Tatra Mt. Math. Publ. 28 (2004), 159–168 tm

Mathematical Publications

BILATERAL QUASICONTINUITY

IN TOPOLOGICAL SPACES

Ján Borsík

ABSTRACT. A function f : R → R is said to be bilaterally quasicontinuous at a point x if for every δ > 0 and for every neighbourhood V of f(x) there exist open nonempty sets G1 ⊂ (x − δ, x) ∩ f�1(V ) and G2 ⊂ (x, x + δ) ∩ f�1(V ). Some possibilities to define a bilateral quasicontinuity for functions defined on metric or topological spaces are given.

A real function f : ⋛ → ⋛ is said to be left (right) hand sided quasicontinuous at a point x ∈ ⋛ if for every δ > 0 and for every neighbourhood V of f(x) there exists an open nonempty set G ⊂ (x − δ, x) ∩ f^{−1}(V ) (G ⊂ (x, x + δ) ∩ f^{−1}(V )). A function f is bilaterally quasicontinuous at x if it is both left and right hand sided quasicontinuous at this point. A function is bilaterally quasicontinuous if it is such at each point ([7]).

In this paper we will give some possibilities to define a bilateral quasicontinuity for functions defined on metric or topological space.

For a subset A of a topological space we denote by Cl A and Int A the closure and the interior of A, respectively. The letters ▲, ⋚ and ⋛ stand for the set of positive integers, rational and real numbers, respectively. If (X, d) is a metric space then S(a, ε) = { y ∈ X : d(y, a) < ε } denotes the open ball with the centre a and the radius ε. For a set A ⊂ X and a point a ∈ X , dist(a, A) = inf { d(a, b) : b ∈ A } . Definition 1. Let X and Y be topological spaces. We shall say that f : X →

Y is B-quasicontinuous at x ∈ X if for every neighbourhood V of f(x) and for every open connected set A such that x ∈ Cl A there exists an open nonempty set G ⊂ A such that f(G) ⊂ V . A function f is B-quasicontinuous if it is such at each point.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 54C08; Secondary 54C30. K e y w o r d s: quasicontinuity, bilateral quasicontinuity, c-continuity, function of two variables.

Supported by Grant VEGA 2/3165/23.

Definition 2. Let (X, d) be a metric space and let Y be a topological space.

We shall say that a function f : X → Y is S-quasicontinuous at x ∈ X if for every neighbourhood V of f(x) and for every y ∈ X , y ≠ x, there exists an open nonempty set G ⊂ S ( y, d(x, y) ) such that f(G) ⊂ V .

We shall say that a function f : X → Y is T -quasicontinuous at x ∈ X if for every neighbourhood V of f(x) and for every y ∈ X such that y ≠ x and x ∈ Cl S ( y, d(x, y) ) there exists an open nonempty set G ⊂ S ( y, d(x, y) ) such that f(G) ⊂ V .

Theorem 1. Let f : ⋛ → ⋛ be a function. Then the following conditions are

equivalent:

a) f is bilaterally quasicontinuous at x; b) f is B-quasicontinuous at x; c) f is S-quasicontinuous at x; d) f is T -quasicontinuous at x.

P r o o f . Obvious.

The following proposition shows that the assumption of the connectedness of A in Definition 1 cannot be omitted.

Proposition 1. Let X be a topological space and let Y be a regular space.

Then a function f : X → Y is continuous if and only if for each x ∈ X , for each neighbourhood V of f(x) and for each open set A with x ∈ Cl A there is an open nonempty set G ⊂ A such that f(G) ⊂ V .

P r o o f . Suppose that f is not continuous at a point x ∈ X . Then there is a neighbourhood W of f(x) such that for each neighbourhood U of x there is x_U ∈ U such that f(x_U ) /∈ W . Let V be an open neighbourhood of f(x) such that Cl V ⊂ W . Then there is an open nonempty set G_U ⊂ U such that f(G_U ) ⊂ Y \ Cl V . The set H = ⋃ {G_U : U is an open neighbourhood of x} is open and x ∈ Cl H . However, f(G_U ) ⊄ V for each open nonempty G ⊂ H . The opposite implication is obvious.

This assertion does not hold pointwise (e.g., X = Y = ⋛ with the usual topology, f(1/n) = n and f(x) = 0 otherwise) and it does not hold for arbitrary topological space Y (e.g., X = ⋛ with the usual topology, Y = ⋛ with the topology T , where A ∈ T iff A = ∅ or ⋛ \ A is nowhere dense and f : X → Y is the identity).

Recall that a function f : X → Y is quasicontinuous at x if for each neighbourhood V of f(x) and for each neighbourhood U of x there exists an open nonempty set G ⊂ U such that f(G) ⊂ V ([11]). Denote by C(f), Q(f), B(f), S(f) and T (f) the set of all continuity points, quasicontinuity points,

B-quasicontinuity points, S-quasicontinuity points and T -quasicontinuity points of a function f : X → Y , respectively. If X = Y = ⋛ then C(f) ⊂ B(f) = S(f) = T (f) ⊂ Q(f). Further denote by C , B , S , T and Q the family of all continuous, B-quasicontinuous, S-quasicontinuous, T -quasicontinuous and quasicontinuous functions, respectively.

Definition 3. We shall say that a metric space (X, d) possesses PCB (prop-

erty of closed balls) if Cl S(x, ε) = { y ∈ X : d(x, y) ≤ ε } for each x ∈ X and each ε > 0.

Theorem 2. Let Y be a topological space. Then:

a) If X is a topological space then C(f) ⊂ B(f) ⊄ Q(f). b) If X is a locally connected space then B(f) ⊂ Q(f). c) If X is a metric space then C(f) ⊄ S(f) ⊂ Q(f). d) If X is a metric space then C(f) ⊂ T (f) ⊄ Q(f). e) If a metric space X possesses PCB then S(f) = T (f).

P r o o f . a) Let V be a neighbourhood of f(x) and let A be an open connected set with x ∈ Cl A. If x ∈ C(f) then there is an open neighbourhood U of x such that f(U) ⊂ V . Then G = A ∩ U is an open nonempty subset of A and f(G) ⊂ V , i.e., x ∈ B(f). If X = ⋚ with the usual topology then each function on X is B-quasicontinuous.

b) Let V be a neighbourhood of f(x) and U be a neighbourhood of x. Then there exists an open connected neighbourhood T of x such that T ⊂ U. Now there exists an open nonempty set G ⊂ T such that f(G) ⊂ V .

c) Let x ∈ S(f), let V be a neighbourhood of f(x) and let U be a neighbourhood of x. Let ε > 0 be such that S(x, ε) ⊂ U. If x is an isolated point of X then evidently x ∈ Q(f). Otherwise there is a y ∈ S(x, ε/2), y ≠ x. Now there is an open nonempty set G ⊂ S ( y, d(x, y) ) ⊂ S(x, ε) such that f(G) ⊂ V , i.e., x ∈ Q(f). If X = ▲ with the usual metric and f : X → ⋛, f(u) = u, then C(f) = X and S(f) = ∅.

d) Let x ∈ C(f), let V be a neighbourhood of f(x) and let y ∈ X , y ≠ x, be such that x ∈ Cl S , where S = S ( y, d(x, y) ) . Then there exists an open neighbourhood U of x such that f(U) ⊂ V . Now U ∩ S is an open nonempty subset of S , i.e., x ∈ T (f).

Let X = {x_i : i ∈ ▲} with the metric d, where d(x_i, x_i) = 0, d(x_1, x_j ) = 1/j for j ≠ 1 and d(x, y) = 1/i + 1/j for i ≠ j , i, j > 1. If we put f(x_i) = i then T (f) \ Q(f) ≠ ∅. e) Obvious.

Therefore it is reasonable to investigate B-quasicontinuity on locally connected spaces and S-quasicontinuity and T -quasicontinuity on metric spaces with PCB.

Now we will give a characterization of the sets B(f) and Q(f). Recall that a topological space is almost resolvable if it is a countable union of sets with empty interiors. Every first countable topological space without isolated points, locally compact Hausdorff topological space without isolated points or real linear topological space is almost resolvable ([1]). A topological space is perfect if every closed subset of this space is G_δ ([4]). A space is perfect normal if it is normal (need not be T_1 ) and perfect.

Theorem 3. Let X be a locally connected perfectly normal almost resolvable

topological space. Let B ⊂ X . Then B = B(f) for some function f : X → ⋛ if and only if the set Cl B \ B is of the first category.

Theorem 3’. Let (X, d) be a metric space with PCB without isolated points.

Let B ⊂ X . Then B = S(f) for some function f : X → ⋛ if and only if the set Cl B \ B is of the first category.

P r o o f o f T h e o r e m s 3 a n d 3’. Necessity. By Theorem 2 we obtain C(f) ⊂ B(f) ⊂ Q(f) and C(f) ⊂ S(f) ⊂ Q(f). By [5], the set Cl Q(f) \ C(f) is of the first category and hence Cl B(f) \ B(f) ⊂ Cl Q(f) \ C(f) is of the first category and similarly for Cl S(f) \ S(f).

Sufficiency. The set Cl B \ B is of the first category, therefore Cl B \ B = ∞⋃ n=1 A_n , where A_n are nowhere dense sets. We can assume that A_n ⊂ A_{n+1}

for each n ∈ ▲. Since X is perfectly normal there is a continuous function h : X → [0, ∞) such that h^{−1}(0) = Cl B . Since X is almost resolvable (by remark above a metric space without isolated points is almost resolvable) we

can write X =^∞ ⋃ m=1 X_m , where Int X_m = ∅ for each m ∈ ▲. We can assume

that X_i ∩ X_j = ∅ for i ≠ j . Put A_0 = ∅ and define a function f : X → ⋛ as

f(x) = 0 if x ∈ B , 1/k if x ∈ A_k \ A_{k−1} , 2^{−m} · h(x) if x ∈ (X \ Cl B) ∩ X_m .

We shall show that B(f) = B (for Theorem 3) and S(f) = B (for Theorem 3’).

1. Let x ∈ B and let ε > 0. Let k ∈ ▲ be such that 1/k < ε. Since h is continuous at x there exists an open neighbourhood U of x such that 0 ≤ h(y) < ε for each y ∈ U. Let A be an open connected set with x ∈ Cl A (for Theorem 3) or let A = S ( z, d(x, z) ) , z ≠ x (for Theorem 3’). Then A ∩ U ≠ ∅ and since A_k is nowhere dense, the set G = (A∩U)\Cl A_k is an open nonempty subset of A.

Let y ∈ G. If y ∈ B then |f(x) − f(y)| = 0. If y ∈ X \ Cl B then y ∈ X_m for some m ∈ ▲ and hence |f(x) − f(y)| = 2^{−m}h(y) < h(y) < ε. If y ∈ Cl B \ B then y ∈ A_j \ A_{j−1} for some j ∈ ▲. However y /∈ Cl A_k and hence j > k and |f(x) − f(y)| = f(y) = 1/j < ε. Therefore B ⊂ B(f) (Theorem 3) and B ⊂ S(f) (Theorem 3’).

2. Let x ∈ X \ Cl B . Then x ∈ X_m for some m ∈ ▲. Put α =^{3h(x)}_2m_{·8} > 0. If X is locally connected then there exists an open connected neighbourhood A of x such that A ⊂ X \ Cl B and |h(x) − h(y)| <^{h(x)}_4 for y ∈ A. If X is a metric space with PCB without isolated points then there exists δ > 0 such that S(x, δ) ⊂ X \ Cl B and |h(x) − h(y)| <^{h(x)}_4 for y ∈ S(x, δ). Since x is not an isolated point there exists z ∈ S(x, δ/2), z ≠ x. Then A = S ( z, d(x, z) ) ⊂ S(x, δ). We shall show that x /∈ B(f) (for Theorem 3) and x /∈ S(f) (for Theorem 3’).

Let G ⊂ A be an open nonempty set. Since Int X_m = ∅ there exists k ≠ m such that G ∩ X_k ≠ ∅. Choose u ∈ G ∩ X_k . Then f(u) = 2^{−k}h(u). If m > k then 2^{m−k}h(u) ≥ 2h(u) > h(x) and hence |f(u) − f(x)| = 1 2^m ( 2^{m−k}h(u) − h(x) ) > 1 2^m ( 3h(x) 2 − h(x) ) = h(x) 2 · 2^m > α . If m < k then 2^{m−k}h(u) ≤ 2^{−1}h(u) < h(x) and hence |f(u) − f(x)| = 2^{−m} ( h(x) − 2^{m−k}h(u) ) > 2^{−m} ( h(x) − 5h(x) 8 ) = 3h(x) 2^m · 8 = α . 3. Let x ∈ Cl B \ B . Then x ∈ A_k \ A_{k−1} for some k ∈ ▲. Let α > 0 be such that |1/k − 1/j| > α for each j ≠ k . If X is a locally connected topological space then there exists an open connected neighbourhood A of x such that 0 ≤ h(y) < α for each y ∈ A. If X is a metric space with PCB without isolated points then there exists δ > 0 such that 0 ≤ h(y) < α for each y ∈ S(x, δ). Now there exists z ∈ S(x, δ/2), z ≠ x, and 0 ≤ h(y) < α for each y ∈ A = S ( z, d(x, z) ) . We shall show that x /∈ B(f) (for Theorem 3) and x /∈ S(f) (for Theorem 3’).

Let G ⊂ A be an open nonempty set. Since A_k is nowhere dense there exists u ∈ G \ Cl A_k . If u ∈ B then |f(u) − f(x)| = 1/k > α. If u ∈ X \ Cl B then f(u) = 2^{−m}h(u) for some m ∈ ▲ and f(u) < h(u) < α < f(x). Therefore |f(u) − f(x)| = 1/k − f(u) > 1/k − α > 1/(2k) > α. If u ∈ Cl B \ B then u ∈ A_j \ A_{j−1} for some j ∈ ▲. Since u /∈ Cl A_k we have j ≠ k and hence |f(u) − f(x)| = |1/j − 1/k| > α. Remark 1. In [2], the quadruple ( C(f), B(f), Q(f), Cl Q(f) ) was characterized for X = Y = ⋛. In the proof, the fact that the set Q(f)\B(f ) is countable, is essential. This fact is not true for X = ⋛^2 (e.g., if f(x, y) = 1 for x ≥ 0 and f(x, y) = 0 for x < 0 then the set Q(f) \ B(f) = Q(f) \ S(f) is uncountable.

Problem. Characterize the triplet ( C(f), B(f), Q(f) ) or ( C(f), S(f), Q(f) ) at least for X = ⋛^2 .

Recall that a function f : X → Y has a closed graph if the set G(f) = {( x, f(x) ) : x ∈ X } is a closed subset of X × Y . A function f : X → Y is c-continuous if for each open neighbourhood V of f(x) such that Y \ V is compact there is an open neighbourhood U of x such that f(U) ⊂ V . A function is c-continuous if it is such at each point ([6]). It is known that if Y is Hausdorff (but not arbitrary) then continuous functions have a closed graph. Every continuous function is c-continuous and every function with closed graph is c-continuous. If Y is locally compact Hausdorff then c-continuous functions have a closed graph. The assumptions on Y cannot be omitted ([10]). Quasicontinuous functions with closed graph need not be continuous. However, bilaterally quasicontinuous functions f : ⋛ → ⋛ with closed graph are continuous ([3]). We will generalize this result for B-quasicontinuity and S-quasicontinuity.

Lemma 1. Let X and Y be topological spaces. Let f : X → Y be a c-con-

tinuous function. If f is not continuous at x ∈ X then for each open neighbourhood U of x and for each neighbourhood V of f(x) such that Cl V is compact the set U \ f^{−1}(Cl V ) is nonempty.

P r o o f . Suppose that U \ f^{−1}(Cl V ) = ∅ for some open neighbourhood U of x and some open neighbourhood V of f(x) with compact closure. Since f is c-continuous the set f^{−1}(Cl V ) is closed. Since f is not continuous at x there exists an open neighbourhood W of f(x) such that for each neighbourhood T of x there is x_T ∈ T with f(x_T ) /∈ W . The set S = W ∪ (Y \ Cl V ) is an open neighbourhood of f(x) such that Y \ S = Cl V \ W is compact. Hence H = f^{−1}(S) ∩ U is a neighbourhood of x. Then f(H) ⊂ f(U) ⊂ Cl V and thus f(H) ⊂ W . However, f(x_H ) /∈ W , a contradiction.

Theorem 4. Let X be a locally connected topological space and let Y be a

locally compact topological space. Then f : X → Y is continuous if and only if f is B-quasicontinuous and c-continuous.

P r o o f . Necessity is obvious. Sufficiency. Suppose that f is not continuous at x for some x ∈ X . Let U be a connected open neighbourhood of x and let V be an open neighbourhood of f(x) such that Cl V is compact. Then according to Lemma 1, the set U \ f^{−1}(Cl V ) is nonempty.

Let T be a component in U \ f^{−1}(Cl V ). Since X is locally connected, T is open. Since U is connected we obtain U ∩Cl T ≠ U ∩T . Choose t ∈ U ∩(Cl T \T ). Then t ∈ f^{−1}(Cl V ) (otherwise, t is a member of some open component and hence t /∈ Cl T ).

Therefore T is an open connected set. Since f(T ) ⊂ Y \ Cl V the B-quasi-continuity of f at t implies f(t) /∈ V . Therefore, for each open connected neighbourhood U of x there is t_U ∈ U such that f(t_U ) ∈ Cl V \ V . Now P = V ∪(Y \Cl V ) is an open neighbourhood of f(x) such that Y \P = Cl V \V is compact. The c-continuous yields that f^{−1}(P ) is a neighbourhood of x. Let D ⊂ f^{−1}(P ) be an open connected neighbourhood of x. Then f(D) ⊂ V ∪ (Y \ Cl V ) and therefore f(D) ∩ (Cl V \ V ) = ∅. However, f(t_D ) ∈ f(D) ∩ (Cl V \ V ), a contradiction.

Corollary 1. Let X be a locally connected topological space and let Y be

a locally compact Hausdorff topological space. Then f : X → Y is continuous if and only if f is B-quasicontinuous and it has a closed graph.

Theorem 5. Let (X, d) be a locally compact metric space and let Y be

a locally compact topological space. If f : X → Y is S-quasicontinuous and c-continuous then it is continuous.

P r o o f . Suppose that f is not continuous at x. Let U be an open neighbourhood of x and let V be an open neighbourhood of f(x) such that Cl U and Cl V are compact. Let σ > 0 be such that S(x, σ) ⊂ U.

Let η be such that 0 < η < σ . Then, according to Lemma 1, D = S(x, η/2)\ f^{−1}(Cl V ) ≠ ∅. Choose y ∈ D . Since f is c-continuous the set f^{−1}(Cl V ) is closed and hence D is open. This implies that the set L = { ε > 0 : S(y, ε) ⊂ S(x, η) \ f^{−1}(Cl V ) } is nonempty and bounded. Denote by β = sup L and S = S(y, β). Then we obtain S = ⋃ 0<ε<β S(y, ε) ⊂ S(x, η)\f^{−1}(Cl V ), i.e., β ∈ L. Since x ∈ f^{−1}(Cl V ) for each ε ∈ L we have x /∈ S(y, ε), i.e., d(x, y) ≥ ε and hence β ≤ d(x, y) < η/2. If d(z, y) < ε < η/2 then d(z, x) ≤ d(z, y) + d(y, x) < ε + η/2 < η , i.e., S(y, ε) ⊂ S(x, η) for each 0 < ε < η/2. Since β ∈ L so S(y, ε) ∩ f^{−1}(Cl V ) ≠ ∅ for each ε with β < ε < η/2. Therefore { {t ∈ X : d(y, t) ≤ ε} ∩ f^{−1}(Cl V ) } β<ε<η/2 is a family of closed subsets of Cl U with the finite in-

tersection property. Denote by T = { t ∈ X : d(y, t) ≤ β } . Since Cl U is compact we obtain

T ∩ f^{−1}(Cl V ) = ⋂ β<ε<η/2 { t ∈ X : d(y, t) ≤ ε } ∩ f^{−1}(Cl V ) ≠ ∅ .

Now let t ∈ T ∩ f^{−1}(Cl V ). Then t ∈ T \ S and hence d(y, t) = β . Since S ⊂ S(x, η) \ f^{−1}(Cl V ) we obtain f(S) ⊂ Y \ Cl V . If we assume f(t) ∈ V then there exists a nonempty open set G ⊂ S ( y, d(y, t) ) = S such that f(G) ⊂ V , a contradiction. Hence f(t) /∈ V .

Therefore for each η > 0 there exists t_η ∈ S(x, η) such that f(t_η ) ∈ Cl V \V .

Then P = V ∪ (Y \ Cl V ) is an open neighbourhood of x. Let δ > 0 be such that S(x, δ) ⊂ f^{−1}(P ). Then f ( S(x, δ) ) ⊂ V ∪ (Y \ Cl V ), i.e., f ( S(x, δ) ) ∩ (Cl V \ V ) = ∅. However, f(t_δ ) ∈ Cl V \ V , a contradiction.

Corollary 2. Let (X, d) be a locally compact metric space with PCB and

let Y be a locally compact topological space. Then f : X → Y is continuous if and only if it is S-quasicontinuous and c-continuous.

Corollary 3. Let (X, d) be a locally compact metric space with PCB and

let Y be a Hausdorff locally compact topological space. Then f : X → Y is continuous if and only if it is S-quasicontinuous with closed graph.

Remark 2. Theorem 5 does not hold for T -quasicontinuity. If X and f are from the proof of Theorem 2 d) then X is a compact metric space, Y is a locally compact space and f is T -quasicontinuous and c-continuous but not continuous.

Remark 3. Theorems 4 and 5 do not hold pointwise (if X = Y = ⋛ and f(1/n) = n and f(x) = 0 otherwise then f is c-continuous and bilaterally quasicontinuous at 0 but f is not continuous at 0). In Theorems 4 and 5, local compactness of Y cannot be replaced by the condition “the family of compact neighbourhoods of each point is a base for its neighbourhood system”. If X = ⋛ with the usual metric and Y = ▲ with the topology T , where A ∈ T iff A = ∅ or 1 ∈ A, then f : X → Y , f(1/n) = n and f(x) = 1 otherwise, is B-quasicontinuous, S-quasicontinuous and c-continuous but it is not continuous.

In [8] P. S. K e l l e r introduced the concept of dense mapping property DMP. A function f : X → Y , where X and Y are topological spaces, has DMP if for every subset D of X with Cl D connected, f(Cl D) ⊂ Cl f(D). He proved that the characterization of the omega-limit sets for Darboux functions f : ⋛ → ⋛ with DMP is the same as for continuous functions ([8]), R. A. M i m n a in [9] has showed that a function f : ⋛ → ⋛ has DMP if and only if it is bilaterally quasicontinuous. However, this possible generalization of the bilateral quasicontinuity is only global, not “pointwise”.

Proposition 2. Let X and Y be topological spaces. If f : X → Y has DMP

then f is B-quasicontinuous.

P r o o f . Suppose that f is not B-quasicontinuous at x ∈ X . Then there exists an open neighbourhood V of f(x) and an open connected set U with x ∈ Cl U such that for each nonempty open G ⊂ U there exists y_G ∈ G with f(y_G) /∈ V . Put D = {y ∈ U : f(y) /∈ V }. Then f(D)∩V = ∅, i.e., f(D) ⊂ Y \V and also Cl f(D) ⊂ Y \ V . However D is dense in U , therefore Cl D = Cl U. Since Cl D is connected we obtain f(Cl D) ⊂ Cl f(D). However x ∈ Cl D and thus f(x) ∈ Cl f(D) ∩ V , a contradiction.

Remark 4. If X = ⋛^2 and Y = ⋛ (with the usual topology), f : ⋛^2 → ⋛, f(x, y) = sin 1/x if x ≠ 0, f(0, y) = 0 if y is rational and f(0, y) = 1 if y is irrational, then f is B-quasicontinuous but not DMP.

Now we will show that separably S-quasicontinuous functions are S-quasi-continuous but separately B-quasicontinuous functions need not be B-quasi-continuous. If (X, d_X ) and (Y, d_Y ) are metric spaces then (X ×Y, d) is a metric space with the metric d ( (x_1, y_1), (x_2, y_2) ) = √ d^2_X (x_1, x_2) + d^2_Y (y_1, y_2). For a function f : X × Y → Z the symbols f_x and f^y denote its x-section and y-section, respectively; i.e., f_x is a function defined on Y such that f_x(y) = f(x, y) and similarly f^y .

Theorem 6. Let (X, d_X ) and (Y, d_Y ) be Baire locally separable metric spaces

and let Z be a regular space. If a function f : X × Y → Z is separately S-quasicontinuous then f is S-quasicontinuous.

P r o o f . Suppose that f is not S-quasicontinuous. Then there are points (a, b), (c, d) ∈ X × Y , (a, b) ≠ (c, d), and an open neighbourhood V of f(a, b) such that for each open nonempty set G ⊂ S there is a point z_G ∈ G with f(z_G) /∈ V , where S = S ( (c, d), d ( (a, b), (c, d) )) . Therefore we have

Int f^{−1}(V ) ∩ S = ∅ .

If a ≠ c and t ∈ S ( c, d_X(a, c) ) then d ( (t, b), (c, d) ) = √ d^2_X (t, c) + d^2_Y (b, d) < √ d^2_X (a, c) + d^2_Y (b, d) = d ( (a, b), (c, d) ) , i.e., (t, b) ∈ S . Similarly we can prove that {a} × S ( d, d_Y (b, d) ) ⊂ S for b ≠ d. Since (a, b) ≠ (c, d), at least one of these inclusions must hold. Assume, e.g., that S ( c, d_X (a, c) ) × {b} ⊂ S . Let T be an open neighbourhood of f(a, b) such that f(a, b) ∈ T ⊂ Cl T ⊂ V .

Since f^b is S-quasicontinuous at a there exists an open nonempty set H ⊂ S ( c, d_X (a, c) ) such that f^b(H) ⊂ T . Let P ⊂ Y be a separable neighbourhood of b. Let U ⊂ H and W ⊂ P be open sets such that b ∈ W and U × W ⊂ (H × Y ) ∩ S . Let (W_n)_n be a countable base in W . Denote by

U_n = { x ∈ U : W_n ⊂ Int (f_x)^{−1}(T ) } . We shall show that U =^∞ ⋃ n=1 U_n . Let x ∈ U. Then f^b(x) ∈ T . Since, according

to Theorem 2c), f_x is quasicontinuous at b, there exists an open nonempty set L ⊂ W such that f_x(L) ⊂ T and therefore Int (f_x)^{−1}(T ) ∩ W ≠ ∅. Hence there is n ∈ ▲ with W_n ⊂ Int (f_x)^{−1}(T ), i.e., x ∈ U_n . The opposite inclusion is obvious.

Now we shall prove that U_n is nowhere dense in U for each n ∈ ▲. Let D ⊂ U be an open nonempty set. Then D × W_n is an open nonempty subset of S . Hence (D×W_n)∩Int f^{−1}(V ) = ∅. Therefore there exists (u, v) ∈ D×W_n such that f(u, v) /∈ V . Let M be a neighbourhood of f(u, v) such that M ∩ T = ∅. Since f^v is quasicontinuous at u there exists an open nonempty set E ⊂ D such that f^v (x) = f(x, v) ∈ M for each x ∈ E . Therefore for each x ∈ E we have f(x, v) /∈ T , i.e., v /∈ (f_x)^{−1}(T ). This yields x /∈ U_n for each x ∈ E and therefore E ∩ U_n = ∅; i.e., U_n is nowhere dense in U. However then U is an open nonempty set of the first category, a contradiction.

Theorem 7. There is a separately continuous function f : ⋛^2 → ⋛ which is

not B-quasicontinuous.

P r o o f . Let f : ⋛^2 → ⋛, f(x, y) =^{xy}_{x2+y2} for (x, y) ≠ (0, 0) and f(0, 0) = 0. Then f is separately continuous. If A = {(x, y) ∈ ⋛^2 : 0 < x < y < 2x} then A is open connected, (0, 0) ∈ Cl A but f(x, y) > 1/5 for each (x, y) ∈ A, i.e., f is not B-quasicontinuous.

Theorem 8. If X = ⋛^2 then the following proper inclusions hold C ⊂ DMP ⊂ B ⊂ S = T .

REFERENCES

[1] BOLSTEIN, R. : Sets of points of discontinuity, Proc. Amer. Math. Soc. 38 (1973), 193–197.

[2] BORSÍK, J. : On the points of bilateral quasicontinuity of functions, Real Anal. Exchange 19 (1993–94), 529–536.

[3] DOBOŠ, J. : Functions with a closed graph and bilateral quasicontinuity, Tatra Mt. Math.

Publ. 2 (1993), 77–80.

[4] ENGELKING, R. : General Topology, PWN, Warszaw, 1977.

[5] EWERT, J.—LIPIŃSKI, J. S. : On points of continuity, quasicontinuity and cliquishness of real functions, Real Anal. Exchange 8 (1982–83), 473–478.

[6] GENTRY, K. R.—HOYLE, H. B. : c-continuous functions, Yokohama Math. J. 18 (1970), 71–76.

[7] GRANDE, Z.—NATKANIEC, T. : On quasi-continuous bijections, Acta Math. Univ.

Comenian. 60 (1991), 31–34.

[8] KELLER, P. S. : Chaotic behaviour of Newton’s method, Real Anal. Exchange 18 (1992–93), 490–507.

[9] MIMNA, R. A. : Omega limit sets and non-continuous functions, Real Anal. Exchange 23 (1997–98), 267–273.

[10] NEUBRUNN, T. : c-continuity and closed graphs, Čas. Pěst. Mat. 110 (1985), 172–178. [11] NEUBRUNN, T. : Quasi-continuity, Real Anal. Exchange 14 (1988–89), 259–306.

Received October 28, 2002 Mathematical Institute Slovak Academy of Sciences Grešákova 6 SK–040 01 Košice SLOVAKIA E-mail: borsik@saske.sk