Tatra Mt. Math. Publ. 30 (2005), 155–161 tm

Mathematical Publications

ON THE LATTICE OF ADDITIVE HEREDITARY PROPERTIES OF OBJECT SYSTEMS

Peter Mihók

ABSTRACT. The notion of an object-system over a concrete category C is introduced as a common generalization of graphs, hypergraphs, digraphs and other mathematical structures. Let C be a concrete category. A simple finite objectsystem over C is an ordered pair S = (V, E), where V is a finite set and E = {A1, A2, . . . , Am} is a finite set of the objects of C, such that the groundset V (Ai) ⊆ V of each object Ai ∈ E is a finite set. Analogously as for graphs, we define the additive hereditary property of simple object-systems as any class of systems closed under disjoint unions, subsystems and isomorphisms of systems, respectively. The structure of the lattice La(C) of all additive hereditary properties of object-systems is investigated.

1. Motivation

Let us denote by I the class of all simple graphs. A graph property p is any nonempty proper isomorphism closed subclass of I . A graph property is said to be hereditary if it is closed under taking subgraphs and additive if it is closed under disjoint union of graphs (see [7]). The lattice L^a of additive hereditary graph properties have been introduced in [17] and investigated in connection with generalized colorings of graphs; cf. B o r o w i e c k i and M i h ó k [6] and B o r o w i e c k i , B r o e r e , F r i c k , M i h ó k and S e m a n i š i n ([7]). More results on the structure of L^a may be found in [2, 3, 9, 10]. The lattices of some specific varieties of graphs and digraphs has been studied by H a v i a r , N e d e l a and M o n o s z o v á ([12, 13]). The lattice L^a contains as a sublattice the Colouring poset C of all colour classes defined by graph homomorphisms (see, e.g., [19]). Some results on the lattice L^a can be easily generalized and proved for digraphs, hypergraphs, posets and other structures (see [15]). The aim of this paper is to introduce a general notion of object-system and to describe the ideas and reasons, which allows to prove different types of general statements.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 05C75.

K e y w o r d s: lattice, hereditary property, additive property, object system, concrete category.

Supprted by the grant VEGA 2/4134/24

The object-systems are introduced in Section 2. The structure of the lattice of additive and hereditary properties of object-systems is investigated in Section 3. Some open problems are presented in Section 4.

2. Object-systems over a concrete category

To define a common generalization of graphs, digraphs and hypergraphs we will use basic notions of category theory. In general we follow the terminology and notation of [4, 22] (see also [24]). Let us recall, that a category C is a collection of objects and arrows called morphisms. The category C is said to be concrete if every object A in C is a set V (A) with structure. A (homo)morphism between two objects A and B is a structure preserving mapping ϕ : V (A) → V (B) and they have to satisfy the known axioms of the category theory. We will use the notions of homomorphism, monomorphism, epimorphism, isomorphism and automorphisms in a standard way, e.g., isomorphisms are structure preserving bijections between the ground-sets of objects and they will play an important role in our investigations.

The natural examples of concrete categories are: Set of sets, FinSet of finite sets, Graph of graphs, Grp of groups, Poset of partially ordered sets, etc., with homomorphisms of corresponding structures. The objects of mentioned categories form proper classes and such categories are called large. The categories whose collections of objects and arrows are both sets are called small.

Definition 1. Let C be a given concrete category. A finite simple object-

system over C is an ordered pair S = (V, E), where V is a finite set, the ground-set of the elements of S (we will call it also as “set of vertices of S ” and denote it by V (S)), and E = {A_1, A_2, . . . , A_m} is a finite system of objects of C, such that the ground-set V (A_i) of each object A_i ∈ E is a finite set

and V ⊇^m ⋃ i=1 V (A_i). Cardinality of V (S) determines the order of the object-

system S .

The class of all finite simple object-systems over C will be denoted by I(C). The unique object system of order 0 will be denoted by K_0 = (∅, ∅). For example, simple graphs can be viewed as object-systems over the concrete category of two-element sets with bijections as morphisms, digraphs as object-systems of the category of ordered two-tuples with order preserving mappings, hypergraps as finite set-systems over the category FinSet with total mappings as morphisms. Let us remark, that the L-structures (called also Relational structures) generalizing graphs, digraphs and k-uniform hypergraphs (introduced by F r aï s s é in [11], cf. [5]), are object-systems too and our results can be applied to L-structures, too.

Definition 2. Let S_1 = (V_1, E_1) and S_2 = (V_2, E_2) be finite simple object-

systems of a given concrete category C. The systems S_1 and S_2 are said to be isomorphic if there is a pair of bijection:

ϕ : V_1 ←→ V_2 ; ψ : E_1 ←→ E_2 ,

such that if ψ(A_{1i}) = A_{2j} then ϕ/V (A_{1i}) : V (A_{1i}) ↔ V (A_{2j} ) is an isomorphism of the objects A_{1i} ∈ E_1 and A_{2j} ∈ E_2 in the category C.

More general, a homomorphism of a object-system S_1 to an object-system S_2 is an object-preserving mapping ϕ : V (S_1) → V (S_2), i.e., for every object A_{1i} of the system S_1 there is an object A_{2j} of the system S_2 such that ϕ/V (A_{1i}) : V (A_{1i}) ↔ V (A_{2j} ) is an isomorphism of the objects A_{1i} ∈ E_1 and A_{2j} ∈ E_2 of the category C. In this case we say that S_1 is homomorphic to S_2 and we write S_1 → S_2 .

Let us denote by SC the concrete category of all object-systems with above defined homomorphisms. The category SC posses two important properties of graphs, digraphs and hypergraphs, namely, the category SC has all coproducts i.e., disjoint unions and for every subset U of the ground set V (S) of any object-system S there is an induced subsystem S[U] in SC. Let us define these notions:

Definition 3. The disjoint union of the object-systems S_1 and S_2 is the

object-system S_1 + S_2 = (V_1 ∪ V_2, E_1 ∪ E_2), where we assume that V_1 ∩ V_2 = ∅. It is easy to verify, that S_1 + S_2 is a coproduct in the category SC.

Definition 4. The subsystem of S induced by the set U ⊆ V (S), denoted

S[U], has V ( S[U] ) = U and objects E ( S[U] ) := { A_i ∈ E(S) : V (A_i) ⊆ U } . S_2 is said to be an induced-subsystem of S_1 if it is isomorphic to S_1[U] for some U ⊆ V (S_1), we denote this fact by S_2 ≤ S_1 .

The object-system S_1 is a subsystem of the S_2 if V_1 ⊆ V_2 and E_1 ⊆ E_2 .

Obviously, every induced-subsystem of the object-system S is its subsystem, but conversely it is not true. Using these definitions we can define, analogously as for graphs, that an additive hereditary property of simple object-systems over C is any subclass of I(C) closed under disjoint unions, subsystems and isomorphisms of object-systems, respectively. The additivity is closed to the notion of connectivity.

Definition 5. A system S of SC is said to be connected if it cannot be

expressed as a disjoint union of two systems S = S_1 + S_2 .

The connected object-systems can be characterized equivalently in the following way: S is connected if for any two object systems S_1, S_2 there holds:

S ≤ S_1 + S_2 if and only if either S ≤ S_1 or S ≤ S_2 (cf. [21]). Every objectsystem can be expressed uniquely (apart from the order) as the disjoint union of its “connected components”. The additivity of the property p implies that if every connected component of the object-system S has property p, then S itself posses p, too. This fact will be used later in the proof of our main Theorem. Let us remark, that connectivity of the object-system can be defined, as in Graph Theory, using paths, but we omit this approach and details here.

Colour classes of graphs, defined by homomorphism, form important examples of additive and hereditary graph properties (see [19, 20, 16]). We can generalize them to so-called hom-properties (colour classes) of object-systems over C in the following way. Let us denote by →S = {S_i : S_i → S } the set of all object-systems over C which are homomorphic to S . It is easy to see that →S is an additive hereditary property for each S ∈ I(C), however it can be shown that not every additive and hereditary property is a colour class (for example acyclic graphs does not form a colour class).

3. Lattices of additive hereditary properties of object-systems

In this section we will prove, that the set of all additive hereditary properties of simple object-systems over C partially ordered by set inclusion, denoted by

L^a(C) forms a complete and distributive lattice. To avoid formal difficulties, we

will assume in what follows, that the elements V (A) of each objects A of C are labelled by labels taken from a given infinite set V of cardinality α. Hence, any considered concrete category C will be small and the objects of C are “labelled” objects. We also assume, that for each object A of C, after relabelling of the elements of V (A) by labels from a set V^� ⊂ V the obtained “new” object A^� with V (A^�) = V^� belongs to C too and it is always isomorphic to A. This requirements are natural, they are satisfied, e.g., if the concrete category C is any small full subcategory of the above mentioned categories Set, FinSet, Graph, Poset, etc.

We are going to prove our basic Theorem.

Theorem 1. Let L^a(C) be the set of all additive hereditary properties of

finite simple object-systems over C, partially ordered by set-inclusion. Then

L^a(C) is a complete and distributive lattice.

P r o o f . The proof is analogous to the proof of the same result for graphs. Let us recall it briefly: since the property of subsets of the set I(C) of all finite simple object-systems over C “to be hereditary” is a “closure property”, the set of all additive hereditary properties of object-systems over C is a complete lattice (see [4]). Let us denote by I(C)^{conn} the set of all connected systems and for a property p ∈ L^a(C) by p^{conn} the set of all connected systems of property p. Let us consider the set M of cuts- downward closed subsets- in the poset I(C)^{conn} partially ordered by the relation “to be a subsystem”. It is well-known that “the set of all cuts M partially ordered by set-inclusion” forms a distributive lattice. It is also very easy to verify, that the mapping f : L^a(C) → M defined by f(p) = p^{conn} is an isomorphism of L^a(C) onto M , so that the lattice L^a(C) is distributive.

Analogously as in [15], it can be proved that the lattice L^a(C) is completely distributive. By the method used in [15], it can be also shown that the Jordan- Dedekind condition for infinite chains fails to be valid in L^a(C). Namely, that there exist elements p_1, p_2 ∈ L^a(C) with p_1 < p_2 and maximal chains C_1, C_2 of the interval [p_1, p_2] such that C_1 is denumerable and C_2 has the power of the continuum.

A core of an object-system S is any subsystem S^� of S such that S → S^� while S fails to be homomorphic to any proper subsystem of S^� . Up to isomorphism every object-system S has a unique core, denoted by C(S). A system S is called a core if S is a core for itself, i.e., S is isomorphic to C(S), which is equivalent to the fact, that every homomorphism S → S is an automorphism of S . We can show that the hom-properties form a sublattice of L^a(C) isomorphic to the lattice of the cores partially ordered by the existence of homomorphisms (it is also called as “the colouring poset”). The proof, the same as for graphs, is omitted here (see [16, 19]).

4. Remarks and open problems

Several results on additive and hereditary properties of graphs were generalized and extended during the last five years. A comprehensive overview is given with many deep new results in the thesis of Alastair F a r r u g i a [9] and the forthcoming paper [10]. Substantial part of the results on the structure of additive hereditary properties of graphs can be generalized for digraphs and hypergraphs, moreover one can see that they are valid for object-systems over concrete categories as well. The reason is, that the proofs are not using concrete graphs and they have “slightly categorial” character. Let us mention here only two topics with references to papers, whose results can be generalized for objectsystems: Unique Factorization Theorem ([8, 9, 14, 16, 18, 23]) and the structure of the lattice of additive hereditary properties ([1, 2, 3]).

Let us remark that this paper is not devoted to the category theory. We are using the notions of category theory only as an appropriate language. In the language of category theory we would like to formulate now some general questions.

Let us consider the concrete small category SC of all finite simple objectsystems over C with homomorphisms defined as in Section 2. A property in SC is a class of object-systems of SC closed under isomorphisms. We say, that a class of object-systems in SC is homomorphism-closed property (hc-property), if it is closed under all homomorphic preimages, i.e., S_2 ∈ p and S_1 → S_2 implies S_1 ∈ p. Obviously, the set of hc-properties is a complete lattice (cf. [4]). The classes closed under all monomorphism in SC are hereditary properties (they need not to be additive!). What can we say about classes closed under all epimorphisms in SC? A property p of SC has the amalgamation property, if for any object-systems A, B, C , for any isomorphism f from A onto an induced subsystem of B and any isomorphism g from A onto an induced subsystem of C , there is an object-system D in p, an isomorphism f^0 from B onto an induced subsystem of D and an isomorphism g^0 from C onto an induced subsystem of D , so that for all v ∈ V (A) we have (f^0f)(v) = (g^0g)(v) (cf. [5, 12, 13]). What can we say about the structure of the properties in SC which have amalgamation property? Many similar questions about properties closed under other closure operators in SC can be posed. Let us finish with a basic problem:

Problem 1. A class of object-systems of SC is said to be a variety in SC , if

it is closed under all homomorphic images, subsystems and (categorial) products. Characterize the lattice of all varieties in SC.

For example the class of all bipartite graphs is a variety in Graph. As far as we know, the structure of the lattice of varieties of graphs is not characterized. Let us remark, that hc-properties of object-systems are closed under subsystems and products, but they need not to be closed under homomorphic images.

REFERENCES

[1] BERGER, A.—BROERE, I. : Minimal reducible bounds for hom-properties of graphs, Discuss. Math. Graph Theory 19 (1999), 143–158.

[2] BERGER, A.—BROERE, I.—MOAGI, S. J. T.—MIHÓK, P. : Meet- and join-irreducibility of additive hereditary properties of graphs, Discrete Math. 251 (2002), 11–18.

[3] BERGER, A.—MIHÓK, P. : Prime ideals in the lattice of additive induced-hereditary graph properties, Discuss. Math. Graph Theory 23 (2003), 117–127.

[4] BIRKHOFF, G. : Lattice Theory, in: AMS Colloquium Publ., Vol. 25, AMS Providence, Rhode Island, Third Edition, 1993.

[5] BONATO, A. : Homomorphism and amalgamation, Discrete Math. 270 (2003), 33–42. [6] BOROWIECKI, M.—MIHÓK, P. : Hereditary properties of graphs, in: Advances in Graph Theory (V. R. Kulli, ed.), Vishwa International Publication, Gulbarga, 1991, 42–69.

[7] BOROWIECKI, M.—BROERE, I.—FRICK, M—MIHÓK, P.—SEMANIŠIN, G. : Survey of hereditary properties of graphs, Discuss. Math. Graph Theory 17 (1997), 5–50.

[8] BUCKO, J.—MIHÓK, P. : On uniquely partitionable systems of objects, submitted to Opuscula Math. in 2003.

[9] FARRUGIA, A. : Uniqueness and complexity in generalised colouring, Ph.D. thesis, University of Waterloo, April 2003 (available at http://etheses.uwaterloo.ca).

[10] FARRUGIA, A.—MIHÓK, P.—RICHTER, R. B.—SEMANIŠIN, G. : Factorisations and characterisations of induced-hereditary and compositive properties, (submitted to J. Graph Theory).

[11] FRAÏSSÉ, R. : Theory of Relations, North-Holland, Amsterdam, 1986. [12] HAVIAR, A.—NEDELA, R. : On varieties of graphs, Discuss. Math. Graph Theory 18 (1998), 209–224.

[13] HAVIAR, A.—MONOSZOVÁ, G. : On varieties of orgraphs, Discuss. Math. Graph Theory 21 (2001), 207–222.

[14] IMRICH, W.—MIHÓK, P.—SEMANIŠIN, G. : A note on the unique factorization theorem for properties of infinite graphs, Stud. Univ. Žilina 16 (2003), 51–54.

[15] JAKUBÍK, J. : On the lattice of additive hereditary properties of finite graphs, Discuss.

Math. General Algebra and Applications 22 (2002), 73–86.

[16] KRATOCHVÍL, J.—MIHÓK, P. : Hom-properties are uniquely factorizable into irreducible factors, Discrete Math. 213 (2000), 189–194.

[17] MIHÓK, P. : On graphs critical with respect to generalized independence number, Colloq.

Math. Soc. János Bolyai 52 (1987), 417–421.

[18] MIHÓK, P. : Unique factorization theorem for hypergraphs, in: Abstract of the Conference on Hypergraphs, Workshop in Budapest 2001.

[19] NEŠETŘIL, J. : Graph homomorphisms and their structures, in: Proc. Seventh Quadrennial International Conference on the Theory and Applications of graphs, Vol. 2 (1995), pp. 825–832.

[20] NEŠETŘIL, J. : The homomorphism structure of classes of graphs, Combin. Probab. Comput. 8 (1999), 177–184.

[21] NEŠETŘIL, J. : On universality of set systems, KAM-DIMATIA Series, 2000, Vol. 491, Praha, 2000, pp. 1–22.

[22] PIERCE, B. C. : Basic Category Theory for Computer Scientists, MIT Press Series in the Foundations of Computing, Cambridge, 1991.

[23] VASKY, R. : Unique factorization theorem for digraphs, Stud. Univ. Žilina 15 (2002), 83–96.

[24] Category theory from Wikipedia, http://en.wikipedia.org/wiki/Category-theory.

Received March 17, 2004 Mathematical Institute Slovak Academy of Sciences Grešákova 6 SK–040 01 Košice SLOVAKIA E-mail: mihok@saske.sk

Department of Applied Mathematics Faculty of Economics Technical University B. Němcovej SK–040 01 Košice SLOVAKIA E-mail: Peter.Mihok@tuke.sk