Tatra Mt. Math. Publ. 32 (2005), 85–101 tm

Mathematical Publications

PRIMITIVE SEQUENCES IN ARITHMETICAL SEMIGROUPS

Štefan Porubský

ABSTRACT. We extend the basic results of F. Behrend, S. Pillai, P. Erdős, A. Sárközy and E. Szemerédi on primitive sequences to arithmetical semigroups satisfying Axiom A. Such generalization allows to transfer the classical results from integers to other objects as algebraic integers, ideals of number fields, finite Abelian groups, etc.

1. Introduction

The history of the notion of the primitive sequence has its roots in the effort to tackle probably the oldest mathematical problem complex at all, the problems on perfect and related numbers (cf. [8, pp. 3–33]). Since any multiple of an abundant (i.e., σ(n) > 2n) or perfect number (σ(n) = 2n) is abundant, a non-deficient number (σ(n) ¿ 2n) is called primitive if it is not a multiple of a smaller non-deficient number ([6]). For instance, any perfect number is a primitive non-deficient number.

B e h r e n d [2] proved^1 that for the number A(n) of non-deficient numbers

6 n we have 0.241n 6 A(n) 6 0.314n for all sufficiently large n. D a v e n p o r t

[5] proved^2 that A(n)/n tends to a limit as n → ∞. An elementary proof of this fact was given by E r d ő s [10]. His proof is based on the observation that

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 11N80, 11A05, 11B83. K e y w o r d s: primitive sequences, arithmetical semigroup, Axiom A.

The research was supported by the Institutional Research Plan AV0Z10300504 and by the Grant Agency of the Czech Republic, Grant # 201/04/0381.

1In his first paper [1] he proved that A(n) < 0.47n. It is interesting to note that papers were presented by Issai S c h u r (as a member of the Academy) and that the first paper was written by F. B e h r e n d when he was a student of mathematics in Berlin. The impetus to the paper was given by the result that at most 1/4 of all odd positive integers is non-deficient, a result which was a traditional part of Schur’s lectures on number theory.

2and reproved by F. B e h r e n d and S. C h o w l a independently of each other as stated in [5] (see also [9, p. 3] for other details). Actually they all proved a more general result, namely that the density of κ-abundant numbers exists, where a number is κ-abundant if σ(n) ¿ κn.

ŠTEFAN PORUBSKÝ if ∑ 1/a_k converges then A(n)/n tends to a limit. He deduced the convergence from the result proved in this paper saying that the number of primitive nondeficient numbers not exceeding n is o(n/ log^2 n).

Thus the sequence of primitive non-deficient numbers satisfies the following properties:

(1) no number of the sequence is divisible by another number of the sequence, (2) the density of the sequence vanishes, (3) the density of the set of all multiples of the elements of the sequence exists.

According to B e h r e n d [3] it was H. D a v e n p o r t who raised the following question^3. Let a_1 < a_2 < a_3 < . . . (1)

be an increasing sequence of positive integers. What can be said about the density of the sequence possessing the property

P : no a_i divides an a_j except when i = j .

This seems to be the first appearance of the notion of the primitive sequence which afterwards are defined as finite or infinite sequences fulfilling property P above. Simple examples of primitive sequences are:

Example 1. The set of integers m such that n < m 6 2n for fixed n.

Example 2. The set of integers which have exactly k prime factors with factors counted according to their multiplicity.

It can be easily proved (cf. [3] or [16, p. 244]) that if (1) is a primitive sequence and A(x) = ∑ ai6x^{1 then}

lim sup x→∞ A(x) x = d < 1 2 . B e s i c o v i t c h [4] (cf. also [16, p. 245]) proved that to any given ε > 0 there exists a primitive sequence with upper density d >^1_2 − ε. This shows that property (2) does not transfer to general primitive sequences as it was originally conjectured by C h o w l a , D a v e n p o r t and E r d ő s (cf. [11]). On the other hand, E r d ő s proved in a letter to D a v e n p o r t that we have (cf. [11], [16, p. 245]) ∑ ai6x 1 a_i log a_i

= O(1) . (2)

3 B e s i c o v i t c h [4] attributes this problem also to S. C h o w l a . In [13] P. E r d ő s is also given as the third author of the problem.

PRIMITIVE SEQUENCES IN ARITHMETICAL SEMIGROUPS

for every primitive sequence (1). This shows that ∑ ai6x 1 a_i = o(log x) ,

or in other words, that the logarithmic density (and consequently also the lower asymptotic density) of a primitive sequence vanishes. F. Behrend proved a more stronger result, namely that^4 ∑ ai6x 1 a_i = O ( log x √ log log x ) . (3)

S. P i l l a i [19] proved that this result is in certain sense the best possible: there exists a c so that for every x there is a primitive sequence a_1 < · · · < a_k 6 x such that ∑ ai<x 1 a_i > c log x √ log log x . P. E r d ő s , A. S á r k ö z y and E. S z e m e r é d i [12] improved the estimate (3) for infinite primitive sequences showing: If (1) is an infinite primitive sequence then ∑ ai6x 1 a_i = o ( log x √ log log x ) . (4)

They also proved that this result is the best possible.^5

Since this notion of the primitive sequence depends only on the multiplicative structure of the set of positive integers, it is very natural to reformulated this notion in terms of a theory depending only on the multiplication structure. In [20, 21] some of these results are extended via an analysis of the notion of the logarithmic density, which plays an important role in this subject. The aim of this note is to show that the ideas of the authors mentioned above can also be modified in the terms of the so called arithmetical semigroups which besides the set of positive integers include also other arithmetical and algebraic objects.

2. Arithmetical semigroups

Let G denote a free commutative semigroup relative to a multiplication operation denoted by juxtaposition, with identity element 1_G and with at most

4The proof of this result, independently discovered also by Erdős several moths later, contains, see below, the first application of Sperner’s lemma to number theory (cf. [9, p. 214]).

5For other historical details we refer the reader to the sources like [16, Chap. V], [15], or [9, p. 3, 214].

countably many generators. Such a semigroup will be called arithmetical semigroup if in addition a real-valued norm | · | is defined on G such that (1) |1_G | = 1, |a| > 1 for all a ∈ G , (2) |ab| = |a| · |b| for all a, n ∈ G , (3) the total number N_G (x) = ∑ |a|6x_{a∈G}^1 of elements a ∈ G of norm not exceeding x is finite for each real x.

We shall denote by P_G the set of generators of G and its elements will be called primes.

In applications of the notion of an arithmetical semigroup a significant role is played by arithmetical semigroups satisfying the so-called

Axiom A. There exist positive constants A and δ and a constant η with

0 6 η < δ , such that_{NG (x) = Axδ + O(xη) .}

More details on the abstract axiomatic approach to some arithmetical problems via the notion of the arithmetical semigroup and especially the theory of arithmetical semigroups satisfying Axiom A can be found in [18].

The following results enable us to extend the proofs of the mentioned results on primitive sequences to primitive sequences defined in arithmetical semigroups satisfying Axiom A:

Lemma 1. ([18, p. 85]) Let G be an arithmetical semigroup satisfying Ax-

iom A. Then for x → ∞ we have (i) ∑ |a|6x^{|a|} −δ = δA log x + γ_G + O(x^{η−δ}) ,

where γ_G = A + δ ∞∫ 1 ( N_G (x) − Ay^δ ) y^{−δ−1} dy ; (ii) for ℜ(z) = η , ∑ |a|6x^{|a|} −z =^{δA}_{δ−z} x^{δ−z} + O(log x); (iii) if ℜ(z) 6 δ , ℜ(z) = σ ≠ η and z ≠ δ , then ∑ |a|6x^{|a|} −z =^{δA}_{δ−z} x^{δ−z} + α(z) + O ( x^{η−σ} ) , where α(z) is a constant.

Lemma 2. ([18, p. 165–166]) If the arithmetical semigroup G satisfies Axiom A

then (i) ∑ |p|6x_{p∈P} G 1 |p|δ = log log x + B + O

(_1

log x ) for some constant B depending on

parameters appearing in Axiom A,

PRIMITIVE SEQUENCES IN ARITHMETICAL SEMIGROUPS

(ii) ∑ |p|6x_{p∈P} G log |p| |p|δ = log x + O(1).

The prime-divisor function ω is defined by ω(n) = { 0 if n = 1_G , r if n = p^{α1}_1 · · · p^{αr}_r , where p_i ∈ P_G are distinct and α_i > 0 .

If the arithmetical semigroup G satisfies Axiom A then we have ([18, p. 138])

lim sup |n|→∞ ω(n) log log |n| log |n| = δ . If d(n) denotes the total number of divisors of n ∈ G and G satisfies Axiom A, then ([18, p. 92, 137]) ∑ |n|6x^{d(n) = Ax} δ (δA log x + 2γ_G − A) + O ( x^{(δ+η)/2} ) , (5) and lim sup |n|→∞ ( log d(n) ) log log |n| log |n| = δ log 2 .

The function ω(n) has the normal order log log |n|, and the function log d(n) has the normal order log 2 · log log |n| (cf. [18, p. 180–181]).

The next property of the zeta function ζ_G of an arithmetical semigroup G extends the well-known property of the classical Riemann zeta-function:

Lemma 3. ([18, p. 84]) Let G be an arithmetic semigroup satisfying Axiom A.

Then ζ_G (z) = ∑ n∈G 1 |n|^z is absolutely convergent for all z with ℜ(z) > δ and divergent for all z with ℜ(z) 6 δ .

3. Primitive sequences

Unless contrary is stated we shall always suppose that the arithmetical semigroup under consideration satisfies Axiom A. Under this assumption we can define (cf. [20, 21]) using Lemma 1 (i) the lower ℓ_G and upper ℓ_G logarithmic density of a sequence C ⊂ G by

ℓ_G (C) = lim inf_{x→∞} 1 δA log x ∑ |a|6x^{|a|} −δ and ℓ_G (C) = lim sup_{x→∞} 1 δA log x ∑ |a|6x^{|a|} −δ .

A subsequence {a_i} ⊂ G will be called primitive if no its term is divisible by another one. The next result extends the known one that the logarithmic density of a primitive sequence in N vanishes:

Proposition 4. ([20, p. 1313]) Let G satisfy Axiom A and C ⊂ G be a

sequence such that every element of C divides only finitely many elements of C , then the logarithmic density of C vanishes.

As mentioned above this result for primitive sequences also follows from Behrend’s result having now the form:

Theorem 5. Let C be a primitive sequence in an arithmetical semigroup G

satisfying Axiom A. Then 1 log x ∑ a∈C |a|6x |a|^{−δ} = O ( (log log x)^{−1/2} ) (6)

with the involved constant depending only on the parameters appearing in Axiom A.

P r o o f . Let r(n) denote the number of ordered representations of an element n ∈ G in the form n = ab with a ∈ C . Then Lemma 1 (ii) gives ∑ |n|6x^{r(n) =} ∑ |ma|6x a∈C,m∈G 1 = ∑ a∈C |a|6x N_G ( x |a| ) = x^δ ∑ a∈C |a|6x |a|^{−δ} + O ( x^δ ) ,

that is ∑ a∈C |a|6x |a|^{−δ} = 1 x^δ ∑ |n|6x^{r(n) + O(1) . (7)}

On the other hand, let s(n), n ∈ G , denote the maximal cardinality of a set of divisors of n such that no element of the set divides another one. If C is a primitive sequence consisting only from squarefree elements of G , then r(n) 6 s(n) for n ∈ C , and s(n) can be estimated using Sperner’s lemma and Stirling’s formula as follows s(n) 6 ( ω(n) ω(n) 2 ) ≪ 2^{ω(n)} √ ω(n) .

PRIMITIVE SEQUENCES IN ARITHMETICAL SEMIGROUPS

Then ∑ |n|6x^{r(n) ≪} ∑ |n|6x ω(n)6k 2^{ω(n)} √ ω(n) + ∑ |n|6x ω(n)>k 2^{ω(n)} √ ω(n)

≪ 2^k √ k x^δ + 1 √ k ∑ |n|6x^2 ω(n) 6^{2k}√_k x^δ +^1√_k^∑_{|n|6x} d(n) .

Since ∑ |n|6x^{d(n) ≪ x} δ log x, the theorem follows for k = log log x provided the

elements of C are squarefree.

If the elements of C are not all squarefree then we can write them in the form a = k^2a^{(k)} where k ∈ G is the square factor of a with the greatest possible norm, and ∑ a∈C |a|6x |a|^{−δ} = ∑ k∈G |k|^{−2δ} ∑ a∈C |a(k)|6x/|k|2 | a^{(k)} |_δ 6 ∑ k∈G |k|^{−2δ} ∑ a∈C |a(k)|6x | a^{(k)} |_δ .

To the inner sum we can apply the result proved above for the squarefree case, while the sum ∑ k∈G |k|^{−2δ} is convergent due to Lemma 3.

Lemma 2 allows us to adapt the argument used in [16] to prove the following extension of Pillai’s theorem:

Theorem 6. Let C be a primitive sequence in an arithmetical semigroup G

satisfying Axiom A. Then there exists an absolute constant c = c(A, δ, η) such that for every sufficiently large x there exists a primitive sequence

|a_1| 6 |a_2| 6 · · · 6 |a_k| 6 x , a_i ∈ G , (8)

depending on x for which 1 log x k∑ i=1 |a_i|^{−δ} > c (log log x)^{1/2}

. (9)

P r o o f . Lemma 2 (ii) shows that there are constants α^′ > 0 and c^′ such that for x > c^′ we have ∑ |p|6x^{|p|} −δ ¿ log log x − α^′ . (10)

Let α > α^′ , β > 1, and β^′ > 1 be such that

α − α^′ > β β^′ log 2 . (11)

Let c_1 > c^′ be such that the following two inequalities are satisfied for x > c_1 ∑ |p|6x log |p| |p|^δ 6 β log x (12)

and log log x > αβ^′ β^′ − 1

. (13)

We shall construct a finite sequence using the sequences of the type described in Example 2. Let u_i = u^{(r)}_i be the sequence of elements each having exactly r prime factors counted with multiplicity where r will depend on x in such a way that

r 6 β^′(log log x − α) . (14) Let λ_r(x) = ∑ |u(r)i |6x | u^{(r)}_i |_{−δ} . We prove by induction on r that

λ_r (x) ¿

(log log x − α)^r r! (15)

for x > c^{2r}

�1_1

. This inequality is true for r = 1 due to (10) and the condition α > α^′ . An element u^{(r+1)} = p^{α1}_1 . . . p^{αs}_s with^s ∑ i=1 α_i = r + 1 and s distinct

prime factors can be expressed in the form p · u^{(r)} with p|u^{(r)} in at least s distinct ways, e.g., p_i |_{u(r+1)} pj with j ≠ i and i = 1, . . . , s. Consequently, if r ¿ 1 then

(r + 1)λ_{r+1}(x) > λ_{r+1}(x) ¿ ∑ |pu(r)|6x 1 |pu^{(r)}|^δ ¿ ∑ |p|6^√x 1 |p|^δ · λ_r ( x |p| ) .

If x > c^{2r}_1 and |p| 6 √ x then x/|p| > c^{2r} �1_1

and the induction hypothesis shows that

(r + 1)λ_{r+1}(x) ¿ 1 r! ∑ |p|6^√x 1 |p|^δ ( log log x |p| − α )_r = (log log x − α)^r r! t_r(x) ,

PRIMITIVE SEQUENCES IN ARITHMETICAL SEMIGROUPS

where

t_r (x) = ∑ |p|6^√x 1 |p|^δ ( 1 + log ( 1 −^{log |p|}_{log x} ) log log x − α )_r . (16)

Relation (15) will be proved if we prove that t_r(x) ¿ log log x − α r! for x > c^{2r}

�1_1 . If |p| 6 √ x then (log |p|)/ log x 6 1/2. Since − log(1 − x) is convex and increasing for 0 6 x 6 1/2,

0 < − log ( 1 − log |p| log x ) 6 (2 log 2)^{log |p|}_{log x} .

Therefore using (14) we get 1 + log ( 1 −^{log |p|}_{log x} ) log log x − α r ¿ ( 1 − (2 log 2)^{log |p|}_{log x} log log x − α )r ¿ 1 −^{(2r log 2) log |p|log x}

log log x − α

¿ 1 −^{(2β′ log 2) log |p|}

log x . Using (16) we get the inequality

t_r(x) ¿ ∑ |p|6^√(x) 1 |p|^δ − 2β^′ log 2 log x ∑ |p|6^√x log |p| |p|^δ . Since x > c^{2r}_1 ¿ c^2_1 , i.e., √ x ¿ c_1 , the inequalities (10), (12) and (11) then imply

t_r(x) ¿ log log x − α^′ − ββ^′ log 2 ¿ log log x − α , and (15) is proved.

The final part of the proof can be now done mutatis mutandis as in [16, p. 251].

The following combinatorial result was proved in Lemma 2 of [12] which we reproduce here for the convenience of the reader:

Lemma 7. Let S = S_1∪S_2 where S_1∩S_2 = ∅ and card(S_1) = k , card(S_2) = ℓ.

Assume ℓ ¿ k . Let A_i ⊂ S for 1 6 i 6 r with r > c 2^{k+ℓ} √ k + ℓ (17) be subsets of S no one of which contains any other. Denote by B_1, . . . , B_t all the (distinct) subsets of S of the form A_i ∪ R , 1 6 i 6 r , R ⊂ S_2 , (18) where in (18) R runs through all the 2^ℓ subsets of S_2 . Then t > c_12^{k+ℓ} .

Theorem 8. Let A be a infinite primitive sequence in G . Then ∑ a∈A |a|6x |a|^{−δ} = o ( log x √ log log x ) . (19)

To prove Theorem 8 we shall need the following extension of Lemma 1 of [12]:

Lemma 9. Let u < w 6 y , where w is sufficiently large compared to u.

Let A be a finite primitive sequence of squarefree elements of an arithmetical semigroup G such that

i) if a ∈ A then u < |a| < w , and ii) ∑ a∈A |a|^{−δ} > c log w √ log log w . Further, let B be a sequence of elements of G for which

iii) |b| 6 y for every b ∈ B , and iv) every element of B can be written in the form aq where |q| 6 y/|a| and the norm of every prime factor of q is > u.

Then ∑ b∈B |b|^{−δ} > c_2 log y , where the constant c_2 depends on c, but does not depend on the sequences A and B .

P r o o f . Axiom A implies that for suitable 0 < c_3 < c_4 we have

c_3x^δ < N_G (x) < c_4x^δ .

Here the constants depend only on the parameters of Axiom A. In what follows we shall restrict our attention to those w for which with given c we have

c_3 · c > c_4

(log log w)^{1/2} (log w)^{1−log 2} . We prove Lemma in two steps. In the first one assume that y = w . Let

d_A(n) = ∑ a∈A a|n 1 and d_B(n) = ∑ b∈B b|n 1 .

Axiom A implies that ∑ |n|6w^{dB(n) =} ∑ b∈B |b|6y N_G ( w |b| ) < c_4w^δ ∑ b∈B |b|6y |b|^{−δ} .

PRIMITIVE SEQUENCES IN ARITHMETICAL SEMIGROUPS

Therefore it is sufficient (we assume y = w ) to prove the inequality ∑ |n|6w^{dB(n) > c5w} δ log w , (20)

where c_5 depends on c from ii), but not on the sequences A and B . Let D be the sequence of elements n ∈ G such that |n| 6 w and

ω(n) > log log w , d_A(n) > c_62^{ω(n)} √ ω(n) , (21)

where c_6 is a sufficiently small constant to be specified later. Then ∑ n∈D d_A(n) = ∑ |n|6w^{dA(n) −} ∑_′ d_A(n) − ∑_{′′} d_A(n) , (22)

where the summation ∑_′ runs over those n with |n| 6 w for which

ω(n) 6 log log w , (23)

while ∑_{′′} over those n with |n| 6 w for which

ω(n) > log log w and d_A(n) 6 c_6

2^{ω(n)} √ ω(n) . (24)

Relation ii) yields ∑ |n|6w^{dA(n) =} ∑ a∈A N_G ( w |a| ) > c_3w^δ ∑ a∈A 1 |a|^δ > c_7w^δ log w √ log log w

, (25)

where c_7 = c_3c with c appearing in ii).

For the second sum in (22) note that all the a_i ’s are squarefree and that the number of squarefree divisors of an element n is 2^{ω(n)} . Then inequality (23) and Axiom A imply that ∑_′ d_A(n) 6 c_4w^δ2^{log log w} . (26)

For those n over which the sum ∑_{′′} runs we get from (24) that

d_A(n) < c_62^{ω(n)}/ √ log log w

and consequently ∑_{′′} d_A(n) < c_6 ∑ |n|6w 2^{ω(n)} √ log log w < c_6 ∑ |d|6w^{NG (w/|d|)} √ log log w

< c_4c_5 w^δ log w √ log log w .

Plugging this into (22) we get ∑ n∈D d_A(n) > ( c_3c − c_4 √ log log w (log w)^{1−log 2}

− c_4c_5 ) w^δ log w √ log log w

which for sufficiently small c_5 yields ∑ n∈D d_A(n) > c_8w^δ log w √ log log w

for some c_8 > 0.

To finish the proof of (20) it is enough to prove that for every n ∈ D we have

d_B(n) > c_9d_A(n) √ ω(n) > c_9d_A(n) √ log log w .

The last inequality follows from (21) using the inequality ω(n) > log log w for every n ∈ D . In the proof of the first inequality Lemma 7 will be instrumental.

Given a fixed n ∈ D , let

S_1 = { p ∈ P_G : p|n, |p| 6 u } , S_2 = { q ∈ P_G : q|n, u < |q| 6 w } . Clearly S_1 ∩ S_2 = ∅. Let card(S_i) = r_i , i = 1, 2. Then r_1 < c_4u^δ , and (21) shows that ω(n) = r_1 + r_2 > log log w .

Consequently, for w > exp ( exp(2c_4u^δ) ) we get

r_2 > log log w − c_4u^δ > 0.5 log log w > c_4u^δ > r_1

as the assumptions of Lemma 7 require.

Let a_1, . . . , a_t , t = d_A(n), be the all divisors of n amongst the elements of A. To each a_i assign the set

S^{(i)} = {p : p ∈ S_1 ∪ S_2 , p|a_i} .

Since the elements a ∈ A are squarefree and form a primitive sequence, no of the sets S^{(i)}, 1 6 i 6 t, is a subset of another one. The relation (21) shows that the number of sets S^{(i)} is at least c_62^{r1+r2} / √ r_1 + r_2 . To every set of the type S^{(i)} ∪ R with R ⊂ S_2 there corresponds the element b = ∏ p∈S(i)∪R p , for which we have

j) b|n and |b| 6 w , for ∏ p∈S1 p ∏ q∈S2 q divides n and |n| 6 w ,

PRIMITIVE SEQUENCES IN ARITHMETICAL SEMIGROUPS

jj) if q^{(i)} = ∏ q∈R\S(i) q , then j) shows that |q^{(i)}| 6 w/|a_i| while if q ∈ R \ S^{(i)} then |q| > u. Therefore to each set of the type S^{(i)}∪R there corresponds an element n ∈ D belonging to the set B , and to distinct sets there correspond distinct divisors. Lemma 7 shows that there is at least c_12^{r1+r2} of such sets, or in other words

d_B(n) > c_12^{ω(n)} .

On the other hand, the elements a_1, . . . , a_t form a primitive sequences of divisors of n and as it was proved in Theorem 5 we have

2^{ω(n)} ≫ s(n) √ ω(n) , where s(n) denotes the maximal cardinality of a primitive set of divisors of n. Since s(n) ¿ d_A(n), the Lemma follows in the case y = w .

The general case w < y can be reduces to just proved one as follows: Let G ⟨w⟩ denote the set of all elements of G possessing only prime divisors p of norm > w together with the identity element 1_G . Then G ⟨w⟩ is an arithmetical semigroup (cf. [18, p. 77]) for which N_{G ⟨w⟩} (x) = A ∏ |p|6w ( 1 − |p|^{−δ} ) x^δ + O(x^η) .

Lemma 1 implies ∑ t∈G ⟨w⟩ |t|<y/w |t|^{−δ} > c_{10} ∏ |p|6w ( 1 − |p|^{−δ} ) log(y/w) .

The analog of Merten’s formula (cf. [18, p. 17]) gives ∏ |p|6w ( 1 − |p|^{−δ} ) > c_{11} log w . Consequently, ∑ t∈G ⟨w⟩ |t|<y/w |t|^{−δ} > c_{12} log(y/w) log w

> c_{13} log y log w .

If b with |b| 6 w satisfies iv) and for t ∈ G ⟨w⟩ we have |t| < y/w , then also bt satisfies iv). Therefore ∑ |b|6w^{|b|} −δ ¿^∑_{|b|6w} |b|^{−δ ∑}_{t∈G ⟨w⟩} |t|<y/w |t|^{−δ} , and the proof follows since from the first part of the proof we know that ∑ |b|6w^{|b|} −δ ≫ log w . P r o o f o f T h e o r e m 8. We shall proceed by contradiction. Suppose there is a primitive sequence C of elements for which (19) fails. We can assume that the elements of this sequence are squarefree. To see this put C = ⋃ k∈G C^{(k)} ,

where C^{(k)} is the sequence of all those elements of C which the greatest square divisor is k^2 . If each of these subsequences C^{(k)}, k ∈ G , satisfies (19), then arguing as at the end of the proof of Theorem 5 we get that also C fulfils (19), what contradicts the assumption.

Thus we can suppose that C is a primitive sequence of squarefree elements for which (19) fails. Then there exists an infinite sequence of real numbers 1 < x_1 < x_2 < . . . and a constant c_1 such that ∑ a∈C xi�1<|a|<xi |a|^{−δ} > c log x_i √ log log x_i .

Let t be such that tc_2 > M where c_2 is the constant from the assertion of Lemma 9 and M is a constant for which ∑ n∈G |n|6x |n|^{−δ} < M log x .

Let y = x_t . For 1 6 i 6 t let B^{(i)} be the sequence of the elements of the form aq with x_{i−1} < |a| < x_i , a ∈ C , and q ∈ G ⟨x_{i−1} ⟩ , |q| 6 x_i/|a| , where G ⟨x_{i−1} ⟩ denotes the set of elements of G having only prime factors of norm > x_{i−1} .

The sets B^{(i)} are disjoint in pairs. In the opposite case aq_i = a^′q_j with a, a^′ ∈ C , q_i ∈ G ⟨x_{i−1} ⟩, q_j ∈ G ⟨x_{i−1} ⟩ and x_{i−1} < |a| < x_i , x_{j−1} < |a^′| < x_j . Then a|a^′q_j , and we can suppose that j > i. Since every prime factor of q_j has norm > x_{j−1} ¿ x_i , the elements a and q_j are coprime and consequently a|a^′ . But this contradicts the assumption that C is a primitive sequence because |a^′| > x_{j−1} ¿ x_i > |a|, i.e., a^′ ≠ a. Hence the sets B^{(i)} are disjoint in pairs.

Every element of B^{(i)} with i 6 t has the norm < y . Applying Lemma 9 to the set B^{(i)} we get M log y > ∑ |n|<y |n|^{−δ} ¿ t∑ i=1 ∑ b∈B(i) |b|^{−δ} ¿ tc_2 log y > M log y ,

a contradiction, and the proof is finished.

PRIMITIVE SEQUENCES IN ARITHMETICAL SEMIGROUPS

4. Applications

The set N of positive integers forms a most natural prototype of an arithmetical semigroup satisfying Axiom A. In this case N_N (x) = x + O(1), and the proved results coincide with those mentioned in the introduction. There are some other classes of arithmetical semigroups satisfying Axiom A. The first such example, the semigroup G ⟨w⟩, we encountered in the proof of Lemma 9. Some other classes of examples are listed in the following ones:

Example 3. If G = G_K , the semigroup of all non-zero integral ideals in a given algebraic number field K of degree n = [K : Q ] over rationals Q with the usual norm function |a| = card(O_K /a), then according to W e b e r [22] we have

N_K (x) = A_K x + O ( x^n �1_{n+1} ) , where A_K can be explicitly given. For instance, for Gaussian integers we have A_K = π/4, and A_K = ( 1/ √ 2 ) log ( 1 + √ 2 ) for K = Q (√ 2 ) , etc.

It is interesting to note that in the case of ideals in a number field, the divisibility relation a|b between two ideals a and b is equivalent to the settheoretic inclusion a ⊃ b. Then Behrend’s Theorem 5 gets the form:

Corollary 10. Let C be a sequence of ideals of an algebraic number field

K possessing the property that no ideals of C contains another one. Then ∑ a∈C |a|6x |a|^{−1} = O ( log x √ log log x ) ,

where the involved constant depends only on K .

If K is a complex Euclidean quadratic field (i.e., K = Q( √ m) for m = −1, −2, −3, −7, −11) then the norm is the square of the usual absolute value and we get the following analog of the original Behrend’s result (note that the elements of a primitive sequence cannot be associate):

Corollary 11. Let C be a primitive sequence of integers in the complex

Euclidean quadratic field Q( √ m). Then 1 log x ∑ a∈C |a|6^√x |a|^{−2} = O ( (log log x)^{−1/2} ) , (27)

where the involved constant depends only on m.

In a similar spirit we can also interpret the results of Theorems 6 and 8. However, there are some other examples of arithmetical semigroups satisfying Axiom A which deserve the attention:

Example 4. Let G = A be the category of all finite Abelian groups with the usual direct product operation and the norm |A| = card(A) for A ∈ A. The Fundamental Theorem on finite Abelian groups shows that A is really free and that the generators are the cyclic groups of prime-power order. The fact that this arithmetical semigroup satisfies Axiom A follows from an older result of E r d ő s and S z e k e r e s that NA^{(x) = αx + O(√x) ,} where α = ∞∏ j=1 ζ_N (js)

with ζ_N = ζ denoting the classical Riemann zeta function.

In fact, the category A is one of the infinitely many subcategories of the category F of all finite modules over the domain O_K of all algebraic integers in a given algebraic number field K which satisfies Axiom A (for more details consult [18, p. 20, 116]).

The following interesting characterization was proved by K e r t é z s [17]: every subgroup of a general group G is its direct factor if and only if G is the direct product of cyclic groups of prime order, i.e., if it is of squarefree order (and clearly Abelian).

REFERENCES

[1] BEHREND, F. : Über numeri abundantes, Sitzungsber. Preuss. Akad. Wiss. Phys.-Math.

Kl. XXII (1932), 322–328.

[2] BEHREND, F. : Über numeri abundantes II, Sitzungsber. Preuss. Akad. Wiss. Phys.-Math.

Kl. VI (1933), 280–293.

[3] BEHREND, F. : On sequences of numbers not divisible one by another, J. London Math.

Soc. 10 (1935), 42–44.

[4] BESICOVITCH, A. S. : On the density of certain sequences of integers, Math. Ann. 110 (1935), 336–371.

[5] DAVENPORT, H. : Über numeri abundantes, Sitzungsber. Preuss. Akad. Wiss. Phys.- -Math. Kl. 27 (1933), 241–252.

[6] DICKSON, L. E. : Finiteness of the odd perfect and primitive abundant numbers with n distinct prime factors, Amer. J. Math. 35 (1913), 413–422 (Collected Papers Vol. I, p. 349).

[7] DICKSON, L. E. : Even abundant numbers, Amer. J. Math. 35 (1913), 423–426 (Collected Papers Vol. I, p. 359).

[8] DICKSON, L. E. : History of the Theory of Numbers, Vol. I, Carnegie Institute, 1919. [9] ELLIOT, P. D. T. A. : Probabilistic Number Theory I, Springer-Verlag, Berlin, 1979. [10] ERDŐS, P. : On the density of the abundant numbers, J. London Math. Soc. 9 (1934), 278–282.

PRIMITIVE SEQUENCES IN ARITHMETICAL SEMIGROUPS

[11] ERDŐS, P. : Note on sequences of integers no one of which is divisible by any other, J.

London Math. Soc. 10 (1935), 126–128.

[12] ERDŐS, P.—SÁRKÖZY, A.—SZEMERÉDI, E. : On a theorem of Behrend, J. Austral.

Math. Soc. 7 (1967), 9–16.

[13] ERDŐS, P.—SÁRKÖZY, A.—SZEMERÉDI, E. : On divisibility properties of sequences of integers, in: Colloq. Math. Soc. János Bolyai 2, North-Holland, Amsterdam, 1970, pp. 35–49.

[14] ERDŐS, P.—SZEKERES, G. : Über die Anzahl der abelschen Gruppen und über ein verwandtes zahlentheoretisches Problem, Acta Sci. Math. (Szeged) 7 (1935), 95–102.

[15] HALL, R. R. : Sets of Multiples, Cambridge University Press, Cambridge, 1996. [16] HALBERSTAM, H.—ROTH, K. F. : Sequences, Claredon Press, Oxford, 1966. [17] KERTÉSZ, A. : On groups every subgroup of which is a direct summand, Publ. Math.

Debrecen 2 (1951), 74–75.

[18] KNOPFMACHER, J. : Abstract Analytic Number Theory, North-Holland Mathematical Library, Vol.12, North–Holland & American Elsevier, Amsterdam, 1975.

[19] PILLAI, S. : On numbers which are not multiples of any other in the set, Proc. Indian Acad. Sci. A 10 (1939), 392–394.

[20] PORUBSKÝ, Š. : Notes on density and multiplicative structure of sets of generalized integers, in: Colloq. Math. Soc. Jánoš Bolyai, Vol. 34, Topics in Classical Number Theory, Budapest, 1981, pp. 1295–1315.

[21] PORUBSKÝ, Š. : Notes on densities of sets of generalized integers, in: Elementary and Analytic Number Theory, (ELAZ)Conference, Mainz, Germany, (May 24–28, 2004), 255–266.

[22] WEBER, H. : Über Zahlgruppen in algebraischen Körpern, Math. Ann. 49 (1897), 83–100.

Received January 22, 2005 Department of Algebra, Geometry and Didactic of Mathematics Faculty of Sciences University of Žilina ul. J. M. Hurbana SK–010 26 Žilina SLOVAKIA

Institute of Computer Science Academy of Sciences of the Czech Republic Pod Vodárenskou věží 2 CZ–182 07 Prague 8 CZECH REPUBLIC E-mail: porubsky@cs.cas.cz