⊂ Φ_{⟨s⟩}(A).

P r o o f . The properties 1, 2, 3 and 5 are the immediate consequences of the definition of ⟨s⟩-density point. Since Φ(A) ⊂ Φ_{⟨s⟩}(A) we get, by the Lebesgue Density Theorem, that l ( A \ Φ_{⟨s⟩}(A) ) = 0. Moreover, Φ_{⟨s⟩} ( A ∩ (⋛ \ A) ) = Φ_{⟨s⟩}(A) ∩ Φ_{⟨s⟩}(⋛ \ A) = ∅ . Hence Φ_{⟨s⟩}(A) ⊂ ⋛ \ Φ_{⟨s⟩}(⋛ \ A) and Φ_{⟨s⟩}(A) \ A ⊂ ⋛ \ A \ Φ_{⟨s⟩}(⋛ \ A) ⊂ ⋛ \ A \ Φ(⋛ \ A) . It implies that l ( Φ_{⟨s⟩}(A) \ A ) = 0.

Corollary 1. The operator Φ : L → L is the lower density operator in the

measure space (⋛, L, l).

By the general lifting theorem (see [LMZ]) we have

Theorem 2. For every sequence ⟨s⟩ ∈ S the family T_{⟨s⟩} = { A ∈ L : A ⊂ Φ_{⟨s⟩}(A) } forms a topology such that T_d ⊂ T_{⟨s⟩} and T_{⟨s⟩} is the von Neumann topology associated with the Lebesgue measure.

By condition 5, c.f. Proposition 2, we obtained that T_d ⊂ T_{⟨s⟩} , for ⟨s⟩ ∈ S . The next theorem is a characterization of equality.

Theorem 3. (cf. [W]) Let ⟨s⟩ ∈ S be a sequence.

T_d = T_{⟨s⟩} if and only if lim inf_{n→∞} s_n s_{n+1} > 0 .

P r o o f . Necessity. Let ⟨s⟩ ∈ S and lim inf_{n→∞}^{sn}_{sn+1} = λ > 0. It is sufficient to show that Φ(A) = Φ_{⟨s⟩}(A) for any A ∈ L. We will show that if 0 is a right ⟨s⟩-dispersion point of the set A then 0 is a right ⟨u⟩-dispersion point of the set A for arbitrary sequence ⟨u⟩ ∈ S .

MAŁGORZATA FILIPCZAK — JACEK HEJDUK

Suppose that lim_{n→∞} s_n · l ( A ∩ [0,^1_{sn} ] ) = 0. Let ⟨u⟩ ∈ S and ε > 0. There exists n_0 ∈ ▲ such that s_n · l ( A ∩ [ 0, 1 s_n ]) < ελ 2 and s_n s_{n+1} > λ 2 for n > n_0 .

There exists k_0 ∈ ▲ such that s_{n0} ⩽ u_{k0} . Fix k > k_0 . There exists n ⩾ n_0 such that s_n ⩽ u_k ⩽ s_{n+1} . Hence u_k · l ( A ∩ [ 0, 1 u_k ]) ⩽ s_{n+1} · l ( A ∩ [ 0, 1 s_n ])

= s_n · l ( A ∩ [ 0, 1 s_n ]) · s_{n+1} s_n < ε · λ 2 · 2 λ = ε . Sufficiency. Let T_d = T_{⟨s⟩} . We prove that lim inf_{n→∞}^{sn}_{sn+1} > 0. Let us suppose that lim inf_{n→∞}^{sn}_{sn+1} = 0. There exists a subsequence {s_{kn} } of ⟨s⟩ such that lim_{n→∞}^{skn}_{skn+1} = 0. Define A = ∞⋃ j=1 [ 1 s_{kj+1} , 1 √s_{kj} · s_{kj+1} ] . We will check that 0 is a right ⟨s⟩-dispersion point of A. Let j_n = min{j :

k_j + 1 > n}. Then k_{jn} ⩾ n and s_n · l ∞⋃ j=1 [ 1 s_{kj+1} , 1 √s_{kj} · s_{kj+1} ] ∩ [ 0, 1 s_n ]

= s_n · l ∞⋃ j=jn [ 1 s_{kj+1} , 1 √s_{kj} · s_{kj +1} ] ∩ [ 0, 1 s_n ]

⩽ s_n √s_{kj} n · s_{kjn +1} ⩽ s_{kjn} √s_{kj} n · s_{kjn +1} −→_{n→∞} 0 . It implies that 0 is a ⟨s⟩-dispersion point of the set X = −A ∪ A. Let B = ∞⋃ j=1 ( 1 √s_{kj} · s_{kj +1} , 1 s_{kj} ) ∪ ( 1 s_{kj+1} , 1 s_{kj+1} ) .

Then A ∩ B = ∅, A ∪ B = ( 0,^1_{sk1} ) and putting Y = −B ∪ B ∪ {0}, we get that Y ∈ T_{⟨s⟩} .

Further, we will show that Y /∈ T_d proving that 0 is not the right density point of Y . Namely, √ s_{kn} · s_{kn+1} · l ∞⋃ j=1 ( 1 √s_{kj} · s_{kj+1} , 1 s_{kj} ) ∩ [ 0, 1 √s_{kn} · s_{kn+1} ]

= √ s_{kn} · s_{kn+1} · l ∞⋃ j=n+1 ( 1 √s_{kj} · s_{kj+1} , 1 s_{kj} ) ∩ [ 0, 1 √s_{kn} · s_{kn+1} ]

⩽ √s_{kn} · s_{kn+1} s_{kn+1} ⩽ √ s_{kn} s_{kn+1} −→_{n→∞} 0 . Also, √ s_{kn+1} · s_{kn+1+1} · l ∞⋃ j=1 ( 1 s_{kj+1} , 1 s_{kj+1} ) ∩ [ 0, 1 √s_{kn+1} · s_{kn+1+1} ]

= √ s_{kn+1} · s_{kn+1+1} · l ∞⋃ j=n+1 ( 1 s_{kj+1} , 1 s_{kj+1} ) ∩ [ 0, 1 √s_{kn+1} · s_{kn+1+1} ]

⩽ √ s_{kn+1} · s_{kn+1+1} s_{kn+1+1} = √ s_{kn+1} s_{kn+1+1} −→_{n→∞} 0 . Let S_0 = { ⟨s⟩ ∈ S : lim inf_{n→∞}^{sn}_{sn+1} = 0 } . By the previous theorem we have

Corollary 2. For every ⟨s⟩ ∈ S \ S_0 and every ⟨u⟩ ∈ S_0 T_{⟨s⟩} ⊜ T_{⟨u⟩} . In the following theorem the natural properties of T_{⟨s⟩}-topologies are listed. Theorem 4. (i) ∀_{⟨s⟩∈S} ∀_{x∈R}^(A ∈ T_{⟨s⟩} ⇒ A + x ∈ T_{⟨s⟩}^), (ii) ∀_{⟨s⟩∈S} ( A ∈ T_{⟨s⟩} ⇒ −A ∈ T_{⟨s⟩} ) , (iii) ∀_{⟨s⟩∈S\S0} ∀_{m∈R \{0}} ( A ∈ T_{⟨s⟩} ⇒ mA ∈ T_{⟨s⟩} ) , (iv) ∀_{⟨s⟩∈S} ∀_{|m|}¿_1 ( A ∈ T_{⟨s⟩} ⇒ mA ∈ T_{⟨s⟩} ) , (v) ∀_{⟨s⟩∈S0} ∀_{|m|<1} ∃_{A∈L} ( A ∈ T_{⟨s⟩} ∧ mA /∈ T_{⟨s⟩} ) . P r o o f . Only the condition (v) needs to be proved. The others are the consequence of the definition of topology T_{⟨s⟩} and Theorem 3. Let us assume that ⟨s⟩ ∈ S_0 .

MAŁGORZATA FILIPCZAK — JACEK HEJDUK

If m = 0 then we can put A = ⋛. Let 0 < m < 1. We shall show that there exists a set A ∈ L such that 0 is an ⟨s⟩-dispersion point of A and is not an ⟨s⟩-dispersion point of mA. Let {s_{kn} }_{n∈N} be a subsequence of ⟨s⟩ such that lim_{n→∞} s_{kn} s_{kn+1} = 0 .

Let n_0 be such a positive integer that √ s_{kn} s_{kn+1} < m for any n > n_0 . Putting X = ∞⋃ j=n0 [ 1 s_{kj+1} , 1 √s_{kj} · s_{kj+1} ]

we claim, similarly as in Theorem 3, that 0 is an ⟨s⟩-dispersion point of a set X . Hence, defining Y = −X ∪ X , we get that A = {0} ∪ (⋛ \ Y ) ∈ T_{⟨s⟩} . Since 1 s_{kj+1} < m √s_{kj} · s_{kj +1} and m s_{kj+1} < 1 s_{kj+1} for any j ⩾ n_0 ,

mA ⊃ ∞⋃ j=n0 ( m s_{kj+1} , 1 s_{kj +1} ) for any j ⩾ n_0 .

Therefore s_{kn+1} · l mA ∩ [ 0, 1 s_{kn+1} ] ⩾ s_{kn+1} · l ∞⋃ j=n0 ( m s_{kj+1} , 1 s_{kj+1} ) ∩ [ 0, 1 s_{kn+1} ]

= l ∞⋃ j=n0 ( m · s_{kn+1} s_{kj+1} , s_{kn+1} s_{kj+1} ) ∩ [0, 1] ⩾ 1 − m > 0 for n ⩾ n_0 . It means that 0 is not a right ⟨s⟩-dispersion point of the set mX and mA = {0} ∪ m(⋛ \ Y ) = {0} ∪ (⋛ \ mY ) /∈ T_{⟨s⟩} . Corollary 3. For every ⟨s⟩ ∈ S_0 and every m ∈ (0, 1) there exists a set Y ∈ L such that {0} ∪ (⋛ \ Y ) ∈ T_{⟨s⟩} and 0 /∈ Φ_{⟨s⟩}(⋛ \ mY ).

Theorem 5. If ⟨s⟩, ⟨t⟩ ∈ S_0 and lim_{n→∞} s_n t_n = α ∈ (0, ∞) , then T_{⟨s⟩} = T_{⟨t⟩} if and only if α = 1.

P r o o f . Necessity. Let us suppose that 0 < α < 1. There exists 0 < m < 1 and n_0 ∈ ▲ such that for n ⩾ n_0 , s_n ⩽ mt_n . By the previous corollary there exists a set Y such that {0} ∪ (⋛ \ Y ) ∈ T_{⟨t⟩} and 0 /∈ Φ_{⟨t⟩}(⋛ \ mY ). Hence 0 /∈ Φ_{⟨mt⟩}(⋛ \ Y ) , because Φ_{⟨mt⟩}(⋛ \ Y ) = 1 m Φ_{⟨t⟩}(⋛ \ mY ) . We shall observe that 0 /∈ Φ_{⟨s⟩}(⋛\Y ) which implies that {0}∪(⋛\Y ) /∈ T_{⟨s⟩} .

Namely, m · t_n · l ( Y ∩ [ − 1 mt_n , 1 mt_n ]) ⩽ m · t_n s_n · s_n · l ( Y ∩ [ − 1 s_n , 1 s_n ]) .

Since lim inf_{n→∞} m · t_n · l ( Y ∩ [ −^1_{mtn} ,^1_{mtn} ]) > 0,

lim inf n→∞ m · t_n s_n · s_n · l ( Y ∩ [ − 1 s_n , 1 s_n ]) > 0 and lim inf n→∞ s_n · l ( Y ∩ [ − 1 s_n , 1 s_n ]) > 0 . If α > 1 then lim_{n→∞}^{tn}_{sn} < 1 and, as we have already proved, T_{⟨t⟩} ≠ T_{⟨s⟩} .

Sufficiency. Let α = 1. We will prove that T_{⟨s⟩} = T_{⟨t⟩} . Let A ∈ L. We will show that Φ_{⟨s⟩}(A) = Φ_{⟨t⟩}(A) . On this purpose it is sufficient to prove that lim_{n→∞} t_n · l ( A ∩ [ 0, 1 t_n ]) = 0 if and only if lim_{n→∞} s_n · l ( A ∩ [ 0, 1 s_n ]) = 0 .

MAŁGORZATA FILIPCZAK — JACEK HEJDUK Let lim_{n→∞} t_n · l ( A ∩ [ 0, 1 t_n ]) = 0 .

We have l ( A∩ [ 0, 1 s_n ]) ⩽ l ( A∩ [ 0, 1 t_n ]) +l ([ 1 t_n , 1 s_n ]) = l ( A∩ [ 0, 1 t_n ]) + | | | 1 s_n − 1 t_n | | | . Hence s_n · l ( A ∩ [ 0, 1 s_n ]) ⩽ s_n · l ( A ∩ [ 0, 1 t_n ]) + s_n | | | | 1 s_n − 1 t_n | | | | = t_n · l ( A ∩ [ 0, 1 t_n ]) s_n t_n + | | |1 − s_n t_n | | | . Therefore lim_{n→∞} s_n · l ( A ∩ [ 0, 1 s_n ]) = 0 .

Analogously, from lim_{n→∞} s_n · l ( A ∩ [ 0,^1_{sn} ]) = 0 we conclude that lim_{n→∞} t_n · l ( A ∩ [ 0, 1 t_n ]) = 0 .

Remark 2. The previous property is not true if ⟨s⟩, ⟨t⟩ ∈ S \ S_0 . For example, if ⟨s⟩ = 2^n and ⟨t⟩ = 3^n , then

T_{⟨s⟩} = T_{⟨t⟩} = T_d and lim_{n→∞} s_n t_n = 2 3 . Observing the proof of sufficiency we get

Corollary 4. If ⟨s⟩, ⟨t⟩ ∈ S and lim_{n→∞}^{sn}_{tn} = 1 then T_{⟨s⟩} = T_{⟨t⟩} . Proposition 3. For any ⟨s⟩ ∈ S there exists a nondecreasing sequence ⟨t⟩

of natural numbers, such that T_{⟨s⟩} = T_{⟨t⟩} .

P r o o f . Let ⟨s⟩ ∈ S and let ⟨t⟩ = {t_n}_{n∈N} , where t_n = [s_n], for n ∈ ▲. Then lim_{n→∞}^{sn}_{tn} = 1 and, by the previous corollary, T_{⟨s⟩} = T_{⟨t⟩} . Let T = { T_{⟨s⟩} : ⟨s⟩ ∈ S } . It is clear that T = {T_d} ∪ { T_{⟨s⟩} : ⟨s⟩ ∈ S_0 } .

Theorem 6. card(T ) = c .

P r o o f . Naturally, card(T ) ⩽ c . We will prove that card(T ) ⩾ c . If ⟨s⟩ ∈ S_0 then, for any α > 0, ⟨αs⟩ = {αs_n}_{n∈N} ∈ S_0 . By Theorem 5 we obtain that, for any 0 < α, β < 1, such that α ≠ β we have T_{⟨αs⟩} ≠ T_{⟨βs⟩} . Hence, card(T ) = c .

Theorem 7.^⋂_{⟨s⟩∈S0}T_{⟨s⟩} = T_d .

P r o o f . It is sufficient to show that ⋂ ⟨s⟩∈S_0 T_{⟨s⟩} ⊂ T_d . Let us suppose that there exists a set X ∈ T_{⟨s⟩} for an arbitrary ⟨s⟩ ∈ S_0 and X /∈ T_d . Thus there exists a point x_0 ∈ X such that

lim inf n→∞ l(X ∩ [x_0 −^1_n , x_0 +^1_n ]) 2 n < 1 . Therefore there exists a sequence ⟨s⟩ ∈ S such that

lim inf n→∞ l(X ∩ [x_0 −^1_{sn} , x_0 +^1_{sn} ]) 2 sn < 1 . It is easy to find a subsequence ⟨t⟩ ⊂ ⟨s⟩ such that lim_{n→∞} l(X ∩ [x_0 −^1_{tn} , x_0 +^1_{tn} ]) 2 tn < 1 and ⟨t⟩ ∈ S_0 . It implies that X /∈ T_{⟨t⟩} .

Theorem 8. Let T^∗ be a topology generated by^⋃_{⟨s⟩∈S}T_{⟨s⟩} . Then ⋃ ⟨s⟩∈S T_{⟨s⟩} ≠ T^∗ = 2^R .

P r o o f . First notice, that ( ∀_{x∈A} lim sup h→0^+ l(A ∩ [x − h, x + h]) 2h = 1 ) =⇒ A ∈ T^∗ (∗)

MAŁGORZATA FILIPCZAK — JACEK HEJDUK

for an arbitrary set A ∈ L. Suppose that

lim sup h→0^+ l ( A ∩ [x − h, x + h] ) 2h = 1 .

Then there exists a sequence {h_n} ↘ 0 such that lim_{n→∞} l(A ∩ [x − h_n, x + h_n]) 2h_n = 1 .

Obviously, ⟨t⟩ = { 1 h_n } ∈ S . Since T_d ⊂ T_{⟨s⟩} and l ( A ∩ Φ(A) ) = l(A), ( A ∩ Φ(A) ) ∪ {x} ∈ T_{⟨t⟩} ⊂ T^∗. Hence A = ⋃ x∈A (( A ∩ Φ(A) ) ∪ {x} ) ∈ T^∗. Further, we will show that the singletons are T^∗-open. There exists an interval set B = ∞⋃ n=1 (a_n, b_n) , 0 < b_{n+1} < a_n < b_n , n ∈ ▲ , lim_{n→∞} a_n = 0 ,

such that lim_{n→∞} l(B ∩ [0, b_n]) b_n = 1 and lim_{n→∞} l(B ∩ [0, a_n]) a_n = 0 . Let C = −B ∪ {0} ∪ B and D = ∞⋃ n=1 ( (b_{n+1}, a_n) ∪ (−a_n, −b_n) ) ∪ {0} . By the property (∗) we obtained that C ∈ T^∗ and D ∈ T^∗ . Hence {0} = C ∩ D ∈ T^∗. Similarly, taking into account that the topology T^∗ is invariant with respect to translation, we get that {x} = (C + x) ∩ (D + x) ∈ T^∗. Then, T^∗ = 2^R .

Since {0} /∈ T^∗, for any ⟨s⟩ ∈ S , we have T^∗ ≠ ⋃ ⟨s⟩∈S T_{⟨s⟩} .

REFERENCES

[CLO] CIESIELSKI, K.—LARSON, L.—OSTASZEWSKI, K. : I-density continuous functions, Memoirs of Amer. Math. Soc. 515 (1994).

[Kh] KHARAZISHVILI, A. B. : Strange Functions in Real Analysis, Marcel Dekker Inc., New York, 2000.

[LMZ] LUKEŠ, J.—MALÝ, J.—ZAJÍČEK, L. : Fine topology methods, in: Real Analysis And Potential Theory, Lecture Notes in Math., Vol. 1189, Springer Verlag, Berlin 1986.

[O] OXTOBY, J. C. : Measure and Category, Springer-Verlag, New York, 1971. [W] WILCZYŃSKI, W. : Density Topologies (E. Pap, ed.), Handbook of Measure Theory, Vols. I and II, North Holland, Amsterdam, 2002, pp. 675–702.

Received November 8, 2002 Faculty of Mathematics Łódź University ul. Stefana Banacha 22 PL–90-238 Łódź POLAND E-mail: malfil@imul.uni.lodz.pl jachej@uni.lodz.pl