Tatra Mt. Math. Publ. 28 (2004), 219–225 tm

Mathematical Publications

FAMILIES OF -APPROXIMATELY CONTINUOUS FUNCTIONS

Małgorzata Filipczak

ABSTRACT. Families of -approximately continuous functions for different

-density topologies are discussed. It is also constructed an example of pair of

topologies T1 and T2 such that there exists an interval set belonging to T1 n T2 but families of T1 -continuous and T2 -continuous functions are equal.

Let N be the set of positive integers, m(A) denotes the Lebesgue measure of a set A ⊂ R, A^′ —a complement of A. Let T_0 stand for the natural topology on R. We will denote by C_0 the family of continuous functions (R, T_0) → (R, T_0) and by A the family of approximately continuous functions.

Between topologies T_0 and T_d there are a lot of ψ-density topologies T_ψ introduced by M. T e r e p e t a and E. W a g n e r -B o j a k o w s k a in [2]. Let us recall the basic definitions.

We denote by C the family of continuous, nondecreasing functions ψ : (0, ∞) → (0, ∞) such that lim_{h→0+} ψ(h) = 0. For any ψ ∈ C we say that x ∈ R is a

ψ-density (ψ-dispersion) point of a measurable set A if lim_{h→0+}^{m(A0 ∩[x−h,x+h])}_{2h·ψ(2h)} = 0 ( lim h→0+ m(A∩[x−h,x+h]) 2h·ψ(2h) = 0 ) . We denote Φ_ψ (A) = {x ∈ R : x is a ψ-density point of A} and T_ψ = {A ∈ S : A ⊂ Φ_ψ(A)} . For any ψ ∈ C a topology T_ψ is bigger than T_0 and smaller than T_d (cf.

Theorem 1.4 in [2]). We say that a function f : R → R is ψ-approximately continuous at x_0 if x_0 is the inner ψ-density point of f^{−1} ( f(x_0) − ε, f(x_0) + ε ) for each ε > 0, i.e., for any ε > 0 there exists a measurable set B such that B ⊂ f^{−1} ( f(x_0) − ε, f(x_0) + ε ) and x_0 ∈ Φ_ψ(B). As usual, we will say that a function f is ψ-approximately continuous if it is ψ-approximately continuous at each point.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54A10, 54C30, 28A60. K e y w o r d s: density point, density topology functions.

MAŁGORZATA FILIPCZAK

Theorem. (Theorem 3.6 in [2]) A function f : R → R is ψ-approximately

continuous if and only if a set f^{−1} ( (a, b) ) belongs to T_ψ for every open interval (a, b). It is known that there exist different functions ψ_1, ψ_2 ∈ C such that T_{ψ1} = T_{ψ2} . We will show that if T_{ψ1} \ T_{ψ2} ≠ ∅, then there exist an interval set A ∈ T_{ψ1} \ T_{ψ2} and a function f : R → R which is ψ_1-approximately continuous and is not ψ_2-approximately continuous function.

Proposition 1. If T_{ψ1} \ T_{ψ2} ≠ ∅, then there exists an interval set A = ∞⋃ n=1 [a_n, b_n] with 0 < b_{n+1} < a_n < b_n for n ∈ N and lim_{n→∞} b_n = 0 such that zero

is a ψ_1-dispersion point of A but

lim inf n→∞ m ( A ∩ [0, b_n] ) 2b_n · ψ_1(2b_n) > 0 .

P r o o f . Since T_{ψ1} \ T_{ψ2} ≠ ∅, there exists a measurable set E such that E ⊂ Φ_{ψ1} (E) and a point x ∈ E such that x /∈ Φ_{ψ2} (E). We can assume that x = 0. Hence, there exists a sequence (t_n) ↘ 0 and a number a > 0 such that m ( E^′ ∩ [0, t_n] ) 2t_n · ψ_2(2t_n) > a or a sequence (t_n) ↘ 0 and a number a > 0 such that m ( E^′ ∩ [−t_n, 0] ) 2t_n · ψ_2(2t_n) > a . Suppose that the first possibility holds. Let for any n ∈ N, b_n = t_n , a_n = t_n − m ( E^′ ∩ [t_{n+1}, t_n] ) and A = ∞⋃ n=1 [a_n, b_n] .

Naturally, for any n ∈ N, m ( A ∩ [0, b_n] ) = m ( E^′ ∩ [0, t_n] ) . Moreover, for any t ∈ (0, t_1], m ( A ∩ [0, t] ) ≤ m ( E^′ ∩ [0, t] ) , what completes the proof.

If the second possibility holds, we can use the set −E = {x ∈ R: − x ∈ E} .

FAMILIES OF -APPROXIMATELY CONTINUOUS FUNCTIONS

Theorem 2. If T_{ψ1} \T_{ψ2} ≠ ∅, then there exists a function which is ψ_1-approx-

imately continuous and is not ψ_2-approximately continuous.

P r o o f . From Proposition 1 we know that there exists an interval set A = ∞⋃ n=1 [a_n, b_n] such that zero is a ψ_1-dispersion point of A but

lim inf n→∞ m ( A ∩ [0, b_n] ) 2b_n · ψ_2(2b_n) > 0 . Therefore there exist a > 0 and n_0 ∈ N such that m ( A ∩ [0, b_n] ) 2b_n · ψ_2(2b_n) > a for every n ≥ n_0 .

Set, for any n ∈ N, c_n = a_n +^{bn−an}_4 , d_n = a_n +^3_4 (b_n − a_n). Of course, d_n − c_n =^1_2 (b_n − a_n). Let C = ∞⋃ n=1 [c_n, d_n] . For any B such that C ⊂ B ⊂ A and any h > 0 m ( B ∩ [0, h] ) ≤ m ( A ∩ [0, h] ) and zero is a ψ_1-dispersion point of B . Moreover, for every n ≥ n_0 , m ( B ∩ [0, b_n] ) 2b_n · ψ_2(2b_n) ≥ m ( C ∩ [0, b_n] ) 2b_n · ψ_2(2b_n) > a 2 , so zero is not a ψ_2-dispersion point of B .

We will define the function f by the formula

f(t) = 0 for t ≤ 0 or t ≥ b_1 , 1 for t ∈ [c_n, d_n] , n = 1, 2, . . . , 0 for t ∈ [b_{n+1}, b_n] , n = 1, 2, . . . , linear on intervals [a_n, c_n] and [d_n, b_n] for n = 1, 2, . . .

The function f is continuous at every point x different from zero. So, it is ψ_1- and ψ_2-approximately continuous.

To prove that f is ψ_1-approximately continuous at zero, it is sufficient to observe that for any ε > 0 the set B = R \ f^{−1} ( (−ε, ε) )

MAŁGORZATA FILIPCZAK

is measurable and contained in A, so zero is a ψ_1-density point of f^{−1} ( (−ε, ε) ) . On the other hand, R \ f^{−1} (( 1 2 , 1 2 )) ⊃ C , and zero is not a ψ_2-density point of f^{−1} ((_1 2 ,^1_2 )) . Hence f is not ψ_2-approximately continuous.

The fact that there exists an interval set A such that R \ A ∈ T_1 \ T_2 plays the fundamental role in the previous proof. However, the existence of such a set is not a sufficient condition for the existence a function continuous from R equipped with topology T_1 to R with natural topology, which is not continuous as a function from (R, T_2) to (R, T_0).

Theorem 3. For any interval set A =^{∞⋃}_{n=1}[a_n, b_n] with b_{n+1} < a_n < b_n ,

lim_{n→∞} b_n = 0, there exist topologies T_1 and T_2 such that

(a) T_0 ⊂ T_1 ⊂ T_2 ⊂ 2^R , (b) R \ A ∈ T_2 \ T_1 , (c) families of continuous functions (R, T_1) → (R, T_0) and (R, T_2) → (R, T_0) are equal.

P r o o f . Define topologies T_1 and T_2 using bases of neighbourhoods at points.

Let for every x ≠ 0

B_1(x) = { (x − ε, x + ε) : ε > 0 } , B_1(x) = B_2(x) , and B_1(0) = { (−ε, ε) \ C : C = ∞⋃ n=1 [c_n, d_n] , lim_{n→∞} d_n = 0 , C ⊂ ∞⋃ n=1 (a_n, b_n) } ,

B_2(0) = { (−ε, ε) \ C : C = ∞⋃ n=1 [c_n, d_n] , lim_{n→∞} d_n = 0 , C ⊂ A } . It is not difficult to check that topology T_1 generated by { B_1(x) : x ∈ R } is smaller than topology T_2 generated by { B_2(x) : x ∈ R } and R \ A ∈ T_2 \ T_1 .

Suppose, to the contrary to our claim, that f : R → R is a continuous function considered as f : (R, T_2) → (R, T_0) but is not continuous as f : (R, T_1) →

FAMILIES OF -APPROXIMATELY CONTINUOUS FUNCTIONS

(R, T_0). It means that there exists α ∈ R such that f^{−1} ( (α, ∞) ) ∈ T_2 \ T_1 or f^{−1} ( (−∞, α) ) ∈ T_2 \ T_1 . Assume that the first case occurs (the second is similar). From definitions of T_1 and T_2 it follows that f^{−1} ( (α, ∞) ) ∩ (−ε, ε) = (R \ A) ∩ (−ε, ε) for some ε > 0. Since 0 ∈ (R \ A) ∩ (−ε, ε), f(0) > α. Let n_0 be such a natural number that [a_n, b_n] ⊂ (−ε, ε), for every n ≥ n_0 . f|(0, ε) is continuous in usual sense, so it has the Darboux property. Hence f(a_n) = f(b_n) = α for any n ≥ n_0 .

Let β =^{f(0)+α}_2 . Clearly

0 ∈ f^{−1} ( (β, ∞) ) and b_n /∈ f^{−1} ( (β, ∞) ) for any n ≥ n_0 .

It gives a contradiction, because f^{−1} ( (β, ∞) ) /∈ T_2 . Let go back to our main topic. For any ψ ∈ C we will denote by A_ψ the class of all ψ-approximately continuous functions. By Theorem 2, if T_{ψ1} ⊊ T_{ψ2} then A_{ψ1} ⊊ A_{ψ2} . According to Theorem 2.6 from [2] we have, that if lim_{h→0+}^{ψ1(h)}_{ψ2(h)} = ∞

then T_{ψ2} ⊊ T_{ψ1} . Denote, for any a ∈ (0, 1), by ψ_a(h) = h^a for h ∈ (0, ∞). By the above, if a < b then T_{ψb} ⊊ T_{ψa} . Therefore

Property 4. There exists continuum different classes of functions^{A_{ψa} : a ∈

(0, 1) } such that C_0 ⊊ A_{ψb} ⊊ A_{ψa} ⊊ A if 0 < a < b < 1.

Finally we will construct the second family of uncountable many classes of ψ-approximately continuous functions (with another order).

Property 5. For any ψ_0 ∈ C , there exist sequences (ψ_α)_{1≤α<Ω} and

(ψ̄_α)_{1≤α<Ω} of functions from family C such that if 1 ≤ α < β < Ω, then C_0 ⊊ A_{ψβ} ⊊ A_{ψα} ⊊ A_{ψ0} ⊊ A_{ψ̄α} ⊊ A_{ψ̄β} ⊊ A . P r o o f . Observe first, that for any ψ ∈ C there exist functions ψ̆ ∈ C and ψ̂ ∈ C such that lim h→0+ ψ(h) ψ̆(h) = ∞ and lim_{h→0}+ ψ̂(h) ψ(h) = ∞ . We can assume, that 1 ∈ ψ ( (0, ∞) ) . Let

ψ̆(h) = 1 n2 if ψ(h) =^1_n , n = 1, 2, . . . ,

linear on intervals ψ^{−1} ([_1 n+1 ,^1_n ]) , n = 1, 2, . . . , 1 for h ∈ ψ^{−1} ( [1, ∞) ) ; (1)

MAŁGORZATA FILIPCZAK

ψ̂(h) = 1 n if ψ(h) =^1_{n2} , n = 1, 2, . . . ,

linear on intervals ψ^{−1} ([_1 (n+1)2 , 1 n2 ]) , n = 1, 2, . . . , 1 for h ∈ ψ^{−1} ( [1, ∞) ) . (2)

It is not difficult to check that ψ̆ and ψ̂ fulfil required conditions.

Moreover, for any sequence (ψ_n)_{n∈N} of functions from family C there exist functions ψ̆ ∈ C and ψ̂ ∈ C such that lim h→0+ ψ_n(h) ψ̆(h) = ∞ and lim_{h→0+} ψ̂(h) ψ_n(h) = ∞ for any n ∈ N.

Suppose, that 1 ∈ ψ_n ( (0, ∞) ) for every n ∈ N. Let

ψ̆(h) = min { ψ^2_i

(_1 k+1 ) : i ≤ k } if h =^1_k , k = 1, 2, . . . , linear on intervals

[_1 k+1 ,^1_k ] , k = 1, 2, . . . , ψ̆(1) for h ∈ [1, ∞) . (3)

Fix n ∈ N. For any k > 0 and h ∈

[_1 k+1 ,^1_k ] , ψ_n(h) ψ(h) ≥ ψ_n (_1 k+1 ) ψ̆(^1_k ) ≥ ψ_n (_1 k+1 ) ψ^2_n

(_1 k+1 ) = 1 ψ_n (_1 k+1 ) . If h → 0^+ then k → ∞ and lim_{k→∞} ψ_n(^1_{k+1} ) = 0. Therefore lim h→0+ ψ_n(h) ψ̆(h) = ∞ . To define ψ̂ , let us denote t_1 = inf { t > 0 : ψ_1(t) = 1 } , t_k = min { inf{t > 0 :

ψ_i(t) =^1_{k2} } : i = 1, . . . , k } . Put

ψ̂(h) = 1 k for h = t_k , k = 1, 2, . . . , linear on intervals [t_{k+1}, t_k], k = 1, 2, . . . , 1 for h ∈ [t_1, ∞) . (4)

Fix n ∈ N. For any k > n and h ∈ [t_{k+1}, t_k] ψ̂(h) ψ_n(h) ≥ ψ̂(t_{k+1}) ψ_n(t_k) ≥ 1 k+1 (_1 k )_2 = k^2 k + 1 . Since lim_{k→∞}^{k2}_{k+1} = ∞ and k → ∞ if h → 0^+ , we have lim h→0+ ψ̂(h) ψ_n(h) = ∞ .

FAMILIES OF -APPROXIMATELY CONTINUOUS FUNCTIONS

Now we will define a sequence (ψ_α)_{1≤α<Ω} using an transfinite induction. To define ψ_1 we will use formula (1) for ψ = ψ_0 . Let ψ_1(h) = ψ̆(h) for h > 0. Since lim_{h→0+}^{ψ(h)}_{ψ1(h)} = ∞, T_{ψ1} ⊊ T_{ψ0} and A_{ψ1} ⊊ A_{ψ0} .

Assume that we have defined ψ_β for β < α. If α has the predecessor we use formula (1). In other case, since the family {ψ_β : β < α} is countable, we can use formula (3). In both cases we obtain function ψ_α with the required condition.

In the same manner we can define, using (2) and (4), a sequence (ψ̄_α)_{1≤α<Ω} .

REFERENCES

[1] TAYLOR, S. J. : On strengthening the Lebesgue density theorem, Fund. Math. 96 (1959), 305–315.

[2] TEREPETA, M.—WAGNER-BOJAKOWSKA, E. : Ψ-density topologies, Rend. Circ.

Mat. Palermo 48 (1999), 451–476.

Received December 13, 2002 Institute of Mathematics University of Łódź S. Banacha 22 PL–90-238 Łódź POLAND E-mail: malfil@imul.uni.lodz.pl.