Tatra Mt. Math. Publ. 29 (2004), 113–122 tm

Mathematical Publications

ON THE LOGARITHMIC DERIVATIVE OF THE EULER PRODUCT

Filip Saidak

ABSTRACT. The purpose of this paper is to prove a couple of new lemmas concerning functions related to the Euler product ∏ p ( 1 �^1_{ps}^)

�1_{:= ζ(s) , (} ¡(s) > 1^) .

Some of the results deal with extremal bounds for derivatives of the Riemann zeta function ζ(s), and have a potential to have applications in number theory and cryptography, especially when combined with other analytic and algebraic results.

1. The Euler product

In his Variae observationes [8] of 1737, for s ∈ R, L. E u l e r defined

ζ(s) := ∞∑ n=1 1 n^s = ∏ p ( 1 − 1 p^s )_{−1} , (1)

where the ‘Euler product’ (1) converges for s > 1. Taking logarithms of both sides of (1) Euler was able to show that:

log ζ(s) = ∑ p log ( 1 − 1 p^s )_{−1} = ∑ p 1 p^s + ∑ p, a≥2 1 ap^{as} = ∑ p 1 p^s + O(1) ,

which, from divergence of the harmonic series, implies ∑ p 1/p → ∞. In 1859 R i e m a n n [14] considered ζ(s), defined in (1), as a function of a complex variable s = σ + it, and showed that for ℜ(s) > 1 the Euler product

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 11M06, 11M26, 11M99. K e y w o r d s: Euler products, Riemann zeta function, functional equation, modulus of ζ(s) in the critical strip, distribution of prime numbers.

(1) converges and defines ζ(s) as a holomorphic function of s. Evidently, since n^{−s} = s ∞∫ n t^{−s−1}dt, a simple integration gives us

ζ(s) = ∞∑ n=1 s ∞∫ n dt t^{s+1} = 1 s − 1 + 1 − s ∞∫ 1 x − [x] x^{s+1} dx , (2) where [x] denotes the integer part of x. For σ > 0, (2) now clearly defines ζ(s) as a meromorphic function with a single pole of first order at s = 1 (with residue 1). Repeating this process, the analytic continuation of ζ(s) to the left half-plane is easily obtained.

Preceding Riemann’s work there were the ground-breaking researches of P. G. L. D i r i c h l e t [4] and P. L. C h e b y s h e v [3]. The latter defined

ϑ(x) := ∑ p≤x log p and ψ(x) := ∑ pa≤x log p ,

and was able to prove that Ax < ψ(x) < Bx, for two relatively tight constants A < 1 < B . An alternative definition of ψ(x) is given via the von Mangoldt’s function: ψ(x) = ∑ n≤x Λ(n). In this notation, for ℜ(s) > 1, by a logarithmic

differentiation of (1) we have: ζ^′(s) ζ(s) = [ ∑ p log ( 1 − 1 p^s )]′ = ∑ p log p p^s ( 1 − 1 p^s )

= ∞∫ 1 x^{−s}dψ(x) = s ∞∫ 1 ψ(x) x^{s+1} dx = ∞∑ n=2 Λ(n) n^s , making clear the relevance^1 of a study of derivatives of ζ(s). In fact, it is through this form that we will have something to say about Euler products in general.

2. The functional equation

In his seminal paper [14] R i e m a n n also proved a famous conjecture of E u l e r [9] from 1748, namely that ζ(s) satisfies the fundamental functional equation: ζ(s) = [ 2^sπ^{s−1}Γ(1 − s) sin πs 2 ] ζ(1 − s) , (3)

1Note: this shows that ψ(x) is the sum of the first [x] coefficients of the Dirichlet series of �ζ0(s)/ζ(s).

where

Γ(s) := ∞∫ 0 e^{−t}t^{s−1} dt . This enables one to extend ζ(s), with the help of an analogue of (2), to the entire complex plane. All the zeros of ζ(s) introduced by the gamma factor in (3) (i.e., s = −2, −4, · · · ), are called trivial, the rest are known as the non-trivial zeros of ζ(s). The importance of (3) lies in the fact that it introduces the notion of symmetry into the picture.

From Hadamard’s theory of entire functions we know that ζ(s) has infinitely many non-trivial zeros in the critical strip 0 ≤ ℜ(s) ≤ 1, and moreover, as v o n M a n g o l d t proved (using the argument principle):

N(T ) := # { ρ : ζ(ρ) = 0 , 0 ≤ ℜ(ρ) ≤ 1 , 0 ≤ ℑ(ρ) ≤ T } = T 2π log ( T 2π ) − T 2π + O(log T ) , as T → ∞ .

The celebrated Riemann Hypothesis, the most important unsolved problem of mathematics, can also be found in Riemann’s [14]. It states that all nontrivial zeros ρ of ζ(s) satisfy ℜ(ρ) = 1/2. In terms of the modulus of ζ(s), this is equivalent to: For −1/2 ≤ Δ ≤ 1/2, | |ζ ( 1 2 + Δ + it )| | = 0 =⇒ Δ = 0 . (RH)

In our recent paper [15] we used the functional equation (3) in order to give a proof of the following theorem concerning the modulus of ζ(s) in the critical strip: For 0 ≤ Δ ≤^1_2 , and all t ≥ 2π + 1, we have | |ζ ( 1 2 − Δ + it )| | ≥ | |ζ ( 1 2 + Δ + it )| | . (4) Note. If, for 0 < Δ ≤^1_2 , we could improve (4) to obtain | |ζ ( 1 2 − Δ + it )| | > | |ζ ( 1 2 + Δ + it )| | , (4’) then the Riemann Hypothesis would follow. This is because a consequence of the functional equation (3) is that the non-trivial zeros either occur on σ =^1_2 , or in pairs s =^1_2 ± Δ + it, with 0 < Δ ≤^1_2 . Unfortunately, as we noted in [15], the use of the functional equation as a main tool was the primary reason why it seemed impossible, without further information about ζ(s), to break that ‘equal sign’ barrier.

3. Main theorem

The situation is similar for the derivatives of ζ(s), but with an important difference, readily seen from the following theorem:

Theorem 3.1. If, in the range 0 ≤ Δ ≤^1_2 and t ≥ 2π + 1, one has | |ζ^′ ( 1 2 − Δ + it )| | ≥ | |ζ^′ ( 1 2 + Δ + it )| | , (5) then the Riemann Hypothesis (RH) follows. The RH is also implied by: | | | ∂ ∂Δ | |ζ ( 1 2 − Δ + it )| | | | | ≥ | | | ∂ ∂Δ | |ζ ( 1 2 + Δ + it )| | | | | , (5’)

as long as it holds true for 0 ≤ Δ ≤^1_2 and all t ≥ 2π + 1.

Note. Unlike in the original case of |ζ(s)|, for the moduli of the derivatives of ζ(s) we do not need strict inequalities in (5) and (5^′) in order to deduce the RH. This apparent detail could prove to be of some importance, especially since (4) was unconditional.

In what follows we discuss several statements concerning ζ^′(s) that imply the RH, all of them are related to (4) and (5). In addition to the standard use of (3), we obtain interesting information supplied by properties of the Euler product.

It is believed that the location of the non-trivial zeros of many functions much more general than ζ(s) is analogous, as long as these functions have both—Euler products and functional equations (in the form of generalizations of (1) and (3), respectively). Therefore, if one wishes to prove the Riemann Hypothesis, it seems natural to expect that one needs to make use of information concerning both of these fundamental objects.

4. Lemmas

Our aim is to prove the following result:

Lemma 4.1. If for some ε > 0 we have

R(σ) := ℜ^{( ζ′(σ + it)}_{ζ(σ + it)}^) > − (1 − ε) log^t_{2π} + O^{( 1}_t^) , (6)

for t > 4π and 1/2 ≤ σ ≤ 1, then the Riemann Hypothesis follows.

Note. We are unable to prove the inequality in Lemma 4.1 over the given^2 range, however, it can be shown that (6) is true at the end points of [1/2, 1]. In fact, very precise estimates can be proved:

Lemma 4.2. For all t > 4π , we have

R(1) := ℜ^{( ζ′(1 + it)}_{ζ(1 + it)}^) > −^1_2 log^t_{2π} + O^{( 1}_t^) . (7)

and, in the same range, if ζ(1/2 + it) ≠ 0, then

R^{(1}_2^) := ℜ^{( ζ′( 12 + it)}_{ζ( 12 + it)}^) > −^1_2 log^t_{2π} + O^{( 1}_t^) . (7’)

P r o o f . Combining the above expression for -ζ^′(s)/ζ(s) with a logarithmically differentiated Hadamard’s product formula (see [10]), v o n M a n g o l d t was able to obtain his well-known estimate: ζ^′(s) ζ(s) = − 1 s − 1 + ∑ ρ 1 s − ρ − 1 2 Γ^′(s/2 + 1) Γ(s/2 + 1) + 1 2 log π , (8)

with ρ denoting the non-trivial zeros of ζ(s). Taking real parts of both sides, this immediately gives us: ℜ ( ζ^′(s) ζ(s) ) = ℜ (∑ ρ 1 s − ρ ) − 1 2 log t 2 + 1 2 log π + O ( 1 t ) . For t > 4π , (7) follows from the prime number theorem, i.e., the fact that for all non-trivial zeros ρ of ζ(s) we have 0 < ℜ(ρ) < 1 (see [10], [22]), since this implies that the sum on the right hand side of the last equation must be positive, its every term being greater than zero. On the other hand, from Corollary 1 of S p i r a [17], p. 327, we have ℜ ( ζ^′(1/2 + it) ζ(1/2 + it) ) > − 1 2 log t 2π + 1 53t^2 , and the inequality (7^′) immediately follows.

Corollary 4.3. For any fixed t > 2π+1, let D(t) be the number of solutions

of^∂_{∂σ} ζ(σ + it) = 0 in the range 0 ≤ σ ≤ 1/2. Then D(t) is always even as long as ζ(1/2 + it) ≠ 0.

Now we can prove Lemma 4.1 with the help of two technical lemmas and a third result that is its equivalent (and is of independent interest), linking Lemma 4.1 to Theorem 3.1 from the previous section:

2or in any other fixed interval, for that matter, although the argument in Lemma 4.2 generalizes to prove the bound at infinitely many points inside.

Lemma 4.4. (Z v e n g r o w s k i , [25].) For all s = σ + it we have ℜ ( cot ( πs 2 )) = O ( e^{−t} ) . (9)

P r o o f . From elementary trigonometry sinh(x) =^1_2 (e^x−e^{−x}) and cosh(x) = 1 2 (e^x + e^{−x}), while cosh(x) = √ 1 + sinh^2(x) . Therefore cot ( πs 2 ) = cos (_{πσ} 2 ) cosh (_{πt} 2 ) − i sin (_{πσ} 2 ) sinh (_{πt} 2 ) sin (_{πσ} 2 ) cosh (_{πt} 2 ) + i cos (_{πσ} 2 ) sinh (_{πt} 2 )

= − i cos (_{πσ} 2 ) cosh (_{πt} 2 ) − i sin (_{πσ} 2 ) sinh (_{πt} 2 ) cos (_{πσ} 2 ) sinh (_{πt} 2 ) − i sin (_{πσ} 2 ) cosh (_{πt} 2 )

= − i cos (_{πσ} 2 )[ sinh (_{πt} 2 ) + O(1) ] − i sin (_{πσ} 2 )[ cosh (_{πt} 2 ) + O(1) ] cos (_{πσ} 2 ) sinh (_{πt} 2 ) − i sin (_{πσ} 2 ) cosh (_{πt} 2 )

= − i ( 1 + O(1) cos (_{πσ} 2 ) sinh (_{πt} 2 ) − i sin (_{πσ} 2 ) cosh (_{πt} 2 ) ) , and since sinh(x) ∼ cosh(x) ∼ e^x , the bound (9) easily follows.

Lemma 4.5. For s =^1_2 + Δ + it = re^{iθ} , where 0 ≤ Δ ≤^1_2 and t ≥ 4π , we

have

F (s) := ℜ ( Γ^′(s)

Γ(s) ) − ℜ ( π 2 cot ( πs 2 )) − log(2π) ≥ 0 . (10)

P r o o f . Clearly, the previous Lemma 4.4 shows that the second term of

F (s) in (10) is negligible, while from Lemma 6 in [15] and remarks made in [15],

on p. 113, we see that ℜ ( Γ^′(s)

Γ(s) ) ≥ log |s| − ℜ ( 1 2s ) = log |s| − ℜ ( σ − it 2|s|^2 ) > log(2π) ,

since t ≥ 4π and |s|^2 = O(t^2). This proves the inequality (10).

Finally, we prove:

Lemma 4.6. For all t ≥ 4π and 0 ≤ Δ ≤ 1/2, if ζ(1/2 ± Δ + it) ≠ 0, then

we have ∂ ∂Δ | ζ (_1 2 − Δ + it )| | ζ (_1 2 − Δ + it )| = ∂ ∂Δ | ζ (_1 2 + Δ + it )| | ζ (_1 2 + Δ + it )| + log t 2π + O ( 1 t ) , (11) and, in particular, ∂ ∂Δ | ζ (_1 2 − Δ + it )| | ζ (_1 2 − Δ + it )| > ∂ ∂Δ | ζ (_1 2 + Δ + it )| | ζ (_1 2 + Δ + it )| . (11’) P r o o f . First, let us recall that, in general, for a complex valued function w(Δ), everywhere except at Δ with w(Δ) = 0, one has ℜ ( w^′(Δ) w(Δ) ) = 1 |w(Δ)| ∂ ∂Δ | w(Δ) | . (12)

On the other hand, for ζ(s), the functional equation (3) states

ζ(s) = 2^sπ^{s−1}ζ(1 − s)Γ(1 − s) sin ( πs 2 ) ⇓ log ζ(s) = s log 2 + (s − 1) log π + log ζ(1 − s) + log Γ(1 − s) + log sin ( πs 2 ) ⇓ ζ^′(s) ζ(s) = log(2π) − ζ^′(1 − s) ζ(1 − s) − Γ^′(1 − s) Γ(1 − s) + π 2 cot ( πs 2 ) , by taking logarithms and differentiating, respectively. Note that for all s ∈ C , we have Γ(s) = Γ(s) and ζ(s) = ζ(s) , and if we let s =^1_2 − Δ + it, then

1 − s =^1_2 + Δ + it. Therefore, we can write ζ^′ (_1 2 − Δ + it ) ζ (_1 2 − Δ + it

) = log(2π) − ζ^′ (_1 2 + Δ + it ) ζ (_1 2 + Δ + it ) − Γ^′

(_1 2 + Δ + it ) Γ (_1 2 + Δ + it ) + π 2 cot ( πs 2 ) . (13) Now, in the view of (12), one has ℜ ( ζ^′(^1_2 − Δ + it)

ζ(^1_2 − Δ + it) ) = − ∂ ∂Δ | ζ (_1 2 − Δ + it )| | ζ (_1 2 − Δ + it )| and ℜ ( ζ^′ (_1 2 + Δ + it ) ζ (_1 2 + Δ + it ) ) = ∂ ∂Δ | ζ (_1 2 + Δ + it )| | ζ (_1 2 + Δ + it )| , provided | ζ(1/2±Δ+it) | ≠ 0. Hence, comparing the real parts of the quantities in (13) we immediately obtain ∂ ∂Δ | ζ (_1 2 − Δ + it )| | ζ (_1 2 − Δ + it )| = F (_1 2 + Δ + it ) + ∂ ∂Δ | ζ (_1 2 + Δ + it )| | ζ (_1 2 + Δ + it )| , (14) which, by Lemma 4.5, obviously proves both (11) and (11^′).

It is clear that Lemma 4.1 can now be obtained upon rewriting (11)—the main estimate of Lemma 4.6—via (12). As far as Theorem 3.1 is concerned, its main result follows from the inequality (11^′), when it is combined with our theorem (4).

5. Remarks

Remark 1. The above inequality (11^′) is unconditional, and when it is added to (4) it falls short of the RH only in the case when both^∂_{∂Δ} | ζ ( 1/2−Δ+it )| < 0 and^∂_{∂Δ} | ζ ( 1/2 + Δ + it )| < 0. Unfortunately, this is exactly the case where the real difficulty of the problem lies.

Remark 2. The most natural way of looking at the extreme behaviour of the growth of functions such as ζ^′(s)/ζ(s) is trough the theory of the maximal modulus principle. However, the best unconditional results in the field are at least one order weaker than what would be useful to us. The form in which (6) should be considered is | ζ^′(σ + it) | > (1 − ε) ( log t 2π )| |ζ(σ + it)| . Remark 3. Various results concerning the connection between higher derivatives of ζ(s) and the Riemann Hypothesis can be obtained as well. The growth aspects are of a great interest here, too. Of course, ζ^′(s), ζ^{′′}(s), · · · have many non-trivial zeros inside the critical strip (see [18], [20], [23] and [24]). However, it is possible to prove new results concerning their location. For example, we can show that the RH follows from the fact that the zeros of the second partial derivatives, at a given level, can never be located to the left of zeros of the first partial derivatives with respect to the real coordinates. Precise formulation and detailed explanation of similar results will be given elsewhere.

Remark 4. The method we have employed can be used to give new proofs of some standard results in the field, theorems of S p e i s e r and S p i r a being two examples. Everything else discussed in this paper can also be extended to the theory of Dirichlet L-functions. Here the main difficulty in proving analogs of our lemmas is usually found in the technical nature of results arising from more complex Euler product and functional equation estimates.

6. Acknowledgements

The work presented here has its origins in the recent paper [15], written jointly with Peter Z v e n g r o w s k i . The author would like to thank Prof.

Z v e n g r o w s k i for many interesting conversations. Generous financial support of Prof. Hugh W i l l i a m s is also gratefully acknowledged.

REFERENCES

[1] CARATHÉODORY, C. : Funktiontheorie, Vol. I & II, Basel, Verlag Birghäuser, 1950. [2] CHANDRASEKHARAN, K. : Lectures on the Riemann Zeta-function, in: Tata Inst. Fund.

Res. Lectures on Math. and Phys., Bombay, 1953.

[3] CHEBYSHEV, P. L. : Sur la fonction qui détermine la totalité des nombres premiers..., Mem. Acad. Sci. St. Petersbourg 6 (1851), 141–157.

[4] DAVENPORT, H. : Multiplicative Number Theory, (1st Edition), Markham Publ. Co., Chicago, 1967.

[5] DIRICHLET, P. G. L. : Sur l’usage des series infinies dans la théorie des nombres, J.

Reine Angew. Math. 18 (1838), 257–274.

[6] EDWARDS, H. M. : Riemann’s Zeta Function, Academic Press, New York, 1974. [7] EULER, L. : De progressionibus transcendentibus, Comm. Acad. Sci. Petrop. 5 (1730), 36–57.

[8] EULER, L. : Variae observationes circa series infinitas, Comm. Acad. Sci. Petrop. 9 (1737), 222–236.

[9] EULER, L. : Introductio in Analysin Infinitorum, (Ch. 15), Lausanne, 1748. [10] HADAMARD, J. : Sur la distribution des zéros de la fonction ζ(s) et ses consequences arithmétiques, Bull. Soc. Math. France 24 (1896), 199–220.

[11] HARDY, G. H.—LITTLEWOOD, J. E. : The zeros of the Riemann zeta function on the critical line, Math. Z. 10 (1921), 283–317.

[12] INGHAM, A. E. : Distribution of Prime Numbers, Cambridge University Press, Cambridge, 1932.

[13] LINDELÖF, E. : Quelques remarques sur la croissance de la fonction ζ(s), Bull. Sci. Math.

32 (1908), 341–356.

[14] RIEMANN, B. : Über die Anzahl der Primzahlen unter einer gegebenen Grösse (1959), Collected Works, Teubner, Leipzig, 1892, p. 145.

[15] SAIDAK, F.—ZVENGROWSKI, P. : On the modulus of the Riemann zeta function in the critical strip, Math. Slovaca 53 (2003), 145–172.

[16] SELBERG, A. : The zeta-function and the Riemann hypothesis, in: Proc. Skand. Math.

Kongr., Kobenhavn, 1947, pp. 187–200.

[17] SPIRA, R. : On the Riemann zeta function, J. London. Math. Soc. 44 (1969), 325–328. [18] SPIRA, R. : Another zero-free region for ζ(^k)(s), Proc. Amer. Math. Soc. 26 (1970), 246–247.

[19] SPIRA, R. : Zeros of ζ0(s) in the critical strip, Proc. Amer. Math. Soc. 35 (1972), 59–60. [20] SPIRA, R. : Zeros of ζ0(s) and the Riemann hypothesis, Illinois J. Math. 17 (1973), 147–152.

[21] TITCHMARSH, E. : The Theory of the Riemann Zeta-Function, 2nd Edition (revised by D. R. Heath-Brown), Oxford U. Press, Oxford, 1986.

[22] de la VALLÉE-POUSSIN, CH. : Recherches analytiques sur la théorie des nombres, Ann.

Soc. Sci. Bruxelles 20 (1896), 183–256.

[23] YILDIRIM, C. : A note on ζ00(s) and ζ000(s), Proc. Amer. Math. Soc. 124 (1996), 2311–2314.

[24] YILDIRIM, C. : Zeros of ζ00(s) and ζ000(s) in σ < 12 , Turkish J. Math. 24 (2000), 89–108. [25] ZVENGROWSKI, P. : Personal communication, University of Calgary, 2003.

Received October 16, 2003 Centre for Information, Security and Cryptography Department of Mathematics and Statistics University of Calgary, Alberta CANADA E-mail: cisac@math.ucalgary.ca