Tatra Mt. Math. Publ. 26 (2003), 115–123 tm

Mathematical Publications

ON LINEAR TRANSFORMATIONS

OF WIENER PROCESS

Petr Lachout

ABSTRACT. We characterize those linear transformations of a Wiener process

W which result in a time-changed Wiener process. We present a complete discus-

sion of the transformation � α_tW(η_t), t 2 T � and of two particular cases of the

transformation � α_tW(η_t) + β_tW(ζ_t), t 2 T � .

1. Introduction into the problem

Asymptotic investigation of statistical estimators and test statistics often

leads to a linear transformation of a Wiener process that turns out to be a Wiener

process, a Brownian bridge or an Ornstein-Uhlenbeck process. Let us recall some

typical examples of such transformations. Given a Wiener process (_W (t), t ≥ 0 ) , the process ( t W (_1 t ) , t > 0 ) is a Wiener processes, (_W (t) − t W(1), t ∈ [0, 1] ) and ( t W (_{1−t} t ) , t ∈ (0, 1) ) are Brownian bridges and ( e^{−t} W(e^{2t} ), t ∈ R ) is an

Ornstein-Uhlenbeck process.

In this paper a more general scheme is considered. We look at a collection of

stochastic integrals of non-random real functions w.r.t. a Wiener process (_W (t) , t ≥ 0 ) , i.e., +∞∫ 0 a_t(η) dW(η) , t ∈ T , where a_t ∈ L_2(_{R+}) ∀t ∈ T. (1)

We seek conditions under which the transformed process fulfills +∞∫ 0 a_t(η) dW(η) = V ( ξ(t) ) a.s. ∀t ∈ T , (2)

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 60E99; Secondary 60G15.

K e y w o r d s: Wiener process, linear transformation of a Gaussian process.

The research has been partially supported by the project CEZ: MSM 113200008 and the Czech

Republic Grant 201/02/0621.

where V is a Wiener process and ξ : T → R_+ is some function.

Two particular cases of (2) are treated by D e h e u v e l s , [1]. Let ϕ be a

function for which Φ(t) = t∫ 0 ϕ(v) dv exists for each t ∈ R_+. Theorem 7 in [1]

solves (2) for T = R_+, ξ(t) = t and

a_t(η) = ( 1 − Φ(t) + Φ(η) )_I [0,t)(η) . Also, Theorem 9 in [1] solves (2) with Brownian motion V for T = [0, 1], ξ(t) = t and a_t(η) = ( 1 − Φ(t) + Φ(η) )_I [0,t)(η) − t ( 1 − Φ(t) + Φ(η) )_I [0,1)(η) − (1 − t) 1∫ 0 Φ(v) dv I_{[0,1)}(η) .

2. General observations

The problem posed above was treated in [2] with the following result.

Theorem 1. The process (1) fulfills (2) if and only if min {_{+∞}∫ 0 a^2_t (η) dη , +∞∫ 0 a^2_s(η) dη } = +∞∫ 0 a_t(η) a_s(η) dη ∀t, s ∈ T . (3) The aim of this paper is to derive solutions of (3) in some particular cases.

At first we start with two general observations, the first of which is evident.

Lemma 1. Let the functions a, b : R_+ → R be integrable. Then a and b satisfy

the equation_{+∞} ∫ 0 a^2(η) dη = +∞∫ 0 a(η) b(η) dη (4)

if and only if_{+∞} ∫ 0 a(η) ( b(η) − a(η) ) dη = 0 . (5)

Furthermore, both (4) and (5) imply +∞∫ 0 a^2(η) dη ≤ +∞∫ 0 b^2(η) dη . (6)

The problem can be restricted to T ⊂ R_+ and +∞∫ 0 a^2_t (η) dη = t for each t ∈ T . The argument is given by the following lemma.

Lemma 2. Let φ : R_+ → T be such that +∞∫ 0 a^2_{φ(r)}(η) dη = r ∀ r ∈ +∞∫ 0 a^2_t (η) dη : t ∈ T

. (7)

Then the process (1) satisfies (3) if and only if the process +∞∫ 0 a^2_{φ(r)}(η) dW(η) , r ∈ {_{+∞}∫ 0 a^2_t (η) dη : t ∈ T } \ {0} . (8)

satisfies condition (3) and

a_t = 0 a.e. whenever +∞∫ 0 a^2_t (η) dη = 0 , (9)

a_t = a_s a.e. whenever +∞∫ 0 a^2_t (η) dη = +∞∫ 0 a^2_s(η) dη . (10)

P r o o f . The proof is straightforward. Given (3) for the process (1), we immediately obtain (3) for the process (8), condition (9) is evident, and condition (10) can be shown after a little algebra using Lemma 1. The reverse implication is similarly easy.

3. Functions with one jump

In this section we restrict our interest to the functions

a_t = α_tI_{[0,ηt)} , t ∈ T, where α_t, η_t ∈ R , η_t > 0 . (11) First we state an auxiliary lemma.

Lemma 3. Assume that the process (1) satisfies (3) and (11). Let t, s ∈ T be

such that 0 < +∞∫ 0 a^2_t (η) dη < +∞∫ 0 a^2_s(η) dη .

(i) If 0 < η_t ≤ η_s then α_t = α_s . (ii) If η_t > η_s > 0 then α_t η_t = α_s η_s .

P r o o f . Using Lemma 1 we see the following. 1. If 0 < η_t ≤ η_s then (5) turns into +∞∫ 0 a_t(η) ( a_s(η) − a_t(η) ) dη = α_t(α_s − α_t)η_t = 0 .

Thus α_t = α_s .

2. If η_t > η_s > 0 then (5) turns into +∞∫ 0 a_t(η) ( a_s(η) − a_t(η) ) dη = α_t(α_s η_s − α_t η_t) = 0 .

Thus α_s η_s = α_t η_t .

Theorem 2. Assuming (11), the process (1) satisfies (3) if and only if one of

the following two cases is attained:

(i) There is C ∈ R such that for all t ∈ T either α_t = 0 or α_t = C . Thus

either +∞∫ 0 a_t(η) dW(η) = W(0) or +∞∫ 0 a_t(η) dW(η) = C W(η_t ) .

(ii) There is C ∈ R such that for all t ∈ T either α_t = 0 or α_t η_t = C . Thus

either +∞∫ 0 a_t(η) dW(η) = W(0) or +∞∫ 0 a_t(η) dW(η) = C η_t^W (η_t ) .

P r o o f . If either the case (i) or (ii) is satisfied then one can easily verify condition (3) for the process (1). Thus, we only have to show the reverse implication.

As shown in Lemma 2, we may suppose T ⊂ R_+ \ {0} and +∞∫ 0 a^2_t (η) dη =

α^2_t η_t = t without any loss of generality. Let us fix t_o ∈ T and investigate the following six exhaustive cases.

1. Let for all t, s ∈ T , t < t_o < s us have η_t ≤ η_{to} ≤ η_s . According to Lemma 3, α_t = α_{to} for all t ∈ T . Hence we are in the case (i).

2. Let for all t, s ∈ T , t < t_o < s us have η_t > η_{to} > η_s . According to Lemma 3, α_t η_t = α_{to} η_{to} for all t ∈ T . Hence we are in the case (ii).

3. Assume t, s ∈ T such that t < t_o < s and η_t ≤ η_s < η_{to} . According to Lemma 3, α_t = α_s , α_t = α_{to} and α_s η_s = α_{to} η_{to} . Consequently, η_s = η_{to} and this is a contradiction.

4. Assume t, s ∈ T such that t < t_o < s and η_s < η_t ≤ η_{to} . According to Lemma 3, α_t = α_{to} and α_t η_t = α_s η_s = α_{to} η_{to} . Consequently, η_s = η_{to} and this is a contradiction.

5. Assume t, s ∈ T such that t < t_o < s and η_{to} < η_t ≤ η_s . According to Lemma 3, α_{to} = α_s , α_t = α_s and α_t η_t = α_{to} η_{to} . Consequently, η_t = η_{to} contradicts again.

6. Assume t, s ∈ T such that t < t_o < s and η_{to} ≤ η_s < η_t . According to Lemma 3, α_s = α_{to} and α_t η_t = α_s η_s = α_{to} η_{to} . Thus, η_s = η_{to} is a final contradiction.

Since all possible cases are checked, the theorem is proved.

4. Functions with two jumps

In this section we consider the functions a_t = α_tI_{[0,ηt)} + β_tI_{[ηt,ζt)} , t ∈ T, α_t, β_t ∈ R , 0 < η_t < ζ_t . (12) Again, first we state a lemma.

Lemma 4. Assume that the process (1) satisfies (3) and (12). Let t, s ∈ T be

such that 0 < +∞∫ 0 a^2_t (η) dη ≤ +∞∫ 0 a^2_s(η) dη . Then

α_s ζs∧ζt∫

0 a_t(η) dη + (β_s − α_s) ζs∧ζt∫

ηs∧ζt a_t(η) dη = +∞∫ 0 a^2_t (η) dη . (13)

P r o o f . We only have to evaluate the covariance, which is +∞∫ 0 a_t(η) a_s(η) dη = ζs∧ζt∫

0 a_t(η) a_s(η) dη

= α_s ζs∧ζt∫

0 a_t(η) dη + (β_s − α_s) ζs∧ζt∫

ηs∧ζt a_t(η) dη , proving the lemma.

Unfortunately, we have no exhaustive discussion of all cases yet. Therefore, we merely present two particular results.

Theorem 3. Let T = {0, 1, . . . , N}, ζ_n ≤ η_{n+1} and 0 < +∞∫ 0 a^2_n(η) dη ≤ +∞∫ 0 a^2_{n+1}(η) dη for all n = 0, 1, . . . , N − 1 . (14)

Let the considered functions be of the shape (11). Then the process (1) satisfies (3) if and only if +∞∫ 0 a_o(η) dη ≠ 0 and

α_1 = · · · = α_N = β_1 = · · · = β_{N−1} = +∞∫ 0 a^2_o(η) dη +∞∫ 0 a_o(η) dη . (15)

Hence, +∞∫ 0 a_n(η) dW(η) = +∞∫ 0 a^2_o(η) d(η) +∞∫ 0 a_o(η) d(η)

W(ζ_n ) . (16)

P r o o f . According to Lemma 4 we have α_k +∞∫ 0 a_n(η) dη = +∞∫ 0 a^2_n(η) dη ∀n, k ∈ T, n < k .

Hence +∞∫ 0 a_o(η) dη ≠ 0 and α_1 = · · · = α_N =

+1R_{0 a2o(η) dη} +1R_{0 ao(η) dη}^{. Moreover,}

α_1 = +∞∫ 0 a^2_k(η) dη +∞∫ 0 a_k(η) dη = α^2_1 η_k + β^2_k (ζ_k − η_k) α_1η_k + β_k(ζ_k − η_k) ∀k = 1, 2, . . . , N − 1 ,

and so β_1 = · · · = β_{N−1} = α_1 .

Theorem 4. Let T ⊂ [0, 1] and 0, 1 ∈ T . Let η_t ≤ η_s and ζ_t ≤ ζ_s for all

t, s ∈ T , t < s. Let the considered functions be of the shape (12) and +∞∫ 0 a_t(η) dη = 0 for all t ∈ T , (17)

0 < +∞∫ 0 a^2_t (η) dη ≤ +∞∫ 0 a^2_s(η) dη for all t, s ∈ T , t < s . (18)

Then the process (1) satisfies (3) if and only if η_1 < ζ_0 , β_t ≠ 0 for all t ∈ T and there is a pair of sets T_1 and T_2 such that

(i) T_1 ∪ T_2 = T ;

(ii) If t_1 ∈ T_1 and t_2 ∈ T_2 then t_1 < t_2 ; (iii) If t ∈ T_1 then ζ_t = ζ_0 ,

α_t = − +∞∫ 0 a^2_o(η) dη β_oζ_o , β_t = +∞∫ 0 a^2_o(η) dη β_oζ_o η_t ζ_o − η_t , and so +∞∫ 0 a_t(η) dW(η) = +∞∫ 0 a^2_o(η) dη

β_oζ_o (ζ_o − η_t) ( η_t W(ζ_o ) − ζ_o W(η_t ) ) ;

(iv) If t ∈ T_2 then η_t = η_1 and ζ_t > ζ_0 ,

α_t = − +∞∫ 0 a^2_o(η) dη β_o ζ_t − η_1 ζ_t(ζ_o − η_1)

, β_t = +∞∫ 0 a^2_o(η) dη β_o η_1 ζ_t(ζ_o − η_1) , and so +∞∫ 0 a_t(η) dW(η) = +∞∫ 0 a^2_o(η) dη

β_oζ_t (ζ_o − η_1) ( η_1 W(ζ_t ) − ζ_t W(η_1 ) ) .

P r o o f . Necessarily, η_s < ζ_t for all t, s ∈ T , t < s, since the opposite case would contradict Theorem 3. According to Lemma 4 we have

(β_s − α_s) ζt∫ ηs a_t(η) dη = (β_s − α_s)β_t (ζ_t − η_s) = +∞∫ 0 a^2_t (η) dη

for all t, s ∈ T , t < s.

Let t, s ∈ T and t < s. Then,

β_s − α_s = +∞∫ 0 a^2_t (η)dη

β_t (ζ_t − η_s) .

Considering the assumption +∞∫ 0 a_t(η) dη = 0, we have

α_s = − +∞∫ 0 a^2_t (η) dη β_t ζ_s − η_s ζ_s(ζ_t − η_s) and β_s = +∞∫ 0 a^2_t (η) dη β_t η_s ζ_s(ζ_t − η_s) . Hence, +∞∫ 0 a^2_s(η) dη = (_{+∞} ∫ 0 a^2_t (η) dη

)_2

β^2_t (ζ_s − η_s)η_s ζ_s(ζ_t − η_s)^2 and +∞∫ 0 a^2_s(η) dη β_s = +∞∫ 0 a^2_t (η) dη β_t ζ_s − η_s ζ_t − η_s . Now, let t ∈ T and 0 < t < 1. Then we have

β_1 − α_1 = +∞∫ 0 a^2_0(η) dη

β_0 1 ζ_0 − η_1 = +∞∫ 0 a^2_t (η) dη β_t 1 ζ_t − η_1

= +∞∫ 0 a^2_0(η) dη

β_0 ζ_t − η_t ζ_0 − η_t 1 ζ_t − η_1 . Thus either η_t = η_1 or ζ_t = ζ_0 . Therefore, the index set T is divided into T_1 = {t ∈ T : ζ_t = ζ_0} and T_2 = {t ∈ T : ζ_t > ζ_0}. Evidently, T = T_1 ∪ T_2 and t < s whenever t ∈ T_1 and s ∈ T_2 .

Acknowledgment. The author is grateful to an anonymous referee for substantial improvement of the English in this paper.

REFERENCES

[1] DEHEUVELS, P. : Invariance of Wiener processes and of Brownian bridges by integral transforms and applications, Stochastic. Process. Appl. 13 (1982), 311–318.

[2] LACHOUT, P. : Linear transformation of Wiener process giving Wiener process, Brownian bridge or Ornstein-Uhlenbeck process, Kybernetika 37 (2001), 647–667.

Received March 27, 2002 Charles University of Prague Faculty of Mathematics and Physics Department of Probability and Statistics Sokolovská 83 CZ–186 75 Praha 8 CZECH REPUBLIC E-mail: lachout@karlin.mff.cuni.cz

Institute of Information Theory and Automation Czech Academy of Sciences Pod vodárenskou věží 4 CZ–182 08 Praha 8 CZECH REPUBLIC