Tatra Mt. Math. Publ. 27 (2003), 67–90 tm

Mathematical Publications

CLOSURE OPERATORS AND CONCEPT EQUATIONS IN NON-COMMUTATIVE FUZZY LOGIC

George Georgescu — Andrei Popescu

Dedicated to Professor Ján Jakubík on the occasion of his 80th birthday

ABSTRACT. We introduce the notions of closure operator and closure system in a non-commutative fuzzy framework, where the structure of truth values is a generalized residuated lattice, L. We investigate the relationship between L-Galois connections and a weakened form of L-closure operators, which will eventually lead us to three ways of indicating a hierarchy of formal concepts: by means of relations, of Galois connections and of closure operators. So the situation from the classical case (as well as the one from the commutative fuzzy case) is recovered (of course, with some loses, expressed by the notions of strong L-Galois connection and weak L-closure operator, loses generated by the existence of two residua for the conjunction in the structure of truth values). Finally, we study systems of concept equations, which are in fact a form of (sometimes incomplete) specification of a conceptual hierarchy.

1. Introduction

Lately, there has been done a lot of work in the study of fuzzy logic, assuming that the conjunction of the truth values structure is not necessarily commutative ([22], [23], [24]).

On the other hand, we have some well built theories of closure operators ([14]), Galois connections ([14], [25]) and formal concepts ([17]), with significant relationships between them. As shown by B ě l o h l á v e k in his papers ([4]–[10]), many of the results also hold, with undiminished glamour, in a very general fuzzy framework, where the truth values come from a residuated lattice.

Thus, there appears naturally the attempt of generalizing the results regarding closure operators, Galois connections and formal concepts to the case where

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 04A72, 06A15, 03B52. K e y w o r d s: non-commutative fuzzy closure operator, non-commutative conjunction, concept lattice, concept equation.

the conjunction is not necessarily commutative, the structure of truth values being a generalized residuated lattice. We have two residua of the conjunction, hence two ways of expressing logical implication. This situation, being in some sense beyond our intuition, creates the tendency of splitting everything in two. The unitary approach is sometimes ([18], [19]) still possible, suggesting that there might be a true, “serious” state of affairs involving non-commutative fuzziness. The current paper joins the series of efforts on doing without commutativity in fuzzy logic and set theory.

After some preliminaries mainly regarding the logical framework^1, we introduce in Section 3 the notion of L-closure operator and L-closure system and prove the bijective correspondence between them.

Section 4 deals with relating L-Galois connections to what we call weak L-closure operators (systems), which are actually “primitive”, ununified forms of L-closure operators (systems), in which the “non-commutative syndrome” of splitting still exists. We also give a way of defining formal concept hierarchies by means of weak L-closure systems, via a certain type of L-Galois connections. We generalize some results of [8]^2.

In the final section, we treat, following [10], concept equations, where there are given triples of fuzzy sets (objects/attributes/attributes) and the unknown part is a relation between objects and attributes which puts the triples concepts into the corresponding context. It turns out that the relation, if it exists, can be recovered. We also consider the degree to which a relation is the solution of a system; thus we get approximative solutions, that will become, with a less precise truth values structure, full solutions.

2. Preliminaries

Definition 2.1. A generalized residuated lattice ([26]) is a structure (L, ∨, ∧,

∗, →, 0, 1) such that the following are true:

(GR1) (L, ∨, ∧, 0, 1) is a bounded lattice;

(GR2) (L, ∗, 1) is a monoid;

(GR3) (residuation).

1As a matter of fact, we shall not place ourselves inside a non-commutative fuzzy framework, but simulate one.

2Actually, we generalize some weaker forms of the results from [8], where the discussion takes place considering another parameter, besides the truth values structure, L; namely, a subset K of L, the set of relevant values. We believe that we could have safely taken this parameter too.

CLOSURE OPERATORS AND CONCEPT EQUATIONS

For all a, b, c ∈ L we have the equivalences: a ≤ b → c iff a ∗ b ≤ c , a ≤ b ⇒ c iff b ∗ a ≤ c . Lemma 2.1. In a complete generalized residuated lattice L, the following

properties hold for all a, b, c ∈ L, (a_i)_{i∈I} ⊆ L, (b_i)_{i∈I} ⊆ L, (a_{ij} )_{(i,j)∈I×J} ⊆ L:

(1) a ≤ b iff a → b = 1 iff a ⇒ b = 1; (2) a → 1 = a ⇒ 1 = 1; 1 → a = 1 ⇒ a = a;

(3) → and ⇒ are antitone in the first and isotone in the second argument; (4) ∗ is isotone in both arguments; (5) a ∗ b ≤ a and a ∗ b ≤ b; (6) 0 ∗ a = a ∗ 0 = 0; (7) ( ⋁ i∈I a_i ) ∗ a = ⋁ i∈I (a_i ∗ a) and a ∗ ( ⋁ i∈I a_i ) = ⋁ i∈I (a ∗ a_i); (8) (a → b) ∗ a ≤ b and a ∗ (a ⇒ b) ≤ b; (9) a ≤ (a → b) ⇒ b and a ≤ (a ⇒ b) → b; (10) ( ⋀ i∈I a_i ) ∗ a ≤ ⋀ i∈I (a_i ∗ a) and a ∗ ( ⋀ i∈I a_i ) ≤ ⋀ i∈I (a ∗ a_i);

(11) ( ⋁ i∈I a_i ) → a = ⋀ i∈I (a_i → a) and a → ( ⋀ i∈I a_i ) = ⋀ i∈I (a → a_i);

(12) ( ⋁ i∈I a_i ) ⇒ a = ⋀ i∈I (a_i ⇒ a) and a ⇒ ( ⋀ i∈I a_i ) = ⋀ i∈I (a ⇒ a_i);

(13) ⋀ i∈I ⋀ j∈J a_{ij} = ⋀ j∈J ⋀ i∈I a_{ij} = ⋀ (i,j)∈I×J a_{ij} ; ⋁ i∈I ⋁ j∈J a_{ij} = ⋁ j∈J ⋁ i∈I a_{ij}= ⋁ (i,j)∈I×J a_{ij} ; (14) a → (b ⇒ c) = b ⇒ (a → c) and a ⇒ (b → c) = b → (a ⇒ c); (15) ∗ is commutative iff → = ⇒;

(16) ( ⋁ i∈I a_i ) → ( ⋁ i∈I b_i ) ≤ ⋁ i∈I (a_i → b_i);

(17) ( ⋁ i∈I a_i ) ⇒ ( ⋁ i∈I b_i ) ≤ ⋁ i∈I (a_i ⇒ b_i); (18) (b → a) ∗ (c → b) ≤ (c → a); (a ⇒ b) ∗ (b ⇒ c) ≤ (a ⇒ c). Let L be a generalized residuated lattice. Define the following binary operations on L. For all a, b ∈ L, a ↔ b = (a → b) ∧ (b → a) ; a ⇔ b = (a ⇒ b) ∧ (b ⇒ a) ; d(a, b) = (a ↔ b) ∧ (a ⇔ b) .

For a set X, call an element from L^X (the set of functions from X to L, which is obvious a complete lattice with the component-wise inclusion, where infima and suprema are the component-wise infima and suprema from L) an L-fuzzy-subset (L-subset) of X . We can identify the subsets of X (called crisp subsets, i.e., elements from 2^X ) with particular L-subsets of X in the obvious way. For each a ∈ L and x ∈ X, we consider {a/x} ∈ L^X (called singleton) defined by: {a/x}(x^′) = { 0 , if x^′ ≠ x , a , if x^′ = x for all x^′ ∈ X . Given two sets X and Y , an L-relation between X and Y is an element from L^{X×Y} . Given two L-subsets A and B of X, we consider the right (S_1) and the left (S_2) subsethood degree of A in B :

S_1(A, B) = ⋀ x∈X ( A(x) → B(x) ) , S_2(A, B) = ⋀ x∈X ( A(x) ⇒ B(x) )

for any A, B ∈ L^X . Now, A ⊆ B means A(x) ≤ B(x) for all x ∈ X, or equivalently, one of the identities S_1(A, B) = 1, S_2(A, B) = 1 holds (notice that, when full inclusion holds, the right and left subsethood degrees coincide and equal 1). According to Proposition 2.1 from [18], for all A, B, C ∈ L^X , (1) A ⊆ B implies S_1(B, C) ≤ S_1(A, C) and S_2(B, C) ≤ S_2(A, C); (2) A ⊆ B implies S_1(C, A) ≤ S_1(C, B) and S_2(C, A) ≤ S_2(C, B); (3) A ⊆ B iff S_1(A, B) = 1 iff S_2(A, B) = 1; (4) S_1(B, C) ∗ S_1(A, B) ≤ S_1(A, C); (5) S_2(A, B) ∗ S_2(B, C) ≤ S_2(A, C).

In what follows, we prefer to call universes the sets from where the fuzzy subsets are taken, while the fuzzy subsets shall be fuzzy sets inside the respective universes. L shall denote a fixed generalized residuated lattice, taken as the structure of truth values.

3. Closure operators

During this section, X will be a fixed non-empty universe.

Definition 3.1. A function C : L^X −→ L^X is called an L-closure operator

if the following properties hold for each A, A_1, A_2 ∈ L^X : 1) A ⊆ C(A);

CLOSURE OPERATORS AND CONCEPT EQUATIONS

2) S_1(A_1, A_2) ≤ S_1 ( C(A_1), C(A_2) ) ; S_2(A_1, A_2) ≤ S_2 ( C(A_1), C(A_2) ) ; 3) C(A) = CC(A).

Proposition 3.1. The following are equivalent for a function C : L^X −→

L^X:

a) C is an L-closure operator;

b) For all A, A_1, A_2 ∈ L^X , we have A ⊆ C(A),

S_1 ( A_1, C(A_2) ) ≤ S_1 ( C(A_1), C(A_2) ) and S_2(A_1, A_2) ≤ S_2 ( C(A_1), C(A_2) ) ; c) For all A, A_1, A_2 ∈ L^X , we have

S_1 ( A_1, C(A_2) ) = S_1 ( C(A_1), C(A_2) ) and S_2 ( A_1, C(A_2) ) = S_2 ( C(A_1),

C(A_2) ) . P r o o f . c) implies b): All we need to prove is A ⊆ C(A), which follows

from 1 = S_1 ( C(A), C(A) ) = S_1 ( A, C(A) ) . a) implies c): Since A_1 ⊆ C(A_1) and S_1 is decreasing on the first argument,

we have S_1 ( A_1, C(A_2) ) ≥ S_1 ( C(A_1), C(A_2) ) . Now, by 2) and 3) from Defini-

tion 3.1,

S_1 ( A_1, C(A_2) ) ≤ S_1 ( C(A_1), CC(A_2) ) = S_1 ( C(A_1), C(A_2) ) . The other equality from c) follows analogously.

b) implies a): We need to show 2) and 3) from Definition 3.1. First, we prove 2).

S_1(A_1, A_2) ≤ S_1 ( A_1, C(A_2) ) ≤ S_1 ( C(A_1), C(A_2) ) (we applied the increasingness of S_1 on the second argument and A_2 ⊆ C(A_2)).

The fact that S_2(A_1, A_2) ≤ S_2 ( C(A_1), C(A_2) ) follows similarly.

We now prove 3): 1 = S_1 ( C(A), C(A) ) ≤ S_1 ( CC(A), C(A) ) , hence CC(A) ⊆

C(A). But we know that C(A) ⊆ C ( C(A) ) . So CC(A) = C(A).

Definition 3.2. A nonempty set S = (A_i)_{i∈I} ⊆ P^(L^{X)} is called an

L-closure system if, for any A ∈ L^X , ⋀ i∈I ( S_1(A, A_i) ⇒ A_i ) ∈ S , ⋀ i∈I ( S_2(A, A_i) → A_i ) ∈ S . Remark 3.1. Notice that S_1(A, A_i) ⇒ A_i and S_2(A, A_i) → A_i are functions

from L^X , S_1(A, A_i) and S_2(A, A_i) being treated here as constant functions.

The same happens for a_i from the next proposition. As mentioned before, L^X

is a complete lattice, where suprema and infima are taken pointwise. Moreover,

since generalized residuated lattices form a semi-variety, L^X , with pointwise

operations, is a generalized residuated lattice.

Proposition 3.2. A nonempty S = (A_i)_{i∈I} ⊆ P^(L^{X )} is an L-closure sys-

tem iff, for all (a_i)_{i∈I} ⊆ L, ⋀ i∈I (a_i → A_i) ∈ S and ⋀ i∈I (a_i ⇒ A_i) ∈ S .

P r o o f . Suppose first that the two above conditions hold. Let A ∈ L^X . We first define a_i = S_2(A, A_i) and then a_i = S_1(A, A_i) for all i ∈ I , getting the desired properties from Definition 3.2.

Conversely, suppose S is an L-closure system and let (a_i)_{i∈I} ⊆ L. We want to show that A = ⋀ i∈I (a_i → A_i) ∈ S . It is sufficient to prove that ⋀ i∈I ( S_2(A, A_i) → A_i ) = A. Let x ∈ X . A(x) ≤ ⋀ i∈I ( S_2(A, A_i) → A_i(x) )

means ∀ i ∈ I, A(x) ≤ S_2(A, A_i) → A_i(x) , that is ∀ i ∈ I, A(x) ∗ S_2(A, A_i) ≤ A_i(x) , which is true since A(x) ∗ S_2(A, A_i) ≤ A(x) ∗ ( A(x) ⇒ A_i(x) ) ≤ A_i(x) . For the converse inequality, we need to show ⋀ i∈I ( S_2(A, A_i) → A_i(x) ) ≤ ⋀ i∈I ( a_i → A_i(x) ) . It is sufficient to show that ∀ i ∈ I, S_2(A, A_i) → A_i(x) ≤ a_i → A_i(x) . Further, it suffices to show ∀ i ∈ I, a_i ≤ S_2(A, A_i) , which means, consecutively, ∀ i ∈ I, a_i ≤ ⋀ y∈X ( A(y) ⇒ A_i(y) ) , ∀ i ∈ I, ∀ y ∈ X, a_i ≤ A(y) ⇒ A_i(y) , ∀ i ∈ I, ∀ y ∈ X, A(y) ∗ a_i ≤ A_i(y) ,

CLOSURE OPERATORS AND CONCEPT EQUATIONS ∀ i ∈ I, ∀ y ∈ X, ( ⋀ j∈I ( a_j → A_j (y) ) ) ∗ a_i ≤ A_i(y) ,

∀ i ∈ I, ∀ y ∈ X, ( ⋀ j∈I ( a_j → A_j (y) ) ) ≤ a_i → A_i(y) , the last being obviously true. The fact that ⋀ i∈I (a_i ⇒ A_i) ∈ S can be proved similarly.

Remark 3.2. Notice that if S ⊆ P ( L^X ) is closed to arbitrary infima, then S is an L-closure system iff, for all a ∈ L and A ∈ S , a → A ∈ S .

Proposition 3.3. Let S = (A_i)_{i∈I} ⊆ P^(L^{X )} be an L-closure system. Then,

for each A ∈ L^X , we have ⋀ i∈I (S_2(A, A_i) → A_i) = ⋀ i∈I = ( S_1(A, A_i) ⇒ A_i ) = ⋀ i∈I, A⊆A_i A_i .

P r o o f . We want to prove ⋀ i∈I ( S_1(A, A_i) ⇒ A_i ) = ⋀ i∈I, A⊆A_i A_i . First, ⋀ i∈I ( S_1(A, A_i) ⇒ A_i(x) ) ≤ ⋀ i∈I, S1(A,A_i)=1 ( 1 ⇒ A_i(x) ) = ⋀ i∈I, A⊆A_i A_i(x) .

For the converse inequality, notice that ∀ i ∈ I, A(x) ≤ S_1(A, A_i) ⇒ A_i(x) , because S_1(A, A_i) ∗ A(x) ≤ ( A(x) → A_i(x) ) ∗ A(x) ≤ A_i(x) . Now, since ⋀ i∈I ( S_1(A, A_i) ⇒ A_i ) ∈ S , we have ⋀ i∈I, A⊆A_i A_i ≤ ⋀ i∈I (a_i ⇒ A_i).

The fact that ⋀ i∈I ( S_2(A, A_i) → A_i ) = ⋀ i∈I, A⊆A_i A_i follows analogously.

Remark 3.3. The previous proposition gives us another sample of unification against the “non-commutative splitting”. Provided they are in S , the two possible fuzzy closures of a set A coincide and they are the same as, say, the classical closure, given by the intersection of all the upper bounds of A from the given closure system.

We now state the bijective correspondence between L-closure operators and L-closure systems.

Proposition 3.4.

1) Let S ⊆ P ( L^X ) be an L-closure system. Define C_S : L^X −→ L^X by

C_S (A) = ⋀ B∈S, A⊆B B, ∀ A ∈ L^X . Then C_S is an L-closure operator.

2) Let C : L^X −→ L^X be an L-closure operator. Define S_C = { A ∈ L^X : A = C(A) } . Then S_C is an L-closure system.

3) The mappings S → C_S and C → S_C are inverse to each other. P r o o f .

1): The fact that A ⊆ C_S (A) is obvious. Also, since, by Proposition 3.3, C_S (A) ∈ S , we have

C_S (A) = min { B ∈ S, C_S (A) ⊆ B } = ⋀ B∈S, C_S (A)⊆B B = C_S ( C_S (A) ) . We now show that S_1(A_1, A_2) ≤ S_1 ( C_S (A_1), C_S (A_2) ) for each A_1, A_2 ∈ L^X .

We need to prove S_1(A_1, A_2) ≤ ⋀ x∈X ( C_S (A_1)(x) → C_S (A_2)(x) ) . This condition reduces, successively, to:

∀ x ∈ X, S_1(A_1, A_2) ≤ C_S (A_1)(x) → C_S (A_2)(x) , ∀ x ∈ X, S_1(A_1, A_2) ∗ C_S (A_1)(x) ≤ C_S (A_2)(x) and further, using Proposition 3.3, to

∀ x ∈ X, ∀ B ∈ S, S_1(A_1, A_2) ∗ C_S (A_1)(x) ≤ S_1(A_2, B) ⇒ B(x) , ∀ x ∈ X, ∀ B ∈ S, S_1(A_2, B) ∗ S_1(A_1, A_2) ∗ C_S (A_1)(x) ≤ B(x) .

Since S_1(A_2, B) ∗ S_1(A_1, A_2) ≤ S_1(A_1, B), it suffices to show ∀ x ∈ X, ∀ B ∈ S, S_1(A_1, B) ∗ C_S (A_1)(x) ≤ B(x) , that is ∀ x ∈ X, ∀ B ∈ S, C_S (A_1)(x) ≤ S_1(A_1, B) ⇒ B(x) , which is true since, by Proposition 3.3, C_S (A_1)(x) = ⋀ D∈S ( S_1(A_1, D) ⇒ D(x) ) .

CLOSURE OPERATORS AND CONCEPT EQUATIONS

The fact that S_2(A_1, A_2) ≤ S_2 ( C_S (A_1), C_S (A_2) ) has a similar proof.

2): We want to prove that, for each A ∈ L^X, D = ⋀ B∈S_C ( S_1(A, B) ⇒ B ) ∈ S_C .

It suffices to show that D = C(A), because then we would get C(D) = CC(A) = C(A) = D , hence D ∈ S_C . First, we have ⋀ B∈S_C ( S_1(A, B) ⇒ B(x) ) ≤ S_1 ( A, C(A) ) ⇒ C(A)(x) = 1 ⇒ C(A)(x) = C(A)(x) . For the converse inequality, take x ∈ X . We need to show that ∀ B ∈ S_C , C(A)(x) ≤ S_1(A, B) ⇒ B(x) , that is ∀ B ∈ S_C , S_1(A, B) ∗ C(A)(x) ≤ B(x) , which is true, since S_1(A, B) ∗ C(A)(x) ≤ S_1 ( C(A), C(B) ) ∗ C(A)(x) ≤ ( C(A)(x) → C(B)(x) ) ∗ C(A)(x) ≤ C(B)(x) = B(x) . Similarly, one can prove that ⋀ B∈S_C ( S_2(A, B) → B ) ∈ S_C for each A ∈ L^X .

3): We have already shown, at 2), that, for an L-closure operator C , for each A ∈ L^X , ⋀ B∈S_C (S_1(A, B) ⇒ B) = C(A). Applying Proposition 3.3, we get C = C_{SC} .

Now, let S be an L-closure system. S = S_{CS} means that, for each A ∈ L^X , A = C_S (A) iff A ∈ S . Obviously, A ∈ S implies A = C_S (A). Conversely, if A = C_S (A) = ⋀ B∈S,A⊆B B , then A ∈ S because, by Proposition 3.3, ⋀ B∈S,A⊆B B ∈ S .

4. Galois connections and concept lattices

For the whole section, we fix two nonempty universes, X and Y .

Definition 4.1. ([18]) An L-Galois connection between X and Y is a

quadruple (↑, ⇑, ↓, ⇓) of functions ↑ : L^X −→ L^Y , ⇑ : L^X −→ L^Y , ↓ : L^Y −→ L^X, ⇓ : L^Y −→ L^X such that the following conditions are fulfilled:

(G1) S_1(A_1, A_2) ≤ S_2 ( A^↑_2, A^↑_1 ) ; S_2(A_1, A_2) ≤ S_1 ( A^⇑_2 , A^⇑_1 ) ; (G2) S_1(B_1, B_2) ≤ S_2 ( B^↓_2 , B^↓_1 ) ; S_2(B_1, B_2) ≤ S_1 ( B^⇓_2 , B^⇓_1 ) ; (G3) A ⊆ A^{↑⇓} ; A ⊆ A^{⇑↓} ; (G4) B ⊆ B^{↓⇑} ; B ⊆ B^{⇓↑} .

The following two propositions, the first giving an alternative definition for L-Galois connections, are also proved in [18].

Proposition 4.1. A quadruple (↑, ⇑, ↓, ⇓) of functions ↑, ⇑ : L^X −→ L^Y , ↓, ⇓ : L^Y −→ L^X forms an L-Galois connection iff S_1 ( A, B^⇓ ) = S_2 ( B, A^↑ ) , S_2 ( A, B^↓ ) = S_1 ( B, A^⇑ ) for all A ∈ L^X , B ∈ L^Y .

Proposition 4.2. Let (↑, ⇑, ↓, ⇓) be an L-Galois connection. Then, for any

a ∈ L, x ∈ X, y ∈ Y , (A_j )_{j∈J} ⊆ L^X and (B_j )_{j∈J} ⊆ L^Y we have: (1) {1|x}^↑(y) = {1|y}^⇓(x); (2) {1|x}^§(y) = {1|y}^↓(x); (3) a ⇒ {1|x}^⇑(y) = {a|x}^⇑(y); (4) a → {1|x}^↑(y) = {a|x}^↑(y); (5) a ⇒ {1|y}^⇓(x) = {a|y}^⇓(x); (6) a → {1|y}^↓(x) = {a|y}^↓(x); (7) ( ⋁ j∈J A_j )_↑ = ⋀ j∈J A^↑_j ; (8) ( ⋁ j∈J A_j )_⇑ = ⋀ j∈J A^⇑_j ; (9) ( ⋁ j∈J B_j )_↓ = ⋀ j∈J B^↓_j ;

(10) ( ⋁ j∈J B_j )_⇓ = ⋀ j∈J B^⇓_j .

In the classical case, as well as in the fuzzy commutative case ([8]), there exists a natural relation between Galois connections and closure operators. This relation also holds for the non-commutative case, just that we need to split the notion of closure operator into two weaker forms, corresponding to the two implications (the right one, → and the left one, ⇒).

Definition 4.2. A function C : L^X −→ L^X is called a right L-closure

operator (a left L-closure operator) iff the following properties hold for each A, A_1, A_2 ∈ L^X : 1) A ⊆ C(A); 2) S_1(A_1, A_2) ≤ S_1 ( C(A_1), C(A_2) ) (respectively, S_2(A_1, A_2) ≤ S_2 ( C(A_1), C(A_2) ) ); 3) C(A) = CC(A).

CLOSURE OPERATORS AND CONCEPT EQUATIONS

Notice that C is an L-closure operator iff it is both a right and a left L-closure

operator. Similarly, we define right and left L-closure systems.

Definition 4.3. A nonempty set S = (A_i)_{i∈I} ⊆ P^(L^{X )} is called a right

L-closure system (a left L-closure system) iff, for any A ∈ L^X , ⋀ i∈I ( S_1(A, A_i) ⇒ A_i ) ∈ S , ⋀ i∈I ( S_2(A, A_i) → A_i ) ∈ S .

An easy adaptation of the proofs from the previous section gives us:

Proposition 4.3.

1) The following statements equivalent for a function C : L^X −→ L^X :

a) C is a right (left) L-closure operator;

b) For all A, A_1, A_2 ∈ L^X , we have A ⊆ C(A), S_1 ( A_1, C(A_2) ) ≤ S_1 ( C(A_1), C(A_2) ) , S_2(A_1, A_2) ≤ S_2 ( C(A_1), C(A_2) ) ; c) For all A, A_1, A_2 ∈ L^X, we have S_1 ( A_1, C(A_2) ) = S_1 ( C(A_1),

C(A_2) ) , S_2(A_1, A_2) = S_2 ( C(A_1), C(A_2) ) ; 2) A nonempty S = (A_i)_{i∈I} ⊆ P ( L^X ) is a right L-closure system (a left

L-closure system) iff, for all (a_i)_{i∈I} ⊆ L, ⋀ i∈I (a_i ⇒ A_i) ∈ S , ⋀ i∈I (a_i → A_i) ∈ S .

3) Let S = (A_i)_{i∈I} ⊆ P ( L^X ) be a right (left) L-closure system. Then, for

each A ∈ L^X , we have ⋀ i∈I (a_i ⇒ A_i) = ⋀ i∈I,A⊆A_i A_i , ⋀ i∈I (a_i → A_i) = ⋀ i∈I,A⊆A_i A_i .

4) There exists a bijective correspondence between right (left) L-closure

operators and right (left) L-closure systems. This correspondence is given

in the same way as in Proposition 3.4.

Notice that considering a left or right L-closure system (operator) implies making a choice between the two possible implications, hence between the two possible ways of taking the subsethood degree. It is thus natural to consider the right L-closure systems equipped with the right subsethood degree and the left ones with the left subsethood degree.

Definition 4.4. Any left or right L-closure system (operator) shall be called

weak L-closure system (operator).

Let U_1 and U_2 be two weak L-closure systems and a bijective function α : U_1 −→ U_2 . α is said to be an anti-isomorphism iff, for all A_1, A_2 ∈ U_1 , we have D_1(A_1, A_2) = D_2 ( α(A_2), α(A_1) ) , where, for i ∈ {1, 2}, D_i = S_1 if U_i is a right L-closure operator and D_i = S_2 if U_i is a left one.

For each weak L-closure system S , we denote by C_S the associated weak L-closure operator; also, if C is a weak L-closure operator, S_C will denote its corresponding weak L-closure system.

An L-Galois connection (↑, ⇑, ↓, ⇓) between X and Y induces two right L-closure operators (↑⇓ on X and ↓⇑ on Y ) and two left L-closure operators (⇑↓ on X and ↓⇑ on Y ), such that S_{↑⇓} and S_{⇓↑} are anti-isomorphic, and so are S_{⇑↑} and S_{↓⇑} . In fact, if we consider the four above mentioned weak L-closure operators together with the two anti-isomorphisms, we entirely determine the L-Galois connection we started with.

Proposition 4.4.

1) Let G = (↑, ⇑, ↓, ⇓) be an L-Galois connection between X and Y . Let M_G = (U_1, α, T_1, U_2, β, T_2) , where U_1 = S_{↑⇓} , T_1 = S_{⇓↑} , U_2 = Sj , T_2 = S_{↓⇓} , while α : U_1 −→ T_1 and β : U_2 −→ T_2 are defined by: α(A) = A^↑ for all A ∈ U_1 and β(A) = A^⇑ for all A ∈ U_2 .

Then ↑⇓ and ↓⇑ are right L-closure operators, ⇑↓ and ⇓↑ are left L-closure operators (hence U_1 and T_2 are right and U_2 and T_1 are left L-closure systems) and α and β are weak L-closure system anti-isomorphisms.

2) Let M = (U_1, α, T_1, U_2, β, T_2), where U_1, U_2 ⊆ P ( L^X ) , T_1, T_2 ⊆ P ( L^Y ) such that U_1 and T_2 are right L-closure systems, U_2 and T_1 are left L-closure systems and α : U_1 −→ T_1 and β : U_2 −→ T_2 are weak L-closure system antiisomorphisms.

Define G_M = (↑, ⇑, ↓, ⇓) , where ↑ : L^X −→ L^Y , ⇑ : L^X −→ L^Y , ↓ : L^Y −→ L^X, ⇓ : L^Y −→ L^X are given by:

A^↑ = α ( C_{U1}(A) ) , A^⇑ = β ( C_{U2} (A) ) , B^↓ = β^{−1} ( C_{T2}(B) ) , B^⇓ = α^{−1} ( C_{T1}(B) ) ,

CLOSURE OPERATORS AND CONCEPT EQUATIONS

for all A ∈ L^X , B ∈ L^Y . Then G_M is an L-Galois connection.

3) The correspondences G → M_G and M → G_M are bijective and inverse

to each other.

P r o o f . 1): The fact that ↑⇓ and ↓⇑ are right and ⇑↓ and ⇓↑ are left

L-closure operators follows immediately from the definition of L-Galois connec-

tion and the properties of the subsethood degrees. Now, α is surjective because,

for each B ∈ T_1 , we have B = B^{⇓↑} , so (B^⇓)^{↑⇓} = B^⇓ , which means B^⇓ ∈ U_1

and α(B^⇓) = B^{⇓↑} = B . Further, α is injective because, for all A_1, A_2 ∈ U_1 ,

α(A_1) = α(A_2) means A^↑_1 = A^↑_2 , which implies A_1 = A^{↑⇓}_1 = A^{↑⇓}_2 = A_2 . More-

over, by the L-Galois connection definition, for all A_1, A_2 ∈ U_1 , we have

S_1(A_1, A_2) ≤ S_2(A^↑_2, A^↑_1) ≤ S_1(A^{↑⇓}_1 , A^{↑⇓}_2 ) = S_1(A_1, A_2) .

Hence α is an anti-isomorphism. Similarly, β is an anti-isomorphism.

2): In order to prove that G_M is an L-Galois connection, we apply the criterion

from Proposition 4.1. Let A ∈ L^X and B ∈ L^Y . We want to prove S_1(A, B^⇓) =

S_2(B, A^↑). We have

S_1(A, B^⇓) = S_1 ( A, α^{−1} ( C_{T1}(B) )) = S_1 ( C_{U1} (A), α^{−1} ( C_{T1}(B) )) = S_2 ( α ( α^{−1} ( C_{T1}(B) )) , α ( C_{U1}(A) )) = S_2 ( C_{T1}(B), α ( C_{U1} (A) )) = S_2 ( B, α ( C_{U1} (A) )) = S_2(B, A^↑)

(we used Proposition 3.1, first for C_{U1} , then for C_{T1} ).

Similarly, we get S_2(A, B^↓) = S_1(B, A^⇑).

3): Let G be an L-Galois connection and M be a six-tuple like at point 2).

The fact that G_{MG} = G follows from

A^↑ = A^{↑⇓↑} = ( C_{U1}(A) )_↑ = α ( C_{U1} (A) ) , ∀ A ∈ L^X and the other three similar statements for ⇑, ↓ and ⇓.

Now, M_{GM} = M follows easily. For example, let U_1 be the first component

of the six-tuple M and U^′_1 that of the six-tuple M_{GM} and let A ∈ L^X . Also,

let G_M = (↑, ⇑, ↓, ⇓) . We have

C_U ′_1(A) = A^{↑⇓} = ( α ( C_{U1} (A) ))_⇓ = α^{−1} ( C_{T1} ( α ( C_{U1} (A) ))) = α^{−1} ( α ( C_{U1}(A) )) = C_{U1} (A)

(we used the fact that, since C_{U1}(A) ∈ U_1 , we have α ( C_{U1}(A) ) ∈ T_1 , hence C_{T1} ( α ( C_{U1} (A) )) = α ( C_{U1} (A) ) ).

Any binary L-relation I ∈ L^{X×Y} naturally induces an L-Galois connection. Define the four functions

↑_I : L^X −→ L^Y , ⇑_I : L^X −→ L^Y , ↓_I : L^Y −→ L^X, ⇓_I : L^Y −→ L^X by A^{↑I} (y) = ⋀ x∈X ( A(x) → I(x, y) ) , A^{⇑I} (y) = ⋀ x∈X ( A(x) ⇒ I(x, y) ) , B^{↓I} (x) = ⋀ y∈Y ( B(y) → I(x, y) ) , B^{⇓I} (x) = ⋀ y∈Y ( B(y) ⇒ I(x, y) ) ,

for any A ∈ L^X , B ∈ L^Y and x ∈ X, y ∈ Y .

The following facts are proved in [18]:

Proposition 4.5.

1) For any binary L-relation I ∈ L^{X×Y} , the quadruple (↑_I , ⇑_I , ↓_I , ⇓_I ) is an L-Galois connection.

2) For an L-Galois connection (↑, ⇑, ↓, ⇓) , the following conditions are equivalent:

(a) {1|x}^↑ = {1|x}^⇑ for all x ∈ X ;

(b) {1|y}^↓ = {1|y}^⇓ for all y ∈ Y ;

(c) L is induced by some L-relation I ∈ L^{X×Y} (call strong any L-Galois connection that satisfies (a))

(d) I → (↑_I , ⇑_I , ↓_I , ⇓_I ) is a bijective correspondence from the set of L-relations to the set of strong L-Galois connections between X and Y given by I → (↑_I , ⇑_I , ↓_I, ⇓_I ), its inverse being (↑, ⇑, ↓, ⇓) → I , where, for all x ∈ X, y ∈ Y , I(x, y) = {1/x}^↑(y).

Remark 4.1. Thus, in order for an L-Galois connection to be induced by an L-relation, it is necessary and sufficient that there exists some agreement between the component functions with respect to singletons.

L-Galois connections coming from L-relations are important because, considering the triples of fixed points, we get to the formal concepts in a given context.

CLOSURE OPERATORS AND CONCEPT EQUATIONS

Definition 4.5. ([19]) Call context any triple (X, Y, I), where I ∈ L^{X×Y} .

Let (X, Y, I) be a context. The triple (A, B_1, B_2) ∈ L^{X×Y ×Y} is said to be a concept (in this context) if:

A^{↑I} = B_1 ; B^{⇓I}_1 = A; A^{⇑I} = B_2 ; B^{↓I}_2 = A .

Remark 4.2. As argued in [19], because of the two implication in our noncommutative fuzzy framework, any time we want to generalize a notion from the classical, crisp mathematics, we face a centrifuge tendency of splitting in two. Trying to treat unitarily the problem of formal concepts, we give priority to objects, considering properties just as tools helping to get to objects. Hence, a formal concept (or, simply, a concept) consists of one extent, but two intents, that ”define” the extent in the two possible ways; we thus have, for each concept, the right (→) intent and the left (⇒) intent.

The set of concepts in a given context, L(X, Y, I) = { (A, B_1, B_2) ∈ L^{X×Y ×Y} : A^↑ = B_1, B^⇓_1 = A, A^⇑ = B_2, B^↓_2 = A } , equipped with the partial order ≤ defined as follows:

(A, B_1, B_2) ≤ (A^′, B^′_1, B^′_2) iff A ⊆ A^′ (or, same thing , B^′_1 ⊆ B_1 , or, same thing, B^′_2 ⊆ B_2) , becomes a complete lattice, as proved in [19], where it is also given an abstract characterization of the lattice L(X, Y, I).

As we have seen, if the universe X of objects and the universe Y of attributes are provided, in order to have a concept structure (hierarchy), we can either establish a fuzzy binary relation between objects and attributes, or define a strong L-Galois connection between X and Y . A third possibility is using weak L-closure operators or systems.

Definition 4.6. Let U_1 and U_2 be two weak L-closure operators on a uni-

verse Z . They are said to have the same starting point if C_{U1} and C_{U2} coincide on crisp singletons, i.e., C_{U1} ( {1/x} ) = C_{U2} ( {1/x} ) for all x ∈ Z .

Using Proposition 4.5(d) and adapting Proposition 4.4, we immediately get:

Proposition 4.6. The following sets are isomorphic:

1) The set of binary L-relations between X and Y ; 2) The set of strong L-Galois connections between X and Y ; 3) The set of six-tuples (U_1, α, T_1, U_2, β, T_2), where U_1, U_2 ⊆ P ( L^X ) , T_1, T_2 ⊆ P(L^Y ) such that U_1 and T_2 are right L-closure systems, U_2 and T_1 are left L-closure systems, U_1 and U_2 have the same starting point, T_1 and T_2 have the same starting point and α : U_1 −→ T_1 and β : U_2 −→ T_2 are weak L-closure systems anti-isomorphisms.

5. Concept equations

In this section, we shall consider the problem (partially treated in [19]) of solving concept equations inside a non-commutative fuzzy framework. Following quite closely [10], we shall generalize the results from there obtaining, in some cases, a non-commutative flavor and specificity.

Definition 5.1. Let X be a universe. Define E_→, E_⇒ ∈ L^{LX ×LX} by

E_→(A_1, A_2) = ⋀ x∈X ( A_1(x) ↔ A_2(x) ) , E_⇒(A_1, A_2) = ⋀ x∈X ( A_1(x) ⇔ A_2(x) ) , E(A_1, A_2) = E_→(A_1, A_2) ∧ E_⇒(A_1, A_2) .

for all A_1, A_2 ∈ L^X .

Remark 5.1. While E is an L-equality (see [19]), measuring the degree to which two L-sets are equal, E_→ and E_⇒ are not, because each of them only considers half of the implication apparatus. However, they become useful in the cases where we are only interested in the respective half, as in Definition 5.2.

In what follows, no matter what universe we consider (be it X or Y ) we shall use the same notation, E_→, E_⇒ , for the corresponding above defined fuzzy relations, the difference being made, each time, by the context.

Definition 5.2. Let X and Y be two universes. A system of concept equa-

tions will be any T ⊆ L^X × L^Y × L^Y . For each I ∈ L^{X×Y} ,

Sol(T, I) = ⋀ (A,B1,B2)∈T E_→(A^{↑I} , B_1) ∧ E_⇒(A^{⇑I} , B_2) ∧ E_⇒(A, B^{⇓I}_1 ) ∧ E_→(A, B^{↓I}_2 )

is said to be the degree to which I is a solution of T . I is a full solution of T if Sol(T, I) = 1, so we define

Sol(T ) = { I ∈ L^{X×Y} : Sol(T, I) = 1 } , the set of full solutions of the system T . T is called consistent if Sol(T ) ≠ ∅.

Remark 5.2.

a) Sol(T, I) is in fact the degree to which all the triples from T constitute concepts in the context of I . And a triple (A, B_1, B_2) constitutes a concept to the same degree to which B_1 is the right intent of A (i.e., B_1 is the fuzzy set of attributes of all the objects from A with respect to the right implication, →), B_2 is the left intent of A and A is the left extent of B_1 and the right extent of B_2 .

CLOSURE OPERATORS AND CONCEPT EQUATIONS

b) One can easily see that Sol(T ) = { I ∈ L^{X×Y} : T ⊆ L(X, Y, I) } . So I is a solution of T iff T forms a set of concepts in the context (X, Y, I). For the rest of this section, we fix two universes X and Y and a system T ⊆ L^{X×Y ×Y} of concept equations.

Lemma 5.1. Let (I_j )_{j∈J} ⊆ L^{X×Y} be a nonempty family of fuzzy relations.

Denote I = ⋀ j∈J I_j . Then, for all A ∈ L^X, B ∈ L^Y , we have: A^{↑I} = ⋀ j∈J A^{↑Ij} , A^{⇑I} = ⋀ j∈J A^{⇑Ij} , B^{↓I} = ⋀ j∈J B^{↓Ij} , B^{⇓I} = ⋀ j∈J B^{⇓Ij} .

P r o o f . We only prove A^{↑I} = ⋀ j∈J A^{↑Ij} , the other three equalities following similarly. Let y ∈ Y .

A^{↑I} (y) = ⋀ x∈X ( A(x) → I(x, y) ) = ⋀ x∈X ( A(x) → ( ⋀ j∈J I_j (x, y) ) )

= ⋀ x∈X ⋀ j∈J ( A(x) → I_j (x, y) ) = ⋀ j∈J ⋀ x∈X ( A(x) → I_j (x, y) ) = ⋀ j∈J A^{↑Ij} (y) . We used Lemma 2.1 (11, 13).

Proposition 5.1. Let (I_j )_{j∈J} ⊆ L^{X×Y} be a nonempty family of fuzzy rela-

tions. Then ⋀ j∈J Sol(T, I_j ) ≤ Sol ( T, ⋀ j∈J I_j ) . P r o o f . Notice first that, for any (a_j )_{j∈J} ⊆ L and b ∈ L, ⋀ j∈J (a_j → b) ≤ ( ⋀ j∈J a_j ) → b and ⋀ j∈J (a_j ⇒ b) ≤ ( ⋀ j∈J a_j ) ⇒ b (#)

(because J is nonempty and →, ⇒ are decreasing on the first component).

Now, denote I = ⋀ j∈J I_j . We have that ⋀ j∈J Sol(T, I_j ) = ⋀ j∈J ⋀ (A,B1,B2)∈T E_→(A^{⇑Ij} , B_1) ∧ E_⇒(A^{⇑Ij} , B_2) ∧ E_⇒(A, B^{⇓Ij}_1 ) ∧ E_→(A, B^{↓Ij}_2 ) = ⋀ (A,B1,B2)∈T ⋀ j∈J E_→(A^{↑Ij} , B_1)∧E_⇒(A^{⇑Ij} , B_2)∧E_⇒(A, B^{⇓Ij}_1 )∧E_→(A, B^{↓Ij}_2 ) .

By the definition of Sol(T, I), it is sufficient to take (A, B_1, B_2) ∈ T and prove: ⋀ j∈J E_→ ( A^{↑Ij} , B_1 ) ≤ E_→ ( A^{↑I} , B_1 ) ; ⋀ j∈J E_⇒ ( A^{⇑Ij} , B_2 ) ≤ E_⇒ ( A^{⇑I}, B_2 ) ; ⋀ j∈J E_⇒ ( A, B^{⇓Ij}_1 ) ≤ E_⇒ ( A, B^{⇓I}_1 ) ; ⋀ j∈J E_→ ( A, B^{↓Ij}_2 ) ≤ E_→ ( A, B^{↓I}_2 ) . We only prove the first inequality, the others following similarly. ⋀ j∈J E_→(A^{↑Ij} , B_1) = ⋀ j∈J ⋀ y∈Y A^{↑Ij} (y) ↔ B_1(y) = ⋀ y∈Y ⋀ j∈J ( A^{↑Ij} (y) → B_1(y) ) ∧ ( B_1(y) → A^{↑Ij} (y) )

≤ ⋀ y∈Y (( ⋀ j∈J A^{↑Ij} (y) ) → B_1(y) ) ∧ ( B_1(y) → ( ⋀ j∈J A^{↑Ij} (y) ))

= ⋀ y∈Y ( A^{↑I} (y) → B_1(y) ) ∧ ( B_1(y) → A^{↑I} (y) ) = E_→(A^{↑I}, B_1) .

We used Lemma 2.1(11), (#) and Lemma 5.1.

As a corollary we obtain the property that was proved directly in [19].

Corollary 5.1. Sol(T ) is a meet-semilattice inside which there always exist

infima of nonempty families.

Remark 5.3. Since Sol(T ) satisfies the above property, it also has family

suprema whenever those families have upper bounds.

The following two propositions are proved in [19]:

Proposition 5.2. Let I ∈ L^{X×Y} and denote L = L(X, Y, I). Then, for any

x ∈ X, y ∈ Y , we have I(x, y) = ⋁ (A,B1,B2)∈L ( B_1(y) ∗ A(x) ) = ⋁ (A,B1,B2)∈L ( A(x) ∗ B_2(y) ) , for all x ∈ X, y ∈ Y .

Proposition 5.3. Define I_T ∈ L^{X×Y} by I_T (x, y) = ⋁ (A,B1,B2)∈T ( B_1(y) ∗ A(x) ) ∨ ( A(x) ∗ B_2(y) ) . We have that:

1) T is consistent iff I_T ∈ Sol(T );

2) If T is consistent, then I_T is the least element from Sol(T ).

CLOSURE OPERATORS AND CONCEPT EQUATIONS

As already mentioned, L(X, Y, I) is a complete lattice. In [19], it is proved that infima in L(X, Y, I) have a certain form:

Proposition 5.4. ⋀ j∈J (A_j , B_j , C_j ) = ⋀ j∈J A_j , ( ⋀ j∈J A_j )_↑ , ( ⋀ j∈J A_j )_⇑

= ⋀ j∈J A_j , ( ⋁ j∈J B_j )_{⇓↑} , ( ⋁ j∈J C_j )_{↓⇑} ,

for any ( (A_j , B_j , C_j ) )_{j∈J} ⊆ L(X, Y, I).

As a consequence of Propositions 5.3 and 5.4, we have the following:

Corollary 5.2. Define I_T like in Proposition 5.3 and consider that T = { (A_p, A_p, A_p) : p ∈ P } . Then T is consistent iff

T ∪ ⋀ p∈P^′ A_p , ( ⋀ p∈P^′ A_p )_{↑IT} , ( ⋀ p∈P^′ A_p )_{⇑IT} : ∅ ≠ P^′ ⊆ P

is consistent.

P r o o f . One implication is trivial. For the other, assume that T is consistent. Then, according to Proposition 5.3, T ⊆ L(X, Y, I_T ). Now, the desired property follows from Proposition 5.4.

Lemma 5.2. Let I_1, I_2 ∈ L^{X×Y} , A ∈ L^X, B ∈ L^Y . Then, for all x ∈ X,

y ∈ Y , we have:

1) E(I_1, I_2) ≤ A^{↑I1} (y) → A^{↑I2} (y); 2) E(I_1, I_2) ≤ A^{⇑I1} (y) ⇒ A^{⇑I2} (y); 3) E(I_1, I_2) ≤ B^{⇓I1} (x) ⇒ B^{⇓I2} (x); 4) E(I_1, I_2) ≤ B^{↓I1} (x) → B^{↓I2} (x).

P r o o f . We only prove 1), 2) – 4) following analogously. Let y ∈ Y . We have to show that E(I_1, I_2) ∗ A^{↑I1} (y) ≤ A^{↑I2} (y) , that is ∀ x ∈ X , E(I_1, I_2) ∗ A^{↑I1} (y) ≤ A(x) → I_2(x, y) . Furthermore, this means ∀ x ∈ X , E(I_1, I_2) ∗ A^{↑I1} (y) ∗ A(x) ≤ I_2(x, y) .

But this is true, since

E(I_1, I_2) ∗ A^{↑I1} (y) ∗ A(x) ≤ ( I_1(x, y) → I_2(x, y) ) ∗ ( A(x) → I_1(x, y) ) ∗ A(x) ≤ ( I_1(x, y) → I_2(x, y) ) ∗ I_1(x, y) ≤ I_2(x, y) (we applied Lemma 2.1 (8, 4)).

The next proposition gives a non-commutative fuzzy non-trivial refinement to the following trivial crisp assertion: “If I_1 is a solution of T and I_2 = I_1 , then I_2 is also a solution of T ”.

Proposition 5.5. Let I_1, I_2 ∈ L^{X×Y} . Then ( Sol(T, I_1) ∗ E(I_1, I_2) ) ∧ ( E(I_1, I_2) ∗ Sol(T, I_1) ) ≤ Sol(T, I_2) .

P r o o f . Let (A, B_1, B_2) ∈ T , x ∈ X, y ∈ Y . It is sufficient to show that: (I) E(I_1, I_2) ∗ Sol(T, I_1) ≤ B_1(y) → A^{↑I2} (y); (II) Sol(T, I_1) ∗ E(I_1, I_2) ≤ A^{↑I2} (y) → B_1(y); (III) Sol(T, I_1) ∗ E(I_1, I_2) ≤ B_2(y) ⇒ A^{⇑I2} (y); (IV) E(I_1, I_2) ∗ Sol(T, I_1) ≤ A^{⇑I2} (y) ⇒ B_2(y); (V) E(I_1, I_2) ∗ Sol(T, I_1) ≤ A(x) → B^{↓I2}_2 (x); (VI) Sol(T, I_1) ∗ E(I_1, I_2) ≤ B^{↓I2}_2 (x) → A(x); (VII) Sol(T, I_1) ∗ E(I_1, I_2) ≤ A(x) ⇒ B^{⇓I2}_1 (x); (VIII) E(I_1, I_2) ∗ Sol(T, I_1) ≤ B^{⇓I2}_1 (x) ⇒ A(x). We shall prove (I) and (II). (I) is equivalent to E(I_1, I_2) ∗ Sol(T, I_1) ∗ B_1(y) ≤ A^{↑I2} (y) , which is true because

E(I_1, I_2) ∗ Sol(T, I_1) ∗ B_1(y) ≤ E(I_1, I_2) ∗ ( B_1(y) → A^{↑I1} (y) ) ∗ B_1(y) ≤ E(I_1, I_2) ∗ A^{↑I1} (y) ≤ ( A^{↑I1} (y) → A^{↑I2} (y) ) ∗ A^{↑I1} (y) ≤ A^{↑I2} (y) (we used Lemma 2.1 (8) and Lemma 5.2 (1)).

(II) is equivalent to Sol(T, I_1) ∗ E(I_1, I_2) ∗ A^{↑I2} (y) ≤ B_1(y) .

The last is true, since

Sol(T, I_1) ∗ E(I_1, I_2) ∗ A^{↑I2} (y) ≤ Sol(T, I_1) ∗ ( A^{↑I2} (y) → A^{↑I1} (y) ) ∗ A^{↑I2} (y) ≤ Sol(T, I_1) ∗ A^{↑I1} (y) ≤ ( A^{↑I1} (y) → B_1(y) ) ∗ A^{↑I1} (y) ≤ B_1(y) .

CLOSURE OPERATORS AND CONCEPT EQUATIONS

The inequalities (III)–(VIII) follow in the same fashion.

Now, (I)–(VIII) imply ( Sol(T, I_1) ∗ E(I_1, I_2) ) ∧ ( E(I_1, I_2) ∗ Sol(T, I_1) ) ≤ ( B_1(y) ↔ A^{↑I2} (y) ) ∧ ( B_2(y) ⇔ A^{⇑I2} (y) ) ∧ ( A(x) ⇔ B^{⇓I2}_1 (x) ) ∧ ( A(x) ↔ B^{↓I2}_2 (x) )

for all x ∈ X, y ∈ Y , (A, B_1, B_2) ∈ T .

This means ( Sol(T, I_1) ∗ E(I_1, I_2) ) ∧ ( E(I_1, I_2) ∗ Sol(T, I_1) ) ≤ E_→ ( A^{↑I2} , B_1 ) ∧ E_⇒ ( A^{⇑I2} , B_2 ) ∧ E_⇒ ( A, B^{⇓I2}_1 ) ∧ E_→ ( A, B^{↓I2}_2 )

for all (A, B_1, B_2) ∈ T .

It follows that ( Sol(T, I_1) ∗ E(I_1, I_2) ) ∧ ( E(I_1, I_2) ∗ Sol(T, I_1) ) ≤ Sol(T, I_2) .

Still following [10], we are now interested in loosing some of the logical pre-

cision in order to accept approximate solutions to concept equations. The de-

crease of logical precision can be obtained by considering an onto morphism

between two generalized residuated lattices, h : L_1 −→ L_2 . For each b ∈ L_2 ,

any truth value from h^{−1}(b) shall be flattened into b. For the sake of quantifi-

cation, we deal by complete generalized residuated lattices and complete onto

morphisms. For any A_1 ∈ L^X_1 , we shall denote by h(A_1) the fuzzy set from

L^X_2 given by h(A_1)(x) = h ( A_1(x) ) for all x ∈ X . Similarly, for I_1 ∈ L^{X×Y}_1

and T_1 ⊆ L^X_1 × L^Y_1 × L^Y_1 , we define h(I_1) ∈ L^{X×Y}_2 and h(T_1) ⊆ L^X_2 ×

L^Y_1 × L^Y_1 by h(I_1)(x, y) = h ( I_1(x, y) ) for all (x, y) ∈ X × Y and h(T_1) = {( h(A), h(B_1), h(B_2) ) : (A, B_1, B_2) ∈ T_1 } . When the truth values structure is not understood, we denote Sol_L instead

of Sol etc., to point out that we consider it to be L.

Remember that we have X, Y, T, L fixed.

Proposition 5.6. Let I ∈ L^{X×Y} and denote by θ the smallest complete

congruence on L that contains the pair (Sol_L(T, I), 1) and by h_θ = : L −→

L_{/θ} the canonical complete onto morphism. Then h_θ(I) ∈ Sol_{L/θ} ( h_θ(T ) ) . Moreover, for any f : L −→ L^′ complete onto morphism such that f(I) ∈

Sol_L′ ( f(T ) ) , there exists a unique complete onto morphism g : L_{/θ} −→ L^′ such

that g ∘ h_θ = f .

P r o o f . We have that

1 = h_θ ( Sol_L(T, I) )

= h_θ ⋀ (A,B1,B2)∈T E_→ ( A^{↑I}, B_1 ) ∧ E_⇒ ( A^{⇑I}, B_2 ) ∧ E_⇒ ( A, B^{⇓I}_1 ) ∧ E_→(A, B^{↓I}_2 ) = ⋀ (A,B1,B2)∈T h_θ ( E_→(A^{↑I} , B_1) ) ∧ h_θ ( E_⇒(A^{⇑I} , B_2) ) ∧ h_θ ( E_⇒(A, B^{⇓I}_1 ) ) ∧ ∧ h_θ ( E_→(A, B^{↓I}_2 ) ) = ⋀ (A,B1,B2)∈T h_θ ( ⋀ y∈Y A^{↑I} (y) ↔ B_1(y) )

∧ h_θ ( ⋀ y∈Y A^{⇑I} (y) ⇔ B_2(y) ) ∧ h_θ ( ⋀ x∈X A(x) ⇔ B^{⇓I}_1 (x) ) ∧ h_θ ( ⋀ x∈X A(x) ↔ B^{↓I}_2 (x) )

= ⋀ (A,B1,B2)∈T ⋀ y∈Y ( h_θ ( A^{↑I} (y) ) ↔ h_θ ( B_1(y) )) ∧ ⋀ y∈Y ( h_θ ( A^{⇑I} (y) ) ⇔ h_θ ( B_2(y) ))

∧ ⋀ x∈X ( h_θ ( A(x) ) ⇔ h_θ ( B^{⇓I}_1 (x) )) ∧ ⋀ x∈X ( h_θ ( A(x) ) ↔ h_θ ( B^{↓I}_2 (x) ))

= ⋀ (h_θ(A),h_θ(B1),h_θ(B2))∈h_θ(T ) E_→ ( h_θ(A^{↑I} ), h_θ(B_1) ) ∧ E_⇒ ( h_θ ( A^{⇑I} ) , h_θ(B_2) )

∧ E_⇒ ( h_θ(A), h_θ (B^{⇓I}_1 ) ) = Sol_{L/θ} ( h_θ(T ), h_θ(I) ) . Thus h_θ(I) ∈ Sol_{L/θ} ( h_θ(T ) ) . Consider now f : L −→ L^′ a complete onto morphism such that f(I) ∈

Sol_L′ ( f(T ) ) . We have that Sol_L′ ( f(T ), f(I) ) = 1, hence f ( Sol_L(T, I) ) = 1, the

last being justified in the same way as above for h_θ . We obtain ( Sol_L(T, I), 1 ) ∈ Ker(f). The existence and unicity of a morphism g : L_{/θ} −→ L^′ such that

g ∘ h_θ = f follows now from the universal property of the quotient algebra L_{/θ} .

Moreover, g is onto because f is onto and g is complete because h_θ is onto and

complete and f is complete.

Remark 5.4. The last proposition says that, given an approximate solution I ,

we can obtain the softest flattening of the truth values structure such that I

becomes a full solution.

REFERENCES

[1] ABRUSCI, V. M.—RUET, P. : Non-commutative logic: the multiplicative frequent, Ann.

Pure Appl. Logic 101 (2000), 29–64.

[2] BAUDOT, R. : Non-commutative logic programming language NoCLog, in: Symposium

LCCS 2000(Santa Barbara), Short presentation, pp. 3.

CLOSURE OPERATORS AND CONCEPT EQUATIONS

[3] BAUDOT, R.—FOUQURÉ, C. : Theorem prover with focusing in non-commutative logic,

http://www-lipn.univ-paris13.fr/~baudot/publi.html.

[4] BĚLOHLÁVEK, R. : Fuzzy Galois connections, Math. Logic Quart. 45 (1999), 497–504. [5] BĚLOHÁVEK, R. : Lattices of fixed points of fuzzy Galois connections, Math. Logic Quart.

47 (2001), 111–116.

[6] BĚLOHÁVEK, R. : Similarity relations in concept lattices, J. Logic Comput. 10 (2000), 823–845.

[7] BĚLOHLÁVEK, R. : Concept lattices and order in fuzzy logic, Ann. Pure Appl. Logic (to appear).

[8] BĚLOHLÁVEK, R. : Fuzzy closure operators I, J. Math. Anal. Appl. 262 (2001), 473–489. [9] BĚLOHLÁVEK, R. : Fuzzy closure operators II, Soft Computing (to appear). [10] BĚLOHLÁVEK, R. : Concept equations, submitted.

[11] BĚLOHLÁVEK, R. : Logical precision in concept lattices, J. Logic Comput. 12 (2002), 137–148.

[12] BĚLOHLÁVEK, R. : Fuzzy Relational Systems. Foundations and Principles, Kluwer Academic/Plenum Publishers, Dordrecht, 2002.

[13] BIACINO, L.—GERLA, G. : An extension principle for closure operators, J. Math. Anal.

Appl. 198 (1996), 1–24.

[14] BIRKHOFF, G. : Lattice Theory, Amer. Mat. Soc. Colloq. Publ., 25, Providence, R. I., 1967.

[15] FLONDOR, P. : Noncommutative connective, Stud. Inform. and Control 9 (2000), 335–337. [16] FLONDOR, P.—GEORGESCU, G.—IORGULESCU, A. : Pseudo t-norms and pseudo BL-algebras, Soft Computing 5 (2001), 335–371.

[17] GANTER, B.—WILLE, R. : Formal Concept Analysis, Mathematical Foundations, Springer-Verlag, Berlin, 1999.

[18] GEORGESCU, G.—POPESCU, A. : Non-commutative fuzzy Galois connections, submitted.

[19] GEORGESCU, G.—POPESCU, A. : Concept lattices and similarity in non-commutative fuzzy logic, Fund. Inform. 53 (2002), 23–54.

[20] GERLA, G. : Graded consequence relations and fuzzy closure operator, J. Appl. Non-Clas-sical Logics 6 (1996), 369–379.

[21] HÁJEK, P. : Metamathematics of Fuzzy Logic, Kluwer Academic Publishers, Dordrecht, 1998.

[22] HÁJEK, P. : Fuzzy logic with non-commutative conjunctions, submitted. [23] HÁJEK, P. : Observations on non-commutative logic, submitted. [24] LEUŞTEAN, I. : Non-commutative Łukasiewicz logics, draft. [25] ORE, O. : Galois connexions, Trans. Amer. Math. Soc. 55 (1994), 493–513. [26] TURUNEN, E. : Mathematics behind Fuzzy Logic, Physica-Verlag, Heidelberg, 1999.

[27] ZADEH, A. L. : Fuzzy sets, Inform. and Control 8 (1965), 338–353.

Received November 11, 2002 George Georgescu Institute of Mathematics Calea Grivitei Nr. 21 P. O. Box 1–767 Bucharest ROMANIA E-mail: georgescu@funinf.math.unibuc.ro

Andrei Popescu Fundamentals of Computer Science Faculty of Mathematics University of Bucharest Str. Academiei Nr. 14 Bucharest ROMANIA E-mail: uuomul@yahoo.com